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PREFACE 


In the following pages certain industrially important principles of chem- 
istry and physics have been selected for detailed study. The significance 
of each principle is intensively developed and its applicability and limitations 
scrutinized.'^ Thus reads the preface to the first edition of Industrial Chemical 
Calculations^ the precursor of this book. The present book continues to give 
intensive quantitative training in the practical applications of the principles 
of physical chemistry to the solution of complicated industrial problems and 
in methods of predicting missing physicochemical data from generalized 
principles. In addition, through recent developments in thermodynamics 
and kinetics, these principles have been integrated into procedures for process 
design and analysis with the objective of arriving at optimum economic 
results from a minimum of pilot-pl^t or test data. The title Chemical Process 
Principles has been selected to emphasize the importance of this approach to 
process design and operation. 

The design of a chemical process involves three types of problems, which 
although closely interrelated depend on quite different technical principles. 
The first group of problems is encountered in the preparation of the material 
and energy balances of the process and the establishment of the duties to be 
performed by the various items of equipment. The second type of problem 
is the determination of the process specifications of the equipment necessary 
to perform these duties. Under the third classification are the problems of 
equipment and materials selection, mechanical design, and the integration 
of the various units into a coordinated plot plan. 

These three types may be designated as process, unit-operation, and plant- 
design problems, respectively. In the design of a plant these problems cannot 
be segregated and each treated individually without consideration of the 
others. However, in spite of this interdependence in application the three 
types may advantageously be segr^ated for study and development because 
of the different principles involved. Process problems are primarily chemical 
and physicochemical in nature; unit-operation problems are for the most 
part physical; the plant-design problems are to a large extent mechanical. 

In tlds book only process problems of a chemical and physicochemical 
nature are treated, and it has been attempted to avoid overlapping into the 
fields of unit operations and plant design. The first part deals primarily 
with the applications of general physical chemistry, thermophysics, thermo- 
chemistry, and the first law of thermodynamics. Generalized procedures 
for estimating vapor pressures, critical constants, and heats of vaporization 
have been elaborated. New methods are presented for dealing with equilib- 
rium problems in extraction, adsorption, dissolution, and crystallization. 
The construction and use of enthalpy-concentration charts have b^n extended 
to complex systems. The treatment of material balances has been elaborated 
to include the effects of recycling, by-passing, changes of inventory, and 
accumulation of inerts. 
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In the second part the fundamental principles of thermodynamics are pre- 
sented with particular attention to generalized methods. The applications 
of these principles to problems in the compression and expansion of fluids, 
power generation, and refrigeration are discussed. However, it is not at- 
tempted to treat the mechanical or equipment problems of such operations. 

Considerable attention is devoted to the thermodynamics of solutions 
with particular emphasis on generalized methods for dealing with deviations 
from ideal behavior. These principles are applied to the calculation of equilib- 
rium compositions in both physical and chemical processes. 

Because of the general absence of complete data for the solution of process 
problems a chapter is devoted to the new methods of estimating thermody- 
namic properties by statistical calculations. This treatment is restricted to 
simple methods of practical value. 

All these principles are combined in the solution of the ultimate problem 
of the kinetics of industrial reactions. Quantitative treatment of these 
problems is difficult, and designs generally have been based on extensive 
pilot-plant operations carried out by a trial-and-error procedure on succes- 
sively larger scales. However, recent developments of the theory of absolute 
reaction rates have led to a thermodjmamic approach to kinetic problems 
which is of considerable value in clarifying the subject and reducing it to the 
point of practical applicability. These principles are developed and their 
application discussed for homogeneous, heterogeneous, and catalytic systems. 
Particular attention is given to the interpretation of pilot-plant data. Eco- 
nomic considerations are emphasized and problems are included in establishing 
optimum conditions of operation. 

In covering so broad a range of subjects, widely varying comprehensibility 
is encountered. It has been attempted to arrange the material in the order 
of progressive difficulty. Where the book is used for college instruction in 
chemical engineering the material of the first part is suitable for second- and 
third-year imdergraduate work. A portion of the second part is suitable 
for third- or fourth-year undergraduate work; the remainder is of graduate 
level. To assist in using the book for undergraduate courses in thermody- 
namics and kinetics those sections of Part II which are recommended for such 
survey courses are marked. This material has been selected and arranged 
to give continuity in a preliminary treatment which can serve as a foundation 
for advanced studies, either by the individual or in courses of graduate level. 

The authors wish to acknowledge gratefully the assistance of Professor 
.R. A. Ragatz in the revision of Chapters I and VI, and the suggestions of Pro- 
fessors Joseph Hirschfelder, R. J. Altpeter, K. A. Kobe, and Dr. Paul Bender. 

Olaf a. Hougen 
Kenneth M. Watson 


Madison, Wisconsin 
A^ugust, 194s 
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CHAPTER Xr 

THERMODYNAMIC PRINCIPLES 

In its most practical use thermodjmamics deals with the limitations 
imposed on the transformation of energy from one form to another and 
with the study of the availability of energy for useful work. Thermo- 
dynamic principles also provide useful means of predicting with a mini- 
mum of experimental data those properties of a substance which are 
related to energy and the equilibrium conditions w'hich are approached 
in any physical or chemical process. 

Thermodynamic potentials constitute the driving forces which cause 
all natural processes to progress toward a state of equilibrium. How- 
ever, the rate at which the state of equilibrium is approached depends 
not only upon the driving force but also upon a resistance or rate factor. 
Thermodynamic principles alone do not permit evaluation of these 
resistances or rate factors. The combined knowledge of the thermo- 
dynamic driving forces and of the corresponding resistances or rate 
factors constitutes the science of kinetics. 

System and Process. In thermodynamic terminology a system refers 
to a substance or group of substances set apart for study and a process to 
the changes taking place in the system. Thus hydrogen, oxygen, and 
water constitute a system, and the combustion of hydrogen to form water 
constitutes the process. A system is closed when there can be no ex- 
change of matter with its surroundings and open w^hen such exchange is 
possible. In a multiphase system each separate phase is an open system, 
since material is free to enter and leave individual phases although the 
system as a whole may be closed. 

A closed system may be free to exchange heat and work with its 
surroundings. Heat can be transferred through the walls of the vessel 
enclosing the system, and mechanical work can be performed upon or by 
the system by means of a piston connecting the vessel with some external 
mechanism. Devices can also be arranged for the removal or addition of 
electric energy. A closed system is thermally isolated when the enclosing 
walls are impervious to the flow of heat, mechanically isolated when it is 
enclosed by rigid walls, and completely isolated when neither material nor 
energy in any form can be added or removed. A closed system in con- 
tact with a heat reservoir is free to receive or lose energy in the flow of 
heat from or to the reservoir. A closed system in contact with a piston 
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is free to receive or deliver work energy in the movement of the piston. 
The atmosphere surrounding a closed system may also act as a reservoir 
for the flow of Jieat or as a piston for transmitting work from and to the 
system. The atmosphere also may be made part of the system as in the 
combustion of a fuel in air. In a consideration of the energy relations of 
any nonisolated system, the energy of the surroundings must be taken 
into account as well as that of the system itself. 

Availabilily and Degradation of Energy. It is generally recognized 
that the most useful forms of energy are those which are capable of doing 
mechanical work. Thus, the rotation of a shaft or the motion of a pis- 
ton represent energies of the highest order, which in the absence of fric- 
tion can be completely converted into useful work. Similarly, electric 
energy in the absence of electrical resistance and mechanical friction can 
be converted entirely into mechanical work. Actually, however, be- 
cause of friction part of the mechanical or electric energy of a machine is 
always converted into heat. It is also common experience that, whereas 
heat can be converted into mechanical or electric energy by means of an 
engine, only part of the heat which flows into the engine can be recovered 
as work. Thus, although there is an exact quantitative equivalence 
among the different forms of energy, there is a marked difference in the 
availability of these forms for useful work. Heat represents the least 
available form of energy, and the transformation of other forms into 
heat represents a degradation of energy. 

There are other means of degrading energy and rendering it less avail- 
able for useful work. Thus, the internal energy of a gas at high pressure 
is more available for performing useful work than that of the same gas at 
low pressure and at the same temperature. Even though the internal- 
energy content of the gas is the same at both pressures, as is the case for 
ideal gases, the availability of the internal energy for further work of 
expansion is less in the expanded gas. Thus, an isothermal reduction in 
the pressure of a gas represents a degradation of its internal energy. 
Similarly, the isothermal mixing of two unlike gases represents a degrada- 
tion in the internal energy of the system since work is required to separate 
them. 

Reversibility. A reversible process is defined as one which proceeds 
under conditions of balanced forces such that the direction of the process 
can be reversed by an infinitesimal change in external conditions. An 
example of a reversible process is the vaporization of a liquid under its 
own vapor pressure in a cylinder fitted with a frictionless piston and in 
contact with an isothermal heat reservoir. At any stage an infinitesimal 
increase in pressure upon the piston will produce condensation, and an 
infinitesimal decrease will cause vaporization. It follows that in a 
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reversihle process an infinitesimal change will tend to restore the original 
conditions^ so that no degradation of energy takes place, and the availability 
of the energy of the combined system and its surroundings remains constant 

Actual processes are generally to some extent irreversible and result 
in a decrease in the availability of energy. The flow of heat from one 
body to another is always an irreversible process. It is impossible to 
restore heat to the first body except by transfer from a still hotter body or 
by the degradation of highly available mechanical energy. Similarly, 
the dropping of an object without restraint to a lower level is an irrevers- 
ible process. 

Another example of an irreversible process is the free expansion of a 
gas. If a gas is confined in a closed container of volume Fi and is 
allowed to expand into a vacuum chamber such that the new total 
volume is F2, and if this system is entirely isolated from its surroundings, 
by rigid insulating walls, the gas is said to expand freely. No work is per- 
formed upon the surroimdings, no heat flows in or out of the system, and 
for an ideal gas there is no change in temperature. Hence, the energy 
content of the expanded gas is the same as that of the original gas. How- 
ever, in order to return the expanded gas to its original condition the 
expenditure of external energy as work of compression is required. For 
an ideal gas all this work manifests itself as heat in compressing the gas, 
and in isothermal compression this heat is transferred to the surround- 
ings. Thus, in isothermal compression of an ideal gas the energy content 
remains constant but assumes a higher level of availability. 

Other examples of irreversible processes are the mixing of hot and 
cold fluids, the inelastic deformation of a solid, the magnetic hysteresis of 
an iron core, the flow of electricity through a resistance, the dissolution 
of a solid, and spontaneous chemical reactions. 

The Second Law of Thermodynamics. The concept of reversibility 
forms the basis for the second law of thermodynamics. One statement 
of this law is that all spontaneous processes are to some extent irreversible 
and are accompanied by a degradation of energy, A corollary to this 
statement is that it is impossible for any self-acting machine to transfer 
energy from a given state to a higher state of availability. 

The validity of the second law of thermodynamics is confirmed by 
extensive experimental evidence when applied to gross masses of matter 
in which large numbers of molecules are present. Under these circum- 
stances the laws of probability are followed in establishing the distribu- 
tion of molecular and atomic energies. 

An important deduction from the second law is that any machine which 
performs work by transforming molecular energy received at fixed intake 
conditions and rejecting molecular energy in a further degraded state at 
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fixed discharge conditions will convert a maximum percentage of the 
energy received into work when it operates reversibly and with no net 
degradation of energy. Any actual self-acting machine must operate 
with a lower efficiency of transformation than that of a reversible 
machine. If it were possible to construct a more efficient engine, it 
could be used to drive the reversible machine in reverse to transfer 
molecular energy from a given state to the original less degraded state in 
contradiction of the second law. 

The familiar steam engine is an example of such a machine which per- 
forms work by receiving steam at a high temperature and rejecting it at a 
low temperature. The maximum efficiency possible with given intake 
and exhaust conditions is obtained when such an engine operates reversi- 
bly. This theoretical maximum efficiency is always less than 100 per 
cen5 because of the energy content of the rejected steam. 

ENTROPY 

Before undertaking development of the quantitative relationships 
involved in transformations of energy it is desirable to define an addi- 
tional thermodynamic function to serve as a measure of the unavailahlity 
or degradation of the energy of a system. This function is termed 
entropy. 

The arbitrary mathematical definition of various thermodynamic 
functions is an entirely legitimate procedure which may be extended to 
create as many additional functions as may prove useful. Enthalpy is 
an example of such a function, and numerous others are introduced in the 
following pages as opportunities for their uses arise. For mathematical 
accuracy it is only necessary that each new function be completely 
defined and used in exact accord with the terms of the definition. How- 
ever, the intelligent application of such a function is greatly assisted by a 
thorough understanding of its physical significance. For this reason the 
physical significance of entropy is first developed as a basis for its 
mathematical definition. 

The physical concept of entropy may be expressed as follows: Entropy 
is an intrinsic property of matter so defined that an increase in the unavaila- 
bility of the total energy of a system is quantitatively expressed by a corre- 
sponding increase in its entropy. Since entropy is an mtiinsic property, 
its magnitude is dependent only on the nature of the matter under con- 
sideration and the state in which it exists and not upon its external 
position or motion relative to other bodies of matter. Thus, the entropy 
of an elevated weight is no different from that of the same weight in a 
lower position, and the entropy of a rotating flywheel is equal to that of 
the same flywheel at rest under the same conditions of temperature and 
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pressure. The same is true for other intrinsic properties such as internal 
energy and enthalpy. 

Since entropy is a measure of unavailability of total energy, it follows 
that the entropy of a system is increased the degradation into heat of 
any higher form of energy which it possesses. This is illustrated by 
consideration of an isolated system comprising an inelastic weight 
suspended above a rigid plate. If the weight is allowed to fall, the total 
energy content of the system is unchanged, but the potential energy of 
the weight is converted into heat as a result of the inelastic impact on the 
plate. The temperature of both the weight and the plate are corre- 
spondingly increased by the absorption of this heat in the form of 
internal energy. The process of dropping the weight has not changed the 
energy content of the system but has degraded it to a less available form 
and is therefore accompanied by an increase in entropy. Similarly, if a 
rotating flywheel is stopped by a brake, kinetic energy is degraded into 
heat, and the entropy of the system is increased. However, if the fly- 
wheel were stopped in a reversible manner by means of a frictionless 
transmission which sets another flywheel in motion, there would be no 
degradation of energy and no change in entropy. 

In bpth of these illustrative systems an increase in entropy results 
from the addition of heat to the system through the degradation of a 
higher form of energy. However, since entropy is an intrinsic property 
of the matter of the system not influenced by the elevation of the weight 
or the movement of the flywheel, it foUow’s that the entropy of a system is 
increased by the addition of heat through any mechanism or from any source. 
Thus, heat might be added to the system containing the elevated weight 
and the rigid plate increasing the total energy content of the system 
until a temperature is reached which is equal to that attained after the 
weight has been permitted to fall in the system when isolated. Since 
entropy is independent of the position of the weight and the plate, the 
final entropies of the system are equal, and the increases in entropy 
accompan3dng these two processes are also equal, although heat is added 
to the system by the degradation of its own energy in one case and by 
increase in its total energy content in the other. 

It is evident that the amount of heat added to a system is a partial 
measure of the magnitude of its increase in entropy. However, the 
quantity of heat added is not the sole measure of increase in entropy. 
The unavailability of energy and the entropy of an isolated system are 
increased by the transfer of heat within the system to a region of lower 
temperature. Similarly, the addition of heat to a system at a low 
temperature results in a greater degradation of energy than at a high 
temperature. It follows that the increase in entropy accompanying the 
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addition of a given amount of heat to a system is increased by lowering the 
temperature at which the heat is added. 

In order to complete the definition of entropy, one more factor must be 
considered in addition to the amount of heat added and the temperature 
level at which it is added. For example, a gas may be expanded freely 
to a lower pressure within a closed system which is completely isolated 
both thermally and mechanically. This is an irreversible process result- 
ing in degradation of the energy of the system and an increase in its 
entropy. However, no heat is added, and no work is done, and for an 
ideal gas the process is isothermal. In this irreversible process the 
entropy increase is not measured by the addition of heat. The same 
final state might be reached by expanding the gas through an engine 
within the system and continuously converting the work done into heat 
by means of friction. In this case heat is added to the system by the 
degradation of the mechanical work. The amount of heat added 
increases as the efficiency of the engine is increased and reaches a maxi- 
mum when the engine operates reversibly. However, entropy is an 
intrinsic property of matter, the change of which in any process is 
dependent only upon initial and final states and not upon the path. It is 
evident that in the process under consideration the amoimt of heat 
added to the system can be taken as a measure of the increase in entropy 
only if the nature of the process is specified. This specification is 
logically taken to correspond to the maximum possible degradation of 
higher forms of energy into heat. Thus the increase in entropy of a system 
is measured by the amount of heat added only when all changes in the 
intrinsic states of the matter of the system occur reversibly. 

The three requirements for the quantitative definition of entropy are 
satisfied by the following equation: 



where S = entropy. 


(reversible change of state) 


( 1 ) 


The primed differential symbol d' is used for indicating incremental quantities of 
heat and work. In contrast to the other terms in the energy equation, neither heat 
nor work are properties of the system, nor can they in general be expressed as a func- 
tion of the state of the system. An infinitesimal change in a property such as volume 
can be expressed as dV which is an exact differential with respect to the state of the 
system. However, since neither q nor w are properties an increment of either is 
referred to as an inexact differential. 

An important corrollary of Equation (1) which follows from the second 
law of thermod 5 mamics and the definition of entropy as a measure of 
degradation is that the entropy change accompanying an irreversible 
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change of state is greater than dlqlT, or 

TdS > dfq (irreversible change of state) (2) 

Thus, if an isothermal change of state such as the expansion of a gas 
occurs reversibly the gain in entropy of the gas is compensated by a 
reduction in entropy of its surroundings resulting from withdrawal of 
heat, and the combined entropy of the material and its surroundings is 
unchanged. If the same change in state is accomplished irreversibly, 
' the combined entropy of the gas and its surroundings increases although 
the increase in entropy of the gas itself is the same as for the reversible 
change. Consequently less heat is withdrawn from the surroundings. 

It is important that the significance of the restriction to reversibility 
in Equation (1) be appreciated. This restriction does not apply to the 
manner by which heat is added to the system or the process employed in 
the degradation of higher forms of energy. Thus, if a block of steel is 
heated by a flame, its increase in entropy is measured by the amount of 
heat added even though the addition of the heat from the flame to the 
solid is highly irreversible. Similarly^ the restriction does not apply to 
changes involving only the relative positions or movement of bodies of 
matter. The process involving the falling weight which was discussed 
previously is irreversible, but the accompanying entropy change is 
measured by the heat added. It is only processes involving changes in 
the intrinsic state of the matter itself which must be reversible for the 
application of Equation (1). 

Much has been written on the phy^cal significance of entropy. The 
concept has already been advanced that an increase in the unavailability 
of the energy of a system is accompanied by an increase in entropy. On 
this basis entropy may be looked upon as a measure of the unavailability 
of the energy of a system of given energy content However, the entropy 
changes which accompany a change in total energy content do not neces- 
sarily indicate increased xmavailability of energy. For example, if the 
temperature of a substance is increased by heating, both the total energy 
and the entropy are increased. In this case the increase in entropy of the 
substance is accompanied by a decrease rather than an increase in the 
unavailability of its energy and the increase in entropy of the substance is 
not a measure of the change in unavailability of its energy. However, if 
consideration is broadened to include the substance plus its surroundiags 
from which the heat is withdrawn, the entropy of this entire system of 
constant energy content is a measure of the unavailability of its energy. 

A further physical concept of entropy results from its relationship to 
probability. The existence of such a relationship is evident from the 
fact that all spontaneous changes are in the direction of maximum proba- 
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bility and are also accompanied by increases in entropy. It follows from 
the theory of probability that the most probable state in which a system 
can exist is that having the least order of arrangement or greatest ran- 
domness. This concept may be illustrated by consideration of a large 
number of black and white balls shaken together in a box. The most 
probable average arrangement is a uniform distribution of the black 
among the white balls, and the chance of a compartment of the box 
containing balls of only one color is remote. Thus; a state of random- 
ness, free from orderly arrangement, is the most probable state of any 
system, and entropy may be looked upon as a measure of randomness 
which is a minimum for systems iii orderly arrangement. 

It is evident that in any given change in conditions accompanied by an 
increase in entropy more heat is added in a system of large mass than in a 
smaller one. Thus, like internal energy or volume, entropy is an exten- 
sive property the magnitude of which is dependent upon the mass in- 
volved. It follows that the entropy of a system is equal to the sum of 
the entropies of its separate phases or mechanical parts. 

In the foregoing discussion no consideration has been given to the scale 
‘ or function employed for the quantitative expression of temperature in 
the definition of entropy. Although any arbitrary scale may be used to 
indicate relative hotness or coldness, it is evident that only one type of 
scale or function can be used to express the temperature of Equation (1) 
if entropy as defined by it is to represent a true measure of the unavaila- 
bility of energy at different temperature levels. This correct function is 
termed the thermodynamic temperature scale. 

At this point it is difficult to arrive at the nature of the thermodynamic 
temperature by direct derivation, and so it will be tentatively assumed 
that it is the same as the ideal-gas temperature which is defined in 
Chapter II, page 30, as T = pv/R, Rigorous thermodynamic functions 
and relations are developed from Equation (1) without consideration of 
the nature of the temperature scale. From these relations it is proved 
(page 473) that the thermodynamic and ideal-gas temperature scales are 
identical. Any size of temperature unit may be used with no change in 
the relationships involved except a change in the numerical values of 
temperature and entropy. 

Further confirmation of both the assumed nature of the thermody- 
namic temperature scale and the fact that entropy as defined by Equa- 
tion (1) is a true measure of the degradation of energy and consistent 
with the second law may be developed through consideration of ideal 
heat-engine cycles, such as are discussed in Chapter XIII. These proofs 
are well summarized by Keenan.^ 

^ J. H. Keenan, “ Thermodynamics,” John Wiley & Sons, New York (1941). 
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Change of Entropy with Change of Phase or Temperature. Since 
entropy is an extensive property of matter, its magnitude is dependent 
on the physical state and mass of the material under consideration as 
' well as on the temperature and pressure at which it exists. Any change 
which occurs in any of these properties is accompanied by a correspond- 
ing change in entropy which may be calculated from Equation (1). 

The changes in entropy which take place when a substance undergoes 
a reversible change ■of phase at constant temperature and pressure as in 
fusion, evaporation, and transition are calculated by dividing the change 
in enthalpy by the absolute temperature. 

Illustration 1. Calculate the moM entropy changes in the fusion and in the 
vaporization of ethyl alcohol at atmospheric pressure. 

Ethyl alcohol melts at 159®K with a heat of fusion of 1150 cal per g-mole. Since 
fusion and vaporization are reversible isothermal processes, the molal entropy increase 
of fusion is 


AS = I = ^ = 7.23 cal/(g-iiiole)(»K) 

The heat of vaporization of ethyl alcohol at atmospheric pressure is 9400 cal per 
g-mole at a normal boiling point of 351 ®K. Hence, the increase in entropy in vapori- 
zation is 

AS = I = ^ = 26.8 oal/(g-mole) (“K) 

It may be observed that the units of entropy are the same as for heat 
capacity. 

When heat is added with a resultant temperature rise, the increase in 
entropy must be calculated by integration of Equation (1) over the 
required temperature range, thus 



Illustration 2. Calculate the increase in entropy when 1 g-mole of CO 2 gas is 
heated from 0°C to 1000°C at atmospheric pressure. The molal heat capacity of CO 2 
expressed in terms of absolute temperature degrees Kelvin is given on page 214 as 

Cp = 6.85 + 0.008533T - 2.475(10-<)T2 

As = f = f + 0.008533 - 2.475(10-«)r') dr 

Jti T J273 \ T / 

= 6.85 In ^ + 0.008533(1273 - 273) - (10-»)[(1273)f - (273)*] 

273 ^ 

■= 17.16 cal/ (g-mole) (°K) 


( 3 ) 
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In calculating the entropy of a substance with reference to any selected 
standard conditions, it* is necessary to add together the entropy changes 
for each transition, for each temperature rise, and for changes in pressure. 
The variation of entropy with pressure is developed in a following section. 

Third Law of Thermodynamics. It was proposed by Nernst and 
subsequently confirmed by extensive experimentation that at the abso- 
lute, zero of temperature the entropy of any pure crystalline substance 
free of all random arrangement is zero. This principle is known as the 
third law of theT7ru>dynamics. Accordingly, by extending measurements 
of specific and latent heats down to 0°K absolute values of entropy can 
be calculated from Equation (1). It is thus evident that the four refer- 
ence properties of matter, temperature, pressure, volume, and entropy, 
can all be presented as absolute values, whereas energy contents can be 
reported only relative to some reference state. It has already been 
shown that absolute values of temperature, pressure, and volume are 
required in formulating the properties of matter. It is shown later that 
the same must be true of entropy. 

The utility of the third law in establishing values of absolute entropy 
brings out the importance of calorimetric measurements at temperatures 
down to the absolute zero. At these low temperatures the common 
empirical heat-capacity equations of Chapter VII do not apply. It is a 
corollary of the third law that the heat capacity of a crystalline substance 
is zero at the absolute zero temperature. However, the manner in which 
the heat capacity diminishes with decreasing temperature in the low- 
temperature range is a unique property, varying widely for different 
materials. It is impossible to estimate low temperature thermal data by 
the extrapolation to zero of high temperature measurements. 

FREE ENERGY AND TOTAL WORK FUNCTIONS 

A thermodynamic function of great importance is defined by the 
following relation and termed the/rec energy G, 

H-TS (4) 

or, for changes taking place at constant temperature, 


AG = AH - TAS (5) 

Where work is available from a process in addition to the mechanical 
work of expansion, it follows from the first law discussed in Chapter VII 
that for a nonflow process 

q = AU + We + Wf (5a) 
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where 

We = work of expansion done by the system 

Wf = useful work other than work of expansion, such as electric energy 

For a reversible process at constant temperature and pressure 
q = T AS and We = p AV. Hence, xmder these conditions the first law 
may be written as 

AU + pAV TASr-Wf-^ AH (6) 

By combination of (5) and (6), it follows that 

AG = -Wf (7) 

Thus, in a process which occurs reversibly at constant temperature ‘ 
and pressure, the useful work is equal to the decrease in the free energy 
of the system. When the process occurs irreversibly at constant tem- 
perature and pressure, T AS > q, and the useful work is always less than 
the decrease in the free energy of the system. Therefore, the decrease in 
free energy accompanying a process at constant temperature and press- 
ure represents the maximum useful work which becomes available only 
when the process is reversible. 

Most chemical reactions proceed under no restraint other than that of 
pressure and dissipate the energy of the system as heat with no produc- 
tion of useful work. Exceptional cases are found in the operation of 
electrolytic cells wherein a part of the energy content of the system is 
recovered as useful work. As an example of the significance of free 
energy 1 g-atom of zinc may be dissolved at constant temperature and 
pressure in excess hydrochloric acid of a given initial concentration, with 
the release of hydrogen gas and with no evaporation of water or hydrogen 
chloride. If it were possible to connect the zinc as anode through an 
external circuit with an insoluble cathode placed in the same solution and 
allow the reaction to proceed slowly and reversibly at constant pressure, 
the electric energy developed would equal the decrease in free energy of 
the system, d'wf = — d(?. In the absence of the electrolytic ceU, this 
reaction would proceed irreversibly with no generation of electric energy. 
However, for the same initial and final conditions, the d^rease in free 
energy of the system is independent of the path of the reaction and 
would be the same in both cases. 

Another useful thermodynamic function is defined by the following 
relation and termed the toted work function A, 

A = U- TS (8) 

or, at constant temperature, 

AA^AU-TAS 


( 9 ) 
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From the first law, for a reversible nonflow process at constant tempera- 
ture, 

AC/ ==g — ty = T AS — w (10) 

Combining (9) and (10) for a reversible process at constant temperature 
gives 

AA = —W = —{We + Wf) (11) 

Therefore, the decrease in the total work function accompanying a 
process at constant temperature represents the maximum total work 
which becomes available only when the process is reversible. For a 
reaction proceeding at constant volume, We = 0, and AA = AG. 

There has been considerable confusion between the concepts of free 
energy 0 and total work function A. Although the differences are usu- 
ally slight, they are equal in a process at constant pressure only when 
there is no change in volume. 

The Four Thermodynamic Energy Functions. The internal energy U, 
enthalpy H, free energy G and total work A are functions representing 
energies which are capable of performing useful work under certain 
conditions of restraint. For this reason these functions will be referred 
to as the four energy functions. These functions are frequently called 
the thermodynamic potentials, but this terminology leads to confusion 
with the usual concept of a potential as an intensive driving force. The 
significance of the four energy functions can be made tangible by again 
referring to the dissolution- of zinc metal in a solution of hydrochloric 
acid and assuming that the system can be set up as a reversible electro- 
lytic cell in a calorimeter. When the reaction proceeds isothermally at 
constant pressure and irreversibly with no generation of electric energy, 
the heat given up by the system anS flowing into the calorimeter is equal 
to the decrease in the enthalpy of the system, or — = —AH. If the 

reaction proceeds isothermally at constant volume and irreversibly and 
with no generation of electric energy, the heat given up by the system 
to the calorimeter is equal to the decrease in internal energy of the 
system, or —Qv = —AH. 

If the zinc were connected as anode through an external electric circuit 
as previously described and the. reaction allowed to proceed reversibly at 
constant pressure, the electric energy developed would be equal to the 
decrease in free energy, or Wf = —AG. The work of expansion against 
the atmosphere We in the release of hydrogen would be p AV and the total 
work done w/ + would be equal to the decrease in the total work 
potential of the system, ovWf + We— —AA. 
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In summary, for isothermal nonflow processes: 

At constant volume AU = q — Wf 

^ At constant pressure AH = q — W/ 

In a reversible process at constant pressure AG = —Wf 
In any reversible process AA = —Wf--We 

Although in any reaction the values of Ail, AU, AG, and AA depend 
only upon initial and final conditions and are independent of the path 
pursued, the direct calorimetric and electrical measurements of these 
quantities must be made under conditions of change similar to those 
previously described. 

EQUILIBRIUM IN A CLOSED SYSTEM 

A system is in equilibrium when its state is such that it can undergo no 
spontaneous or unaided changes. Such a condition can result only 
when all forces or potentials which tend to promote change are absent or 
are exactly balanced against similar opposing forces or potentials. An 
iron ball resting at the bottom of a spherical bowl Is in mechanical 
equilibrium with the bowl, since the mechanical forces acting on the ball 
are balanced and the ball is at rest. No alteration in the position of the 
ball can possibly take place except at the expenditure of mechanical 
energy received from the outside. 

Although the iron ball resting at the bottom of the bowl is in a state of 
mechanical equilibrium, it is not in a state of chemical or thermod3mamic 
equilibrium with the surrounding air. Spontaneous, unaided and irre- 
versible vaporization and oxidation of the iron can occur to form vapor 
and rust. This spontaneous process will proceed, although very slowly, 
until all the iron has been vaporized and oxidized to a condition of 
complete thermodynamic equilibrium. Thus many conditions of 
apparent equilibrium actually represent only partial equilibrium with 
respect to all possible changes. In dealing with such partial equilibria 
it is necessary that the changes with respect to which equilibrium is 
established are clearly recognized. 

Criteria of Equilibrium. Since a principle objective of thermodynamic 
theory is the development of mathematical expressions for equilibrium 
conditions it is important to derive fundamental specifications which 
must be fulfilled by any system at equilibrium. Such specifications, 
termed criteria of equilibrium, are the foundation upon which complete 
relationships among the various properties of a system at equilibrium 
are established. 

From a thermodynamic standpoint it is necessary that in a system at 
equilibrium every possible change which might take place to an infinites!- 
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mal extent shall be reversible since any irreversible change would result 
in a (hsplacement which would destroy the original equilibrium. As was 
previously pointed out, reversible processes are accompanied by no 
change in total entropy of the combined system and its surroundings, 
whereas every spontaneous process is accompanied by an increase in 
total entropy. Thus, a universal thermodynamic criterion of equilib- 
rium is that for any change which takes place the total entropy of the 
system and its surroundings shall be constant. In a completely isolated 
‘ system the entropy of the system itself is constant at equilibrium. From 
Equation (1), defining entropy, it follows that where heat is added to a 
system in which all changes of state are reversible, d'g — T dS, where S is 
the entropy of the system itself, not’ including its surroundings. This 
expression may also be taken as a criterion of reversibility and equilib- 
rium. Since for all irreversible changes of state dS > d^qj T, if any incre- 
mental addition of heat to the system is accompanied by an entropy 
increase equal to and not greater than d'q/T, all thermodynamic processes 
within the system must be reversible, and it follows that the system is in 
equilibrium. 

A system is in stable equilibrium if after a finite displacement it 
spontaneously returns to its original state when the displacing force is 
returned to its original value. A round pencil lying in the bottom of a 
cylindrical trough is a mechanical example of this type of equilibrium. 
If, however,- this pencil is carefully balanced on its sharpened point, it 
will be in a state of unstable equilibrium such that finite displacement 
does not lead to a spontaneous return to its original conditions. Ther- 
mod 3 mamically, a system is in imstable equilibrium if, although any 
infinitesimal change is accompanied by no change in the total entropy of 
* the system and its su^roxmdings, a finite displacement involves an increase 
in total entropy. For example, a finite displacement of the pencil 
balanced upon its point results in an irreversible process whereby heat is 
developed and the entropy of the pencil and its surroundings increases. 
In a system in stable equilibrium no finite change can be accompanied 
by an increase in total entropy. Thus, at stable equilibrium, for any 
. change resulting from a tenaporarily applied extraneous force, not asso- 
ciated with the system or its normal surroundings, 

dSt = 0 , ASf ^ 0 (12) 

where St = total entropy of the system and ^ts normal surroundings. 
On the other hand, in unstable equilibrium, for any change 

dSt == 0, ASt > 0 (13) 

In addition to the general criteria of equilibrium just described, modi- 
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fied criteria are useful to define equilibrium in a system under different 
types of specified restraint. For example, liquid ether might be per- 
mitted to evaporate in a container initially filled with nitrogen at atmos- 
pheric pressure. If the waUs of the container are rigid and do not con- 
duct heat (and magnetic and electrical effects are absent), the system is 
completely isolated, and the process is restrained to conditions of con- 
stant volume and constant internal energy. Thus, dF = 0, d{7 = 0, 
g == 0, and w = 0, As vaporization of the ether proceeds spontane- 
ously, the enthalpy, pressure, and entropy of the system aU increase and 
the temperature decreases until equilibrium is reached at a condition 
where the entropy reaches a maximum and dS = 0. 

Instead of restraining the system to conditions of constant volume and* 
internal energy, the container might be provided with conducting walls 
in contact with surroundings of the same and constant temperature. 
The conditions of restraint would then be constant temperature and 
volume. Thus, dT = 0, dV = 0, and pdV = 0. By fitting this con- 
tainer with a frictionless piston the process could also be restrained to 
constant pressure. For all such changes of state under any conditions of 
restraint, equilibrium is reached when the fimdamental requirement that 
dq = T dS is satisfied for the system itself. A combination of this 
requirement with the first law yields the equation T dS = dU + p dV + 
d'wfj which may therefore be taken as a criterion of equilibrium. This 
equation is applicable only to reversible changes, and, conversely, if it is 
applicable to all possible changes of a system these changes are all 
reversible and the system is at equilibrium. If the system approaches 
equilibrium under the conditions of restraint of constant entropy and 
volume, 

dS =0; dF = 0 and 
(dU)sy = -d'Wf (14) 

or, it no means for performing useful work is present, d'w/ = 0 

{dU)^y = 0 (15) 

Equation (15) is a criterion of equilibrium, for a system restrained to 
constant entropy and volume and unable to perform useful work. Such 
a system may be visualized' by considering ether evaporating in an 
atmosphere of nitrogen in a container with rigid conducting walls in con- 
tact with a reservoir of heat of variable temperature. As evaporation 
takes place, the temperature of the reservoir is so controlled that heat is 
withdrawn from the system in such a manner that the reduction in 
temperature offsets the increase in entropy resulting from the irreversi- 
ble vaporization, and constant entropy is maintamed in the system. 
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Under these conditions vaporization will proceed spontaneously until 
equilibrium is reached at a condition of minimum internal energy. 

Since U — H — 'pV = A + TS = G — pV+ TS, Equation (5a) may 
be written in terms of other thermodynamic energy functions. Thus, 
since d^q = TdS and d'we = p dV, 

TdS = dH-Vdp + d'wf ’ (16) 

It follows that in a system restrained to conditions of constant pressure 
and entropy it is a criterion of equilibrium that dH — —d^Wf or if no 
useful work is possible dH = 0. 

m)ps = 0 (17) 

Similarly, Equation (5a) may be written 

dA + pdV + SdT + d^Wf == 0 (18) 

Thus, at conditions of equilibrium restrained to constant volume and 
temperature where no useful work is performed 

{dA)^y = 0 (19) 

Also, Equation (5a) may be written 

dG — V dp A" SdT + d'wf = 0 (20) 

It follows that at conditions of equilibrium restrained to constant tem- 
perature and pressure it is a criterion of equilibrium that 

(dG)Tp = —d'wf (21) 

or if no useful work can be performed 

{dG)Tp = 0 (22) 

Valid criteria of equilibrium under still other conditions of restraint 
might be similarly derived. However, that represented by Equa- 
tions (21) and (22) is of the greatest interest because of the fact that the 
majority of chemical equilibriums are restricted to conditions of constant 
temperature and pressure. 

From consideration of Equations (14) through (22) it is evident that 
the proper criteria of equilibrium in a process is determined by the con- 
ditions of restraint under which it occurs. If the evaporation process 
used as an example is started from constant initial conditions but 
allowed to proceed under different conditions of restraint, the conditions 
at which equilibrium is reached will be different. 

The various .criteria of equilibrium form the basis for the prediction 
of equilibrium conditions in any process. For example, if a chemical 
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reaction proceeds spontaneously under restraint of constant temperature 
and volume, the total work function A decreases as a function of n, the 
number of moles converted. Equilibrium will be reached at a minimum 
value of A where dA/dn = 0 if no useful work is performed or where 
dAjdn = d'wfidn if useful work is performed. Since A is a property 
determined only by the state of the system, it follows that the state at 
which equilibrium is reached is dependent upon d'w/ldn, the amount of 
useful work performed per mole of conversion at equilibrium conditions. 
Similarly, if a reaction proceeds under the restraint of a constant tem- 
perature and pressure, the change in free energy G is the basis of the 
criterion of equilibrium from Equations (21) and (22). The most 
valuable applications of these energy functions result from their funda-' 
mental relationships to the important criteria of equilibrium. 

Thermodynamic Relationships. The thermodynamic properties of a 
system or a process may be classified into four groups as reference proper- 
ties, energy functions, derived properties, and path properties. 

The reference properties, temperature, pressure, volume, entropy, and 
composition, are those required to define completely the state of a 
system. Of these properties temperature, pressure, and composition are 
intensive; volume and entropy are extensive. The energy functions are 
extensive properties whose values are known only relative to some arbi- 
trary reference state. Such properties as specific heat, coefficient of 
expansion, coefficient of compressibility, and Joule-Thomson coefficient 
are classified as derived properties. 

All of these properties have intrinsic values which are determined by 
the existing state of a system and are independent of the course followed 
in arriving at that state. Properties such as these in which changes are 
dependent only upon the initial and final conditions of the system and are 
independent of the path followed in producing the changes are termed 
point properties. 

As previously pointed out, heat and work including mechanical, radiant 
and electrical forms are not properties of a system but are manifestations 
of changes occurring within the system and as such may be considered 
properties of a process rather than of a system. From the previous 
discussions it is evident that these manifestations are dependent upon the 
particular course of the changes and may differ widely in two processes 
even though the initial and final properties of the systems are identical. 
For this reason these properties of a process are termed path properties. 

When any two of the reference properties, temperature, pressure, 
volume, and entropy, of a pure substance or of a substance of fixed 
composition in all phases are specified, the relative values of other point 
properties are definitely established. With reference to one selected 
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pair of properties, such as pressure and temperature, the magnitude of a 
third property such as volume may be represented as a surface in space. 
If extended to all conditions of pressure and temperature of a pure sub- 
stance with its three states of aggregation, solid, liquid, and gas, the 
surface developed assumes a contour of great complexity. Upon such a 
contour surface, for example, with pressure and temperature as inde- 
pendent variables and volume as the dependent variable, equal values 
of all other point properties may be designated by lines extending over 
, the contour surface. Separate sets of lines may be traced respectively for 
equal values of entropy, internal energy, specific heats, compressibilities, 
and so forth. The relationship of points on one path to those on another 
is definitely fixed by the contour of the surface. 

If a mathematical equation can be established for the surface in ques- 
tion in terms of p, V, and T, then relative values of all related properties 
may be established by mathematical methods. If the equation is 
unkn own or too complex for mathematical manipulation, the desired 
relationships may still be established by graphical methods. Obviously, 
the number of possible relations among the dozen or more different 
properties runs into millions even for first-order differential equations 
and becomes unlimited for all possible second-order differentials. Ordi- 
narily, only the more important relations are developed in which some 
desired property is expressed in terms of properties which are easily 
measured, such as temperature and pressure. 

In dealing with solutions and mixtures the foregoing discussion must 
be expanded to include the variable of composition. To represent the 
properties of a solution of fixed composition a contour surface can be con- 
structed as for a pure compoimd, but in covering the entire range of 
compositions a graphical presentation by a contour surface is no longer 
adequate, and mathematical methods must be employed. 

In developing the thermodynamic relations which follow, it will ordi- 
narily be futile to attempt to visualize the relations involved. 

Differential Energy Functions. If consideration is limited to systems 
of constant mass and composition and to reversible processes in which 
the only external force is pressure, differential equations for the four 
energy fimctipns are developed as follows from their definitions and from 


Equation (1) ; 

dU - d'q - d'we =TdS-^pdV (23) 

dH^dU + d{vV) =^dU + vdV+Vdv (24) 

dG^dH- d{TS) ^dH- TdS -SdT (25) 

dA^dU- d{TS) =dU-TdS- SdT (26) 
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By combination of the foregoing, four basic differential equations aie 
obtained which express the energy functions in terms of the four reference 
properties, p, V, T, and S, Thus, 


dV = TdS - pdV 

(27) 

dH = TdS+Vdv 

(28) 

dA = -SdT-pdV 

(29) 

dG SdT+Vdp 

(30) 


Although these relations are developed by consideration of a highly 
restricted type of process, it may be noted that Equations (27-30) con- 
tain only terms which are intrinsic point properties of matter. Accord- 
ingly, these equations are generally applicable to a mass of matter of 
con^ant composition xmdergoing any type of physical change. The 
relationships between intrinsic point properties are not restricted to 
reversible operations and are unaffected by accompanying chaliges in 
external forms of energy. 

Exact Differential Equations. Where is a single-valued continuous 
function of several independent variables x, y,z, ^ • •, the total differen- 
tial of u can be expressed in terms of its partial derivatives with respect 
to its different independent variables, thus: 


" (SL.. * + + (SL* + • ■ ■ 


The properties of a substance fulfill the requirements of u, and Equa- 
tion (31) can be extended mathematically to include any number of 
variables. The value of the integral of du between any two conditions A 
and J5 of a relationship represented by Equation (31) is dependent only 
upon the location of these two points and is independent of the path 
followed between the two states. For a case involving only three vari- 
ables, this situation is evident from consideration of Fig, ^55 (page 286). 
Thus, 


jC 


du = ub — ua = f{Xj y) 


(32) 


Since ua and ub are wholly defined by the corresponding values of x 
and y, the value of the integral is* unaffected by the path considered in 
the integration. An equation of the type of (31) is termed an exact 
differential equation. 

If, however, any line is drawn on the surface of Fig. 55 connecting A 
and B, the length of the Une will be dependent upon the path followed. 
A differential equation expressing the length of line will involve expres- 



456 


THERMODYNAMIC PRINCIPLES 


[Chap. XI 


sions in addition to those defining the surface and is termed an inexact 
differential equation. For the element of Fig. 55 the inexact differential 
is represented by the wavy line d'o*. 

It is a property of an exact differential equation involving two inde- 
pendent variables x and y that • 

d d /du 

Qy\dx)y dx\dy 
or 



d^U dhi 
dy dx dx dy 


(34) 


If more than two independent variables are involved, a relationship 
similar to Equation (33) may be written with respect to any pair of 
independent variables. Any exact differential equation must satisfy the 
relations of Equation (33). 

For example, if du is expressed by the relation 

du M dx + N dy + P4z (35) 


where M = f{x), N = S{y), and' P = f{z), then Equation (35) is an 
exact differential equation only provided 

Under these conditions, 



Similarly, 

(dM\ (dP\ _ d^u fdN\ __ /dP\ __ dhc 

[dzJ:,'' \dxj^'' dxdz Kdzjy'^ \dy):,“ dydz ^ ^ 

. If in the exact differential equation, 

* - (S) * + (SI* 


the condition is imposed that the property u is constant, the equation 
becomes 


_ / du\ _ , / du\ , 

0 = {— ) dx + ( — ) dy 
\dx/ y \dy/ jp 

\dxj It, \dx/ y / \dy/ X 



Chap. XI] 


MAXWELL RELATIONS 


467 


Equation (39) may be differentiated with respect to x while any other 


property such as w is held constant. This gives, upon 
differentials of zero magnitude, 

elimination of 

/^\ ^ /dw\ /^\ /%\ 

\dx)w \dx)y XBy/xXdx/y, 

(42) 

Equations (37), (38), (41), and (42) represent mathematical princi- 
ples commonly used in the development of thermod 3 niamic relations. 

Maxwell Relations. Since Equation (27) is an exact equation of the 
form of (31) the relationships of Equations (37) and (38) permit the 
derivation of a differential equation relating the coefficients T and p as 
shown in Equation (43). Similar equations result from equating the 
partial derivatives of the coefficients of Equations (28), (29), and (30). 

Thus, 


1 

II 

(43) 

a. 

II 

(44) 

\dV/T XdT/y 

(45) 

1 

II 

(46) 


Equations (43), (44), (45), and (46) are termed the Maxwell relations. 
Equation (45) is the basis of the familiar Clapeyron equation. For 
the vaporization of a liquid the restriction of constant volume may 
be omitted, because the vapor pressure is independent of' volume. 
Since vaporization is a reversible process at constant temperature, 
{bSlbY)T = A/TAEand 

iSL.jL ft ( 47 ) 

dT rA7 T{Jg-Vi) ^ ^ 

which is the form of Equation (1), Chapter III, page 59. 

Illustration 3. From a plot of the following properties per pound of superheated 
ammonia, show that 

\avJs Va-sA 

using the reference conditions, p = 173 lb per sq in. abs, t = 185°F, /S =' 1.300, and 
V = 2.20 cu ft 



THERMODYNAMIC PRHSTCIPLES 


[Chap. XI 


At iS = 1 .300 


At 7 = 2.20 


2.461 

165.2 

150 

1.2466 

114.8 

150 

2.339 

174.4 

160 

1.2705 

145.1 

160 

2.229 

183.0 

170 

1.2935 

186.3 

170 

2.200 

185.0 

173 

1.3000 

185.0 

173 

2.132 

191.3 

180 

1.3154 

208.0 

180 

2.043 

199.2 

190 

1.3368 

240.3 

190 

1.960 

206.9 

200 

1.3575 

283.1 

200 




In Pig. 98, p is plotted against S at 

5= 

..28 : 
1 

: entropy 

1.32 1.86 

— — 

1.40 

V - 2.20, 
at 5= 1.3i 

and T is 
00. 

plotted against 7 



Wi 


The value of (dT/dV)s is the slope of 
T plotted against 7at /S = 1.300, or 


■F=:2.20- 


'5=1.30 

7 ’« 2.20 


1.8 2.0 2.2 2.4 2.6 

V=volume 

Fig 98. Evaluation of (dTldV)s and 

(dpmv. 


The value of iB^/do)v is the slope of p 
plotted against 5 at 7 = 2.20. This 
slope is (200 - 150)/(1.36 - 1.25) = 
464, To convert this slope into the 
same units as (d!r/d7)s requires multi- 
plication by lM/778, where 144 is the 
conversion factor for pounds per square 
inch to pounds per square foot and 778 
represents the number of foot-pounds 
equivalent to 1 Btu. The result is 84, 
which is in agreement with the Maxwell 
relation. 


Partial Derivatives of Energy Functions. By partial differentiation of 
the four differential energy functions Equations (27-30) while one of the 
terms appearing as a differential is held constant, there results: 
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By equating identical properties, 



By again partially differentiating the four basic differential energy- 
function equations with respect to the coefiScient terms, another set of 
eight relations results: 


p,- 


(60) 


-a 

(61) 

p,- 


(62) 



(63) 


-KSr 

(64) 


-KS) 

(66) 

II 

v(^ 

\dV/T 

(66) 



(67) 

Thermal Capacity Relations, 

One of the most important applications 


of thermodynamics is to establish the relations of physical properties 
and energy changes from a minimum amount of easily determined experi- 
mental data. The thermal capacities of a substance are among those 
most frequently measured experimentally. There are four useful types 
of thermal capacities, designated mathematically as follows, for opera- 
tions in which all changes of state are reversible; 



heat capacity at constant pressure 
heat capacity at constant volume 


Zp — 



= latent heat of pressure change at 
constant temperature 



latent heat of expansion at constant 
temperature 


( 68 ) 

(69) 

( 70 ) 

( 71 ) 
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The thermal capacities are independent of the manner in which heat is 
added but are restricted by definition to reversible changes of state. 

The first two thermal capacities are those most commonly used. The 
latent heat of volume change at constant temperature includes the 
usual latent heats of fusion and evaporation, and Ip corresponds to the 
heat of compression. 

Since entropy is a point function, it can be expressed by the following 
exact dijfferential equations: 



(72) 


(73) 

Combining (72) and (73) with Equations (68), (69), (70), and (71) gives 

\dT/p T \dT/p T 

(74) 

(dS\ _ l/d'g\ _lp 

W/r T\dv) T 

(75) 

(dS\ _ 1 /d'q\ _ C, 

KdTJv T\dT)y T 

(76) 

/dS\ l/d'g\ Z. 

\dF-/r T 

(77) 

At constant temperature, from Equations (75) and (77), 



(78) 


(79) 

From (46) and (78), 


‘--(a 

(80) 

From (45) and (79), 



(81) 

For an ideal gas, Equations (80) and (81) reduce to 



ll = -V and C = P 
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Substituting the values of Equations (74r-77) into (72) and (73) yields 

dS = ^dr + |dp (82) 

dS = ^dT+^dV (83) 


If Equation (82) is applied to conditions of constant entropy and Equa- 
tion (80) is substituted 



Similarly, from Equations (83) and (81), 



(Cp — C») and (Cp/C«). By equating Equations (82) and (83), an 
expression for the difference between the heat capacities at constant 
pressure and volume may be derived. Thus, 


<7p- Cp 


dV dp 
dT~^^dT 


( 86 ) 


or, in terms of partial derivatives, restricted first to constant pressure 
and then to constant volume. 



Combining (80) or (81) with (87) gives 



By method of Equation (41), 



Combining (88) and (89) gives 



( 90 ) 



462 


THERMODYNAMIC PRINCIPLES 


[Chap. XI 


The ratio of the heat capacities k at constant pressure is obtained by 
combining Equations (84) and (85) : 



Effects of Pressure and Volume on Heat Capacity. The variation with 
pressure of the heat capacities Cp and Cv at constant temperature is of 
special importance because of the diflGiculties of calorimetric measure- 
ments at pressures other than atmospheric. Application of the princi- 
ple of Equations (35-38) to (82) results in 



Substituting (80) in (92) gives 



Similarly, from (83) and (81), 



PVT Relationships of the Energy Functions. The effects of pressure, 
volume, and temperature upon the four thermodynamic energy functions 
are among the most useful of relations. The more important relations 
are developed herewith. Others may be developed in a similar manner or 
more readily by Shaw's method as discussed on page 465. 

A differential expression for internal energy is obtained by combining 
Equations (27), (83), and (81): 

dU=C,dT + ^T - p] dV (95) 

Application of Equation (95) at constant temperature and at constant 
volume, respectively, results in 
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Similarly, combining Equations (28), (80), a,nd (82) gives 


dH = CpdT + 


/ 


+ V dp 


(98) 


Applying Equation (98) to constant temperature and constant pressure 
operations, respectively, results in 


(99) 


dp/T 


= V-T[ — 

‘ dTJ 


= Cp 


( 100 ) 


One of the most important relations expresses the variation in free- 
energy change with change in temperature at constant pressure. From 
Equation (6), 

T ~ T 


1 /3Ag\ 

\ dT /p~ T\ dT ) 


By Equation (62), 

Vary, 

combining (102) and (103) gives 


- AS 

(101) 

^AH\ ah /dAS\ 

dT )p ~ T^~ \dT)p 

(102) 


(103) 



/p2 


(104) 


Dlustratioii 4, From van der Waals’ equation of state calculate the increase in 
Cp of CO 2 where the pressure is increased from 1 to 100 atm at 100°C. The van der 
Waals equation is 


where 

For 1 lb-mole. Equation (93) is written 

'^Jp 


(a) 


V = molal volume 

a, b = van der Waals’ constants, characteristic of the gas 


\dp/T 


(b) 
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{p — av~^ + 2ahv' 




Differentiating the van d^r Waals equation gives 

( ^ ^ ( \ 
\dTjp a . 2ah 

_ r 2av'‘^ — tahv~^ 1 ^ ^ 

~ Up - av-^ + 2abv-^yj KdT/p ^ ^ 

Integration of (b) gives 

AC,= - (e) 

Equation (e) is splved by substitution of (d) and graphical integration where, 

a = 3.60(10fi); 6 = 42.8; R = 82.1 (cc-atm)/(g-mole) (°K) 

Volxune v is first obtained from Equation (a) at various values of p. Equations (c) 
and (d) are then solved in turn at various values of p. 


atm 

cc 

\BTjp 

\dTVp 

0 

oo 

OO 

0 

1 

30,590 

82.7 

0.64 

10 

2,985 

8.66 

0.734 

26 

1,150 

3.65 

0.931 

50 

530 

2.09 

1.52 

76 

320 

1.67 

2.8 

100 

213 

1.56 

5.07 


From graphical integration, 

Acp = 194.20 (cc-atm)/(g-mole)(°C) = 4.7 cal/(g-mole)(°C) 
c, = 9.6 + 4.7 = 14.3 

fypi 

Illustration 6. Prove that Cp — Cv where 

a 

^ ^ ^ ) ‘ ~ coefficient of expansion 

V \dT / p 

oi — ( “0 = coefficient of compressibility 

V\dp/T 

From this relation calculate Cv for mercury, where at 0°C, /S = 0.00018 per ®C, 
a “ 0.000 003 9 per atm, Cp = 0.0333 cal/(g)(°C), and the density — 13.596 g per 
cc. From (90), 


“^OpGfX 


Substituting a and p gives 


Cp-Cv^ 


- 7)3272 ' 



Chap. XI] 


SHAWLS METHOD OF DERIVATION 


465 


For mercury at 0®C, ‘ 


(273) (0.000 18)2 


= 0.0040 


(13.596)(0.000 003 9)(41.3) 
where 41.3 is the conversion factor from cubic-centimeter-atmospheres to calories. 
Hence, 

Cv = 0.0333 - 0.0040 = 0.0293/cal/(g) (°K) 


Shaw’s Method of Derivation. The usual procedure in making ther- 
modynamic transformations to arrive at a usable or desirable relation is 
time-consuming and often results in circuitous procedures which return 
to the starting point. A. N. Shaw^ has devised a means of circumventing 
these difficulties and arriving at the desired result in a systematic manner. 
This method employs a system of abbreviated mathematical notations 
termed Jacobians. A Jacobian is a determinant, the elements of which 
are partial derivatives. 

It will be recalled that the solution of simultaneous algebraic equations 
can be accomplished by the use of determinants. For example, consider 
the two simultaneous equations: 


aix -h biy = Cl 

+ b2y = cz 


( 105 ) 


The values of x and y satisfying these two equations will be found to be 


Ci 52 — C261 

X = 

d-^z — (1^1 

( 106 ) 

diCz — dzCi 

y 

djjbz — dzbi 

These solutions can be arrived at systematically by expressing the results 
in determinant form, thus: 


Ci&i 

Czbz 
dib{ 
dzbz f 

diCi 

dzCz 

dibi 

dzbz 


( 107 ) 


The lower determinant in each case is the principal determinant con- 


2 A. N. Shaw, Phil. Trans. Roy. Soc. A, 334, 299-328 (1935). 
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sisting of the four coefficients of the unknowns arranged in a square 

aibi 

the value of which is obtained by cross-multiplying terms, thus, 
aihz — a2bi. The determinant in the numerator is derived from the 
principal determinant by replacing the coefficient of the unknown sought 
with the constant c; thus, for x the a terms are replaced by c terms. 
d(x zi) 

The Jacobian , ’ : represents the following determinant, 
d(a, / 3 ) 

/to\ 

y) Wz/s wA ■ /I OS') 

\da)p \dfi)a 

where'a: and y are two dependent variables and a and ^ are any two inde- 
pendent variables of which x and y are functions. For example, x might 
be enthalpy; y, entropy; a, temperature; and pressure. The values 
of a and jS may equal x and y. The foregoing Jacobian is also written in 

d{x, y) ^ 

the form J {x, y) where J (x, y) = *77 — -r • Where this abbreviated notar- 

tion is used without designation of a and P these variables may be any 
independent variables of which x and y are functions. However, if 
several Jacobims, J{x, y), J {x, z), and J (2?, w) appear together in a single 
expression the values of a and p must be the same for all. With this 
restriction Jacobians may be combined algebraically in any desired 
manner. 

The following four properties of Jacobians are the basis of their use in 
thermodynamic transformations: 

1. Interchanging the order of any two terms in a Jacobian changes its 
sign, thus, 


d(x, y) _ d(y, x) _ d(y, x) _ 

d(a, |8) a (a, fi) d(fi, a) 

3 (a:, y) 
d{p,a) 

(109) 

or 



J(x,y) = -J(y,x) 


(110) 

2. J(x,x )=0 

a(a, 


(111) 

jj /^y\ J(z,y) J(y,z) 

J(^,y) 

J(x,z) 

(112) 
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4. The exact differential equation, 

dx = Mdy + Ndz 

may be written as 

J {x, a) = MJ (y, a) + NJ(z, a) 


(113) 


The first three relationships can be established readily by setting up in 
determina n t form with a and /3 as the independent variables and expand- 
ing in the usual manner. The fourth relationship may be proved 
readily by differentiating the exact differential equation with respect to 
)3 holding a constant, thus, 


/ 3a:\ - _ / dy\ / dz\ 

{ — ) = Ml — ) + JV( — ) 

Va/sA WA 


The principle of Equation (112) combined with (114) gives 

J (x, a) _ MJ (y, a) NJ(z, a) 

J(fi, a) ~ J(/3, a) J(p, a) 


(114) 


(115) 


Equation (115) is identical with Equation (113). 

Thermodynamic equations are most frequently expressed in terms of 
p, V, T, and S as the independent variables. Any of the six possible . 
pairs can be chosen as the independent variables represented by a and jS. 
The Jacobians of the six possible pairs of independent variables are 
designated as follows: 

J(7, T) = a 
J(J>, F) = 5 _ 

=e [ (116) 

J(p,T) = I 
J(V,S) =n 
JCr,S)=J(s>,V) = h 

The proof of this last relationship is derived by writing Equation (43) 
in Jacobian form in accordance with Equation (112), thus, 

J{T,S) J(p,7) J(p,F) - 

J(y,s) J(,S,V) J{V,S) 

or 

(118) 

Using the sjunbols of Equation (116) Shaw developed Table XXIII 
from which.the Jacobian J{x, y) of any pair of thermod 3 mamic proper- 
ties X and y may be obtained in terms of the six possible Jacobians of the 
four independent variables p, V, T, and 8. 'The properties considered 
are p, V, T, 8, U, H, A, and G. In addition, Wr the work of expansion 



TABLE XXIII. Values of Jacobians, J{Xy y) 
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done by and qr the heat added to a system undergoing a reversible 
process are included. The Jacobian J{x, y) of any pair of properties is 
obtained by entering the table at the values of a; in the left-hand column 
and y in the top row. For example, ]ix = H and y = T, 

J{x, y) = J{H, T) = -Tb + VI = V) + VJ{p, T) (119) 


Table XXIII was constructed from the differential energy functions, 
Equations (27) to (30). For example, by the fourth Jacobian rule 
Equation (28) may be written as follows with T replacing a as the inde- 
pendent variable: 

J{H, T) = TJ{S, T) + F/(p, T)^ -Th + VI (120) 


The other Jacobians are developed in a similar manner. 

The Jacobians taken from Table XXIII may be modified to include 
any selected pair of independent variables a and /S in accordance with 
Equation (109), or may be transformed according to the four rules of 
Equations (109-113) and expanded according to Equation (108) to 
obtain any desired relationship. For example, Equation (119) may be 
modified to include p and V as independent variables <x and /?. Thus, 
applying Equation (109) to Equation (119) gives 


m,T) 6(p,D 

d(p, y) d{v, y) 


( 121 ) 


If desired, Equation (121) might be expanded in accordance with 
Equation (108) to yield a complete relationship among Hy T, p, and V, 
A similar relationship among the same variables but of different form 
results if p and T are Chosen as the independent variables instead of p 
and F. In this manner a limitless number of relationships may be 
developed. Where a specific relationship is sought in terms of specified 
variables, it is desirable to simplify the expressions and eliminate 
unwanted variables before expanding the Jacobians. 


Illustration 6. From Table XXIII evaluate (dG/dT)p. This expression may be 
written in Jacobian form in accordance with Equation (112) and the Jacobians 
evaluated from the table. 


J(G, p) _ SI 
KbtJp ~ JUT, p) " -I 


This relationship may be transformed into other variables by replacing S by its 
equivalent in Jacobians from Table XXIII. Thus, 


J{A,V) ^ J{A,V) ^ __ /^\ 
a J(7, T) KdTJv 
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In order to eliminate an undesirable independent variable, use is made 
of the following important relationship: 

62 + oc - Zti = 0 (122) 

This relationship can be proved as follows: From Equation (72), 

or 

J(,S,T) J{S,p) 

J(p, T)dS = J(S, T) dp- J(S, p) dT (125) 

Differentiation with respect to any variable w, with V held constant, gives 

^ ^ (SX - ©r 

Expansion in accordance with Equation (112) results in 

J(p, T)m V) = m T)J{v, V) - J{8, V)J{T, V) (127) 
or, substituting symbols for the Jacobians gives 

Z(-n) = (-6)6 - (-c)(-a) 
or 

62 + oc - Zn = 0 (128) 

Illustration 7, From Jacobians, prove that 




Bewiiting in Jacobians gives 

TJ(p, r)J(y, V) ^ TJ(F, p)V(p, T) . 

J(r, V)jcr, p) J(T, p)V(F, T) 

Substitution of values from Table XXIU gives 

Tbj-b) -n-b)H 

(- a )(-0 (- 0 *« 

or 

b^T b^T 

~r *= —r w 

ctl dl 

Illustration 8. It is desired to evaluate (dp /dV)^ in terms of the independent 
variables p and T and if possible to eliminate S, Equation (112) and Table XXIII 
give , , 

/^\ J(p,H) _ To 

\dV/H J(y,H) Tn-Vh 
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The Jacobians c and 6 each include one of the independent variables and may be 
expanded directly into a partial derivative in terms of p and T. However, 
n = J{V,S) contains neither of the independent variables. It is therefore desirable 
to eliminate this quantity by means of Equation (128). Thus, 


Te Td 

Tn-Vb~ Toe- Vbl 

The symbols may now be replaced by their corresponding Jacobians, thus, 

(^\ TJ{p,S)J{p,T) 

\SVJb TJ(p, y)2 + TJ(V, T)J(p, S) - VJ(p, V)J(p, T) 

Since p and T are the independent variables, this last equation becomes, by 
(109), 

/ 3(p, S)Ya(p, D \ 

V3(p, T)Ad(p, T)) ' , 

W/h /a(p, To y T) \ /a(p, >S)\ /a(p, V) \ /a(y, T)\ 

\d{p,T)J \d(p,T)J\d(p,T)J \d(p,T)Adip,T)J 


The like terms in (d) are canceled, and the remaining Jacobians written as partial 
derivatives according to Equation (112): 



For 1 mole of an ideal gas = — ; (ti 

\dTjp p \dp/i 

hence, 


V 

V 


(-) = 
\avjB 




? 

V 


(e) 


(f) 


(g) 


Equation (g) is in agreement with the requirement that for an ideal gas .5^ is a function 
of temperature only. For this requirement 



2 

V 


• Summary of the Most Useful Relations. It cannot be said that one 
thennodynamic relation is more significant or ndore important than 
another, but it is foimd that relatively few relations suffice for most 
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thermodynamic problems. A brief selection of these more useful rela- 
tions is presented in Table XXIV. 


TABLE XXIV . 
Thebmodtnamic Relations 


Differential Energy Functions 

Equation Number 
in Text 

(a) dU = TdS-pdV 

(27) 

(b) dH = TdS + Vdp 

(28) 

(c) dA = -SdT-pdV 

(29) 

(d) dG - --SdT + Vdp 

(30) 

Maxwell Relations 


<•>(!?)« --(iX 

(43) 


(44) 

<*> (57),” (®F 

(45) 

“'dDF’-CS). 

(46) 

Energy-Function Derivatives 



(56) 

1 

II 

II 

CO 

(57) 


(58) 

®(i).-(lfX 

(59) 

Thermal-Capacity Relations 


WC.- ( 3 ), -!■(§)_ 

(74) 


^ = (0)r = ^ (f )2' (1?)^ 

(P) = = ^(S)r (7^(81) 


(q) dS=‘^^ + ^dp 


(82) 
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TABLE XXIV {conL) 

Equatioa Number 
in Text 

(83) 


(90) 

<•> ),(#). - 

(91) 

(a 

(93) 


(94) 

Effect of Pf V, T on U, H, and O 

<"> ■ ’’ (M)v “ ’’ 

(96) 


(97) 

(a 

(99) 

<•> (§). - 

(100) 

(•) (iz) . -45 

\ aT /p T2 

(104) 


The Thermodynamic Temperature Scale. The properties of an ideal 
gas are defined by the requirements that pv = RT and that the internal 
energy is a function of temperature only and is independent of volume. 
It has been experimentally demonstrated that real gases approach this 
behavior at low pressures. The gas-temperature scale is defined from 
the behavior of an ideal gas as T = pv/R and has been numerically 
evaluated by the extrapolation to zero pressure of observations with a 
constant-volume hydrogen thermometer. 

All of the general thermodynamic relations developed in the preceding 
sections were defined without reference to the character of the tempera- 
ture scale on which the definition of entropy is based. If it can be 
shown that any of these relations lead to an expression involving tem- 
perature which can also be derived from the ideal-gas law, this fact will 
constitute proof of the identity of the thermodynamic and ideal-gas 
temperature scales. 

From Equation (w) of Table XXIV, 



( 129 ) 
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Since Equation (129) relates p, V, and T, it may be termed a thermo- 
dynamic equation of state. If this equation is applied to an ideal gas, 
for which idU/dV)^ = 0, 

Differentiation of the ideal-gas law gives 



or 

- ’’•/(I), 

Since Equations (130) and (131) are identical, it follows that the 
thermodynamic and the ideal-gas temperature scales are similar func- 
tions, both having the same zero point. 

Thermodynamic Properties of an Ideal Gas. As previously men- 
tioned, the properties of an ideal gas are defined by the requirements that 
the pVT relations are exactly expressed by the equation pv — RT and 
that the internal energy is dependent only upon temperature and is 
independent of pressure and volume. Equations whose applicability is 
restricted to ideal gases are designated by asterisks (*) following the 
equation numbers. Similarly an asterisk following any thermodynamic 
symbol indicates restriction to the ideal-gaseous state. 

By differentiation of the ideal-gas law, it follows that 




pdv +v dp == 

RdT 

(132) 

or 





/dp\ 

\dTjy “ V 

= 1 and 1 

/ dv\ V 

W/r V 

11 

II 

U 

(133)' 

From (s), Table XXIV, 


) 



Cjf “ Cp 

-'(!)■(- 

II 

^1 §. 
II 

(134)' 


The differential change in internal energy may be vmtten as 



(135) 


By substitution of Equations (w) and (x) of Table XXIV, there results 


dU - C,dT + 



(136) 
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For an ideal gas p = T > and Equation (136) becomes for 1 mole 


\dT)y 

dv = c^dT 


or 


X T 

c„ dT + XJo 


(137) * 

(138) * 


Since for an ideal gas {d^/dT^)y = 0, it follows from Equation (v), 
Table XXIV, that is independent of volume and pressure. 

By combination of (98) with (133) and (134) on the basis of 1 mole, 


or 


ds. — CpdT = CvdT + R dT = (c» + R) dT (139)* 



Co dT + RT -f- Ho 


(140)* 


From (n), Table XXIV, and (133), 

^ _ 

*’ V 

Combining (141) with (q) of Table XXIV gives 
ds = Cpd]ii T — R dlnp 

.T, 


or 


As 


-/ 


CpdhiT — Rhi'^ 

Vi 


(141)’* 


( 142 )*^ 


It is evident that Equation (142) cannot be directly integrated with 
lower limits of either T = 0 or p — 0, since the integral of each term at 
these limits becomes negative infinity. In order to evaluate directly the 
entropy of ah actual gas in the ideal state from' heat-capacity measure- 
ments it is necessary to start with the crystalline solid at a temperature 
near the absolute zero, heat it to its fusion point and then to its boOing 
point T under a pressure p' sufficiently low that ideal-gas behavior is 
obtained. The entropy s' of the saturated vapor at this temperature 
and pressure is calculated from the low-temperature heat capacities of 
the crystalline and liquid state and the heats of fusion and vaporization. 
Equation (142) is then integrated from this limit. Thus, 

s = dlnT — iJIn~ + s' ^ ^ (143)* 


A perfect gas may be defined as one which behaves ideally at all con- 
ditions and hence is incapable of condensation to either a liquid or a solid 
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phase. It follows that for the internal energy of such a gas to be inde- 
pendent of volume at all conditions of pressure and temperature it can 
possess only translational energy of motion and its heat capacity must be 
independent of temperature as well as of pressure, as shown by Equa- 
tion (VII-19), page 211. Thus, for a perfect gas, Cv = and Cp = l-iZ, 
whereas the heat capacity of what has been termed an ideal gas may 
vary with temperature. It is evident that no substance fulfills the prop- 
erties of a perfect gas but that perfect behavior is approached by mona- 
tomic gases at low pressures. 

For a perfect gas, Equation (142) may be integrated as follows: 

s = tffiln!r-i?lnp-h& (144)* 

The integration constant h has been evaluated by methods of statistical 
mechanics as (fi2 In ilf — 2.298) where M is the molecular weight: 

Rlustration 9. Assuming that nitrogen behaves ideally over the range indicated, 
calculate the values of s*, u* h* a*, and g* for 1 lb-mole at 10 atm, and 100®F, rela- 
tive to conditions at 1 atm, and 60®F. Assume Ct, — 5.0. 

Au* = cv AT - 6.0(40) = 200 Btu 

AH* = (c, + R) AT = (5.0 -i- 1.99) (40) - 279.6 Btu 

As* = Cpln^ — i?ln^ = 6.99 hi — 1.99 In ^ - —4.07 entropy units 

It will be evident that numerical values cannot be secured for Aa and Ag unless 
absolute values of entropy are known. 

The absolute entropy of nitrogen at 60®F and 1 atm pressure is 45.66 Btu/ (lb-mole) 
(°R). The final entropy after heating and compressing to 100°F and 10 atm, from 
Illustrations, is 45.56 H- As* = 41.49. 

Then, since Aa = Au — A(Ts) =* Au — T 2 S 2 -f TiSi, 

Aa* = 200 - (560) (41.49) + (520) (45.56) = 666 


Similarly, 

AQ* = AH* - Tasf + Tisf = 279.6 - 23 234 + 23 700 = 746 
PROBLEMS 

1 . (a) Calculate the increase in entropy when 1 lb of ice at 0®F and atmospheric 
pressure is converted into steam at 220 °F and 1 atm pressure. 

(6) The absolute entropy of water vapor as an ideal gas at 25°C and 1.0 atm 
is 45.13 cal/(®K) (g-mole). Using the data of part (a), calculate the absolute entropy 
of ice at 32®F in Btu/ (°R) (lb). Steam at 220°F and 1 atm may be assumed to behave 
ideally. 

* 2. The volume coefficient of expansion idV/dT)/V of water at 100°C is 0.00078 
per ®C- Calculate the change in entropy in cal/ (gram) (°C) when the pressure is 
reduced from 100 to 1 atm at 100®C, neglecting the effect of pressure on volume. 
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3. Derive the differential equations for the following relations : 

(a) Change of total work function with temperature at constant volume. 

(b) Change of enthalpy with entropy at constant pressure. 

(c) Change of internal energy with volume at constant entropy. 

(d) Change of temperature with volume at constant entropy. 

4. Calculate the latent heat of vaporization per pound of water at 160°F from the 
following data: 

^ = 0.113 lb/(sq in.) (°E) 

Volume of saturated vapor = 77.29 cu ft per lb and of liquid = 0.017 cu ft 

per lb. 

6. From selected data on the properties of superheated steam taken from Keenafl 
and Keyes, “ Thermod 3 mamic Properties of Steam’^ (John Wiley <fe Sons, New York, 
1936), 

(a) Verify the relation dU = T dS — p dV. 

(b) Verify any one or more of the four Maxwell relations. 

6. Assuming ideal behavior, calculate the entropy of 10 lb of hydrogen gas at 
60°F and 10 atm relative to 0°F and 1 atm. 

7. Evaluate the following coeflficients per pound-mole of an ideal gas: 


(a) 

(-) 

\dTJv 

(SX 

<«> (Dr 

/dv\ 

W ( ) 

Var/p 

(e) 

(—) 

<« (Dr 

<•> (Dr 

/ dG\ 

Uv 

(i) 

\dv/T 

® (Dr 

»> (t)r 

G) (^) 

\dv / T 

{m) 

\dvjs 

(D» 

(o) Cp Cv 

(P) -h (2) Z. 

8. For a van der Waals gas (see Illustration 4, page 463), evaluate the following 
coefficients: 

(o) 

\eTjv 

^ &)y 

dv\ 

(i?)p 

(SX . 

(fi) 

{-) 

\dv/r 

“ (0X 

^ W )t 

<« (SX 

9. By combination of Equation (47) with Equation (III-16), page 73, evaluate 


the heat of vaporization of methylamine at its normal boiling point, --6.5®C, assum- 
ing that the vapor obeys the ideal-gas law and neglecting tihe volume of the liquid. 
10 . From Table XXIII, express 


(a) 

(&) 

(c) 
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(d) ( — ) in terms of p and V. 

\dp/T 

(e) terms of Cp and T, 

11. From Table XXIII derive equations for the following quantities in terms of the 
indicated variables: 


Qiiantities 

Variables 

<“> (a 



8 

« (a 

A,T 

® (S)r 

■ S,T 


12. From Table XXIII verify the following equations : 

13. Calculate the values of As, Au, Ah, Aa, and Ag when 1 Ib-mole of H 2 gas at 
77°F and 1 atm is heated and compresi^ to 600°F and 100 atm. The initial absolute 
entropy of hydrogen is 31 .23 Btu/ (lb-mole) (°R) . Assume ideal behavior. 

14. From the relationships of problem 8 and^Table XXIV, calculate the following 
changes in the properties of 1 lb-mole of CO 2 gas when the pressure is increased iso- 
thermally -from 1.0 to 100 atm at 100®C. a — 3.60 (10®) (atm)(cc)V(g'-niole)*; 
h = 42.8 cc per g-mole. 

(a) Ah, (6) Au, (c) As, (d) Acy, (e) Ac,. 



CHAPTER XII 

THERMODYNAMIC PROPERTIES OF FLUIDS 

The ideal-gas law permits satisfactory calculations of pressure- 
volume-temperature relationships at low pressures where the volumes 
per inole are relatively large and the distances between molecules great or 
where the temperatures are relatively high. However, under conditions 
of small molal volumes, corresponding to high pressures, the errors in 
assuming ideal-gas behavior may be as great as 500 per cent. 

Actual Behavior of Gases. Several hundred equations of state have 
been proposed to express the pVT relationship of gases, but none has 
been foimd universally satisfactory, and most are applicable only to a 
single gas over a limited range of temperatures and pressures. The 
most generally satisfactory equation of state is that of Beattie and 
Bridgman wherein the various constants must be determined uniquely 
for each gas. The van der Waals equation is presented because of its 
value in giving an elementary understanding of the reasons for departure 
of gases from ideal behavior and because of its support of the theory of 
corresponding states which serves as the basis of the most useful general- 
ized graphical method. However, the van der Waals equation is less 
accurate than the generalized graphical method, and its application is 
rarely warranted. 

The actual pVT relationships of carbon dioxide are shown graphically 
in Fig. 99. Each curve represents the relationship between the pressure 
and ther molal volume of carbon dioxide at the indicated temperature. 
The critical point is indicated by C. The double-crosshatched area 
represents the region of the liquid state. The plain area is the region of a 
homogeneous fluid state which at low pressures is recognized as a gas but 
at high pressures has continuity with the liquid. The single-cross- 
hatched area represents a region in which both the liquid and gaseous 
states are present in equilibrium with each other. Thus, following along 
the 21.5°C experimental isothermal line from right to left, an increasing 
pressure is required to cause a reduction in volume until the saturation 
curve CB is reached. At this point the. attractive forces between the 
molecules become sufficiently great to start condensation. The volume 
may then be diminished without further increase in pressure until the 
curve CA is reached. This curve represents the completion of condensa- 
tion into the relatively incompressible liquid state. A further decrease 
in volume must be accompanied by a large increase in pressure. 
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Fig. 99. Isotherms of Carbon Dioxide 


Van der Waals’ Equation. In the derivation of the simple kinetic 
theory, each molecule is considered to have an available free space, in 
which it may move about and which is assumed to be equal to the total 
volume occupied by the gas. This assumption is not correct except 
under such conditions tbat the volume of the molecules or particles them- 
selves is negligible as compared to the total volume occupied by them. 
Actually, in each mole of gas there is a space of volume (v — b) available 
for free motion, somewhat less than the total volume. The correction h 
by which the available free volume per mole differs from the total volume 
per mole is dependent on the volume actually represented by the N 
molecules themselves. It is this free volume which must be used in the 
more rigorous derivation of the kinetic gas laws. 
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Van deb Waals’ and Critical Constants of Gases 
From the data of the International Critical Tables 


a, & = van der Waals’ constants (atm) 

to — critical temperature, degrees centigrade 
Pc = critical pressure, atmospheres 
do = critical vapor density, grains per cubic centimeter 
Vc = critical volume, cubic centimeters 



h = 


cc 

g-mole 


To convert values of a to ^lb - mole ) multiply values in table by 0.003776 


To convert values of 6 to 


ft^ 


lb-mole 


multiply values in table by 0.0160 



a 

h 

to 

Vc 

do 

Vc 

Argon 

1.35 

X 

106 

32.3 

-122 

48 

0.531 

75.2 

Acetylene 

4.37 

X 

106 

51.2 

36 

62 

0.231 

113 

Air 

1.33 

X 

106 

36.6 

-140.7 

37.2 

— 

— 

Ammonia 

4.19 

X 

106 

37.3 

132.4 

111.5 

0.235 

72.4 

Carbon dioxide 

3.60 

X 

106 

42.8 

31.1 

73.0 

0.460 

95.5 

Carbon monoxide 

1.46 

X 

106 

39.4 

-139 

35 

0.311 

90.0 

Chlorine 

6.50 

X 

106 

56.2 

144 

76.1 

0.573' 

124 

Ethylene 

4.48 

X 

106 

57.2 

9.7 

50.9 

0.22 

127 

Hydrogen chloride 

3.65 

X 

10« 


51.4 

81.6 1 

0,42 

87 

Hydrogen 


26.6 

-239.9 

12.8 

0.0310 

64.5 

Methane 

2.25 

X 

106 

42.8 

-82.5 

45.8 

0.162 

99 

Methyl chloride 

7.50 

X 

106 

65.1 

143.1 

65.8 

0.37 

137 

Nitrogen 

1.347 X 106 

38.6 

-147.1 

33.5 

0.3110 

90 

Oxygen 

1.36 

X 

106 

31.9 

-118.8 

49.7 

0.430 

74 

Sulfur dioxide 

6.80 

X 

106 

57.2 

157.2 

77.7 

0.52 

123 

Water 

5.48 

X 

106 

30.6 

374 

217.7 

0.4 

45 


Another factor, neglected in the simple kinetic treatment of a gas, is 
the attraction existing between molecules, known as van der Waals’ 
forces. 

These forces tend to draw the molecules together and diminish the 
pressure exerted below the value corresponding to ideal behavior. It 
may be demonstrated from kinetic theory that this reduction is inversely 
proportional to the square of the molal volume. Thus 

v = v - -i p =p + r^ 

where p' = pressure calculated from the simple kinetic theory 
p = actual pressure 
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The term •p' is the internal pressure of the gas. The corrected equation 
of state thea becomes 

(p + - 

This is the equation of van der Waals, which represents the general 
form of the pressure-volume relationships of a gas, even when compressed 
to the region of liquefaction. ^Although this equation is an improvement 
over the ideal-gas law, its numerical results represent only a fair approxi- 
mation where molal volumes are small. The factors a and 6, characteris- 
tic of each gas, are termed the van der Waals constants. In the first 
two columns of Table XXV are listed values of a and h corresponding to 
pressure in atmospheres, volumes per gram-mole in cubic centimeters, 
and temperatures in degrees Kelvin. 

Beattie-Biidgman Equation of State. One of the most widely used 
equations of state is that of Beattie and Bridgman.^ 

+ ( 2 ) 

where a, b, iio, Bo, c = empirically determined constants 
V = molal volume, liters per gram-mole 
p = pressure, atmospheres 
T = temperature, degrees Kelvin 
R = gas-law constant = 0.08206 

This equation contains five constants which must be determined for each 
particular system. The methods for evaluating the constants are dis- 
cussed by Beattie and Bridgman in the papers cited and also by Deming 
and Shupe.® 

In T^ble XXVI are values of the constants of Equation (2) for several 
common gases. In the ranges of temperature and molal volume indicated 
in Table XXVI, the equation was found to yield an average deviation 
of only 0.18 per cent from the accepted experimental values. 

Equation (2) and the constants of Table XXVI may be used to calcu- 
late accurately pressure, volume, temperature relationships over wide 
ranges of conditions. Such an equation is of value for the extrapolation 
of limited experimental data and for highly precise interpolation between 
observed values. It is also valuable in thermodynamic calculations 

1/. Am. Chem. Soc., 49, 1665 (1927). 

2/. Am. Chem. Soc., 60, 3133 (1928). 

sy. Am. Chem. Soc., 62, 1382 (1930); 63, 843, 860 (1931). 
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TABLE XXVI 

Beattie-Bridgman Constants 


Gas 

Ao 

a 

Bo 

h 

c 

Temperon 

ture 

Range, °C 

Mini- 
mum V 
cc/-g 
mole 

He 

0.0216 

0.05984 


0.0 


400 to -252 


Ha 

0.1975 


0.02096 

-0.04359 


200 to -244 


Na 

1.3445 

0.02617 

0.05046 

-0.00691 

4.20 X 10^ 

400 to -149 

180 

Oa 

1.4911 

0.02562 

0.04624 

0.004208 

4.80 X W 

100 to -117 

110 

Air 

1.3012 


0.04611 

- 0.01101 

4.34 X W 

200 to -145 

125 

COa 


0.07132 

0.10476 

0.07235 



180 

CH 4 

2.2769 


0.05587 

-0.01587 

12.83 X W 

200 to 0 

166 


because it expresses compressibility data in a rigorous equation which 
may be incorporated in any desired mathematical operations. Its use 
in compressibility calculations is cumbersome, but once the constants 
are evaluated for a particular gas a complete set of compressibility 
factors may be calculated and used in the manner described in the 
following sections. 

Benedict-Webb-Rubin Equation of State. An empirical equation of 
state with eight constants has been formulated by Benedict, Webb, and 
Eubin^ for the lighter hydrocarbons from the experimental data for 
methane, ethane, propane, and ri-butane; thus, if d is density, 


p = RTd ”f" ( BqRT — Ao 




TV 


+ {bRT - o)(? + acwf® 




(2a) 


TABLE XXVII 

Constants op the Benedict-Webb-Rtjbin Equation op State 


Units: Atmospheres, Liters, Gram-Moles, Degrees Kelvin; B = 0.08207. 



Meffume 



n-Butane 

Bo 

0.0426000 

0.0627724 

0.0973130 

0.124361 


1.85500 

4.15556 

6.87225 

10.0847 

Co 10“« 

0.0225700 

0.179592 

0.508256 

0.992830 

h 

0.00338004 

0.0111220 

0.0225000 

0.0399983 


0.0494000 

0.345160 

0.947700 

1.88231 

c 10 “« 

0.00254500 

0.0327670 

0.129000 

0.316400 


0.0060000 

0.0118000 

0.0220000 

0.0340000 

nr - 

0.000124359 

-j 

0.000243389 

0,000607175 

0.00110132 



‘ M. Benedict, G. W. Webb, and L. C. Rubin, J. Chem. Phys., 8, 334^5 (1940). 
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Values of the constants for these four gases are recorded in Table XXVIL 
This equation holds within 0.34 per cent, even at gas densities twice the 
critical value. 


COMPKESSIBILITy FACTOR 

The equation of state may be written 

pV = mET (3) 

where z is termed the compressibility factor and is a function of pressure, 
temperature, and the nature of the gas. 

If values of the compressibility factor of a gas are known, all calcula- 
tions involving its pVT relationships may be carried out by simple 
proportionalities derived from Equation (3). Thus, applying Equa- 
tion (3) to a given mass of gas at two different conditions and combining, 
gives 

PiVi _ 

The correct normal molal volume at 0®C and 1 atm is equal to SSQzg 
cu ft per lb-mole or 22AlZs liters per g-mole, where Zs is the compressi- 
bility factor at standard conditions. With a knowledge of compressi- 
bility factors it is thus possible to extend the entire system of calculation 
which was used with the ideal-gas law to apply at any desired conditions 
of temperature or pressure. The ideal-gas law may be considered as 
representing a special case in which the compressibility factor is equal to 
unity. 

The nature of the variation of the compressibility factor z with pres- 
sure, molal volume, and temperature is shown by the curves of Figs. 100, 
101, 102 for nitrogen. In the range covered by these three charts, the 
compressibility factor of nitrogen may be found at any specified con- 
ditions by interpolating on the proper chart. If the pressure and 
temperature are specified, the compressibility factor is read from Fig, 100. 
If the molal volume and temperature or the pressure and molal volume 
are specified, Fig. 101 or Fig. 102 is used. 

The use of compressibility-factor data is demonstrated by the follow- 
ing illustrations, dealing with nitrogen. 

Illustration 1. One cubic foot of nitrogen at 50 °C and 30 atm is compressed to 60 
atm and cooled to -• 60 ®C. Calculate the final volume. 

The compressibility factors at the initial and final conditions may be obtained from 
Fig, 100. 
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Fig. 100. Compressibility Factors of Nitrogen at Specified Pressures and 

Temperatures. 
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Fig. 101. Compressibility Factors of Nitrogen at Specified Molal Volumes and 

Temperatures. 
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Initial conditions: 

pi = 30 atm 
Vi — 1.0 cu ft 
Ti = 50°C = 323°K 

2fl = 1.001 

Final conditions: 

p 2 = 60 atm 

= -50^C = 223"K 
Z2 = 0.930 

From Equation (4): 

y 

" P2T1Z1 


Illustration 2. Calculate the pressure in pounds per square inch to which nitrogen 
must be compressed in order that 1.0 kg at 50°C may be contained in a cylinder hav- 
ing a volume of 10 liters. 

From Fig. 100 it is found that z», the compressibility factor of nitrogen at standard 
conditions, is equal to 0.999. The volume of 1.0 kg or 36.7 g-moles of nitrogen at* 
standard conditions is then (0.999) (35.7) (22.41) or 801 liters. 

Final conditions: 

V = molal volume — 10/36.7 = 0.28 liter 
T - 323*=^: 

2 - 1.015 (from Fig. 101) 


From Equation (4): 

P 1 V 1 T 2 Z 2 , . /801\ /323\ /1.015\ 
VzTxZi '"viO/WSAo.gQQ/ 


1415 lb per sq in. 


Ulustration 3. A steel cylinder having a volume of 5 liters contains 400 g of nitro- 
gen. Calculate the temperature to which the cylinder may be heated without the 
pressure exceeding 50 atm. 

Moles of nitrogen = 400/28 = 14.30 g-moles 
Molal volume = 5000/14.30 = 350 cc 
p = 50 atm 

z = 0.945 (estimated from Fig. 102) 

R « 82.1 


From Equation (3) : 


(50) (350) 
(82.1) (0.945) 


= 225TC or -48‘^C 


A large amount of experimental work has been carried out on the more 
common and industrially important gases. In the International Critical 
Tables are experimental data for many gases and extensive references to 
the literature. 
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Experimental-compressibility data are commonly presented in tables 
or cmves showing values of the product pF at various values of p for 
constant values of T where the product is taken as 1.0 at 1 atm pressure 
and 0°C. These data are arranged to show the isothermal variation of 
pF with pressure. If is the compressibility factor of the gas at 0°C 



0 10 20 30 40 50 60 70 8j) 90 10 

Pressure, Atmosi^heres 

Fig. 102. Compressibility Factors of Nitrogen at Specified Pressures and Molal 

Volumes. 

and 1 atm pressure, thai the compressibility factor of the gas for any 
other condition may be obtained from the following: 

s = s,(pF) ^ (6) 

The value of z, is nearly unity for the common gases. It may be 
obtained accurately from density measurements made at standard con- 
ditions from the relation, 


( 6 ) 


where M is the molecular weight and p, is the density in grams per liter 
at O^C and 1 atm pressure. 

The compressibility factor of all gases is unity when the pressure is 
zero. Thus, values of z. may also be obtained by plotting the values of 
p7 against p at 0°C.and extrapolating the graph to p = 0. Then 


z. 


V.V. 

Po7o 


where po7o is the extrapolated value of p7 atp — 0. 


( 7 ) 
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Experimental-compressibility measurements are also frequently 
expressed in the form of isometric data showing the variation of pressure 
with change in temperature of a known weight of gas confined in a con- 
stant volume. Such isometrics are determined at various selected 
volumes. These data yield curves of the type of Fig. 102 directly. 
Curves of the t 3 ^es of Figs. 100 and 101 may then be derived by inter- 
polation methods. 

In statistical mechanics values of the compressibility factor are 
expressed as a series function in terms of reciprocal molal volume, thus, 

2 = 1+ PiT) - + y{T) (-Y + • . . (7a) 

V \v/ 

where ^(T)j y(T)j • * • are functions of T and are designated as the 
second, third, * • • virial coefficients. The first virial coefficient is unity 
in agreement with the ideal behavior of gases at zero pressure where 
virial coefficients above the first disappear. 

Generalized Compressibility Factors. In comparing the physical 
properties of different substances it has been found that similar behavior 
is encountered at the same values of reduced temperatures and pressures. 
The reduced properties are related to the critical properties of a sub- 
stance as defined on page 54. Thus, 

T V . V 

Tr = — , ~ ^ ~ ^ 

J- c Pc Vc 

where the subscript r indicates the reduced and c the critical properties. 
This similarity in the behavior of a substance at equal values of reduced 
temperature and pressure is referred to as the theory of corresponding 
states and forms the basis of the generalized procedure described in the 
following pages for establishing the deviations of thermodynamic proper- 
ties from ideal behavior. The van der Waals and other equations of 
state may be shown to be consistent with and to support this theory. 

If the theory of corresponding states were rigorous, a single equation 
of state would suffice for all gases if expressed in terms of reduced proper- 
ties instead of in absolute values. In Fig. 103 are plotted values of 
compressibility factors as a function of reduced temperature and reduced 
pressure. This chart was derived as an average of data reported in the 
literature for carbon dioxide, nitrogen, hydrogen, ammonia, methane, 
propane, and pentane, and is not in rigorous agreement with all the data 
on any one of these substances. However, these discrepancies, which 
result from the fact that the theory of corresponding states is only an 
approximation, are small enough so that for many purposes the chart 
may be taken as applicable to all pure gases. It then constitutes a con- 
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Reduced Pressure, 

Fig. 103. CompressibiKty Factors of Gases and Vapors. 
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venient method for handling pVT calculations wherever the critical 
temperature and pressure are known. 

Figure 103 is a modification prepared by Watson and Smith® of a simi- 
lar chart presented by Dodge.® It was pointed out by Newton^ that in 
applying relationships of this type to hydrogen and helium better agree- 
ment is obtained by using modified reduced conditions calculated from 
the equations: 

Tr = T/{To + 8) ; p. = p/(p. + 8) (9) 

where r is in degrees Kelvin and p is in atmospheres. 

In calculations involving gases at high pressure, Fig. 103 is em- 
ployed in combination with Equation (3). Values of V/n may be 
obtained directly when values of p and T are known. This represents 
the usual case. If either temperature or pressure is unknown, the pro- 
cedure requires modifications. These three cases are Ulustrated in the 
following problems. 

Dlustration 4. Volume XJnknovm. Calculate the volume occupied by 1 lb of 
methane at a temperature of 40^ and a gauge pressure of 1000 lb per sq in. 

From Table XXV, page 481, the critical temperature of methane is “82.5®C or 
— 116,5®F, and the critical pressures 45.8 atm or 673 lb per sq in. 


T. j ^ . 40 + 460 

Reduced temperature — 

-116.5 + 460 

= 1.40 

1000 + 14.7 ■ 

Reduced pressure — 

673 

= 1.51 

Compressibility factor (Figure 103) 

= 0.84 

Molecular weight 

= 16.00 


22 = 10.71- ^ ^ 

(in.)2ab-mole)®(R) 


hence 

mRT 1(0.84)(10.71)(500) __ 

V ~ 0-278 cu ft 

p (16) (1014.7) 

Illustration 6. Pressure Unknovm. Calculate the pressure necessary to compress 
100 liters of nitrogen at a pressure of 745 mm Hg and 23‘’C to occupy a volume of 1.0 
liter at — 110°C. 

pe = 33.5 atm 
Tc = 126°K 

* K. M. Watson and R. L. Smith, NatL Petroleum News, July 1936. 

® B. F. Dodge, Ind. Eng. Chem., 24, 1353 (1932). 

^R. H. Newton, Ind. Eng. Chem., 27, 302 (1935). 
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0.982 

Initial pr = ~ = 0.0293 
33.0 

Initial Tr = ^ = 2.36 
T26 

Initial z = 1.00 
163 

From Equation (4): 

PiVi _ ZlT^ 

P2V 2 Z2T2 

Substituting the known values gives 

(0.982) (100) ^ 1.00 /296\ 

?)2(1) “ \163/ 

22 = 0.01852J2 = (0.0185) (33.5)pr, = 0.62l39r, 

The straight line corresponding to the equation, 22 ~ 0.621pr, is extended across 
the compressibility chart, Fig. 103. Since Fig. 103 is plotted on double logarithmic 
scales, the line must have a positive slope of 45® and pass through the point z « 0.621 
where pr = 1.0. Where the 45® line intersects Tr = 1.29, the value of 22 is found to be 
0.80, and the value of pr = 1.30. Hence 


(1.30) (33.5) = 43.6 atm 

Rlustratioxi 6. Temperature Unknown. The volume occupied by 1 lb of rK>ctane 
at 27 atm is 0.20 cu ft. Calculate the temperature. 

to = 565®F (1025®R) pc = 24.6 atm 

T 


P. = ^ = uo 


27 
24.€ 

0.729 (atm) (cu ft) 
(lb-mole) (®R) 


From Equation (3) : 


(27) (0.20) = 


T — • 

** 1025 

•molecular weight = 114 
2(0.729!r) 


114 

8^ 845 ^ 0.825 

T " 1025Tr Tr 


To solve the problem graphically 2 is plotted in Fig. 104 against Tr for a value of 

Pr = 1.10 from Fig. 103. On the same scale is plotted the equation 2 = * 

Where these two curves intersect, z = 0.72 and Tr = 1.15. 

Hence T = 1025T, = (1025) (1.15) = 1180®R or 720®F. 
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The generalized compressibility-factor correlation offers the most con- 
venient method available for estimating 'pVT relationships whenever 
critical-temperature and critical-pressure values are available. Several 
remarkable properties in the behavior of gases are shown by Fig. 103. 
The compressibility factor is less than unity for all values of Tr below 2 at 
reduced pressures below 8. In this range actual gases are more com- 
pressible than ideal. At values of pr above 8 the compressibility factor 
of all gases exceeds unity regardless of temperature. In this range all 



Tr 

Fig. 104. Graphical Solution for Tt» 

gases are less compressible than the ideal. At a value of pr = 8, at all 
values of Tr the compressibility factor is approximately unity. The 
greatest deviation from ideal behavior occurs near the critical state where 
the gas becomes almost five times as compressible as in the ideal state. 

Care should be exercised to avoid use of gaseous compressibihty factors 
at pressures higher than the vapor pressure at reduced temperatures less 
than 1.0. Such conditions produce liquefaction to which Fig. 103 is not 
applicable. 

Based upon the generalized chart for compressibility factors corre- 
sponding charts have been constructed for deviation from ideal behavior 
of other thermodynamic properties such as enthalpy, entropy, heat 
capacity, and the Joule-Thomson effect. 

Effect of Pressure on Enthalpy of Gases. It has been shown that the 
enthalpy of an ideal gas is independent of pressure and a function only of 
temperature. However, at elevated pressures all actual gases deviate 
from ideal behavior and enthalpy changes with change in pressure, 
particularly in the region of the critical point. 
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The enthalpy of a real gas relative to the enthalpy of an ideal gas when 
both are at the same temperature may be obtained by integration of 
Equation (y) of Table XXIV, between the limits of the existing pressure 
and zero pressure where all gases behave^ ideally and the enthalpy 
becomes independent of pressure. Thus, 

Where the equation of state is known, the values of V and (dV/dT)p 
may be expressed as functions of pressure and the integration of (10) 
may be carried out analytically or graphically. 

The value of (i7* H)^ may also be expressed in terms of the com- 

pressibility factors as a variable and thus obtained from these factors 
for a specific material or from an approximate, generalized chart such as 
Fig. 103. Differentiation of Equation (3) gives 

Combining Equations (y) of Table XIXIV and (11) results in 



If experimental-compressibility data are available, values of (dz/dT)p 
may be calculated and Equation (12) integrated graphically. 

Expressed in reduced properties. 


/te\ 1 _ RTm /dz\ 

Kdpr/T Vc VrVcTo \dTr) . 


(13) 


Integration, at constant temperature, gives 




■ (14) 


The derivative {dz/dTr)p is obtained by graphical differentiation of a 
cross-plot of Fig. 103, on regular coordinates, and Equation (14) is 
then integrated over the pressure range required at various constant 
temperatures. Values of (h* — '^)/Tc are plotted in Figs. 105 and 106 
in terms of reduced conditions. These charts permit corrections for* 
enthalpy to be made readily and with usually sufficient accuracy. An 
enthalpy-correction chart similar to Fig. 106 was first developed by 
Watson and Nelson.® Figures 105 and 106 have been corrected to repre- 

B 

8 K. M. Watson and E. F. Nelson, Ind. Eng. Ckem., 26, 880 (1933). 
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Fig. 105. Enthalpy Correction for Gases (EDgh Range) 

sent an average of the data more recently calculated by Edmister® and 
York and Weber. Data for the Joule-Thomson coefficient of water 
vapor were used to extend the low-temperature ranges of the charts. 

York and Weber^° found that in the temperature range above Tr — 1 
the enthalpy corrections vary systematically with the critical tempera- 
ture of the substance when correlated as in Kgs. 105 and 106. Accord- 
ingly they proposed that the values read from such charts should be 
multiplied by a correction factor ^ defined as follows for use with Figs. 
105 and 106: 

'* - (ii)’ 

where To is the critical temperature of the substance in degrees Kelvin, 
and n is a function of reduced temperature as follows : 

Tr 1.0 1.05 1,1 1.2 1.3 1.4 '1.5 1.6 
n 0.37 0.28 0,25 0.20 0.18 0.16 0.10 0.14 

® W. C. Edmister, Ind. Bng. CJiem.^ 30, 352 (1938); 

“ R. York and H. C. Weber, Irid. Eng. Chem., 32, 388 (1940). 



6.01 0.02 0.03 0.04 0.06 0.080.1 0.2 0.3 0.4. 0.6 0.8 1.0 

Reduced Pressure = Pr 

Pig. 106. Enthalpy Correction for Gases (Low Rani 
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Use of the correction factor <}> results in excellent correlation of data 
for several hydrocarbons and steam, and it should be used where a high 
degree of accuracy is required. Unfortunately <l> has not been evaluated 
for temperatures below the critical. However, in many cases the entire 
pressure correction to enthalpy is not large, and the uncorrected values 
read directly from Figs. 105 and 106 are satisfactory for general purposes. 


Ulustratioii 7. Calculate the value of (h* — Bp)t for 1 g-mole of CO 2 gas at a 
pressure of 100 atm and 100®C. 

The critical temperature of CO 2 is 304°K, and its critical pressure is 73 atm. 


Tr 


m 

304 


== 1.23 


100 . 


From Fig. 106: 



H* — H = (2.55) (304) = 775 cal per g-mole 
Application of York and Weber's correction, n = 0.19, gives 



H* - H = (0.92) (775) = 713 cal per g-mole 


Entropy of Real Gases. In terms of its partial derivatives with 
respect to temperature and pressure, the entropy of a substance may be 
expressed as follows; 



or, combined with Equations (n) and (m), Table XXIV, 

T \dTjp ^ 

By integration at constant temperature, 

Equation (18) is not directly useful, because it expresses the entropy of a 
gas relative to its entropy at zero pressure and is equal to negative infinity 
at finite pressures. A useful expression is obtained by deriving the 


(17) 

dp (18) 
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entropy correction due to deviation from ideal behavior at a given 
pressure. For an ideal gas, 

= -£ dp (19) 


The desired entropy correction is obtained by subtracting (18) from 
(19): 



dp (20) 

From the ideal-gas law: 


p 

(21) 

Hence, for 1 mole: 



(22) 


Equation (22) may be integrated if (dv/dT)p is evaluated from an equa- 
tion or from Fig. 103. Thus, from Equation (3), 

/ dv\ zR , RT / dz\ , , 


Substitution of (23) in (22) gives 

(l)j# (24) 

Writing (24) in terms of reduced properties gives 

(s* - Sp)r = B (1 - z) dhxpr + RTr jj’ dlapr (25) 

Combining (14) and (25) gives 

- Sj,)r = R (1 - z) d! In pr 4 - (26) 

^Pr Irlc 

Equation (26) may be evaluated by graphical integration of a plot of 
(1 — z) against In pr derived from Fig. 103. Figure 107 was plotted from 
values determined in this manner and added to the corresponding values 
of (h* “ H)/TcTr obtained from Fig. 106. 

Because of the large effect of pressure on entropy and the complex 
nature of the deviations from ideal behavior, it is customary to tabulate 
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O 00 


O 00 CD UO 

(Zj (9I0TO-3)/ 


107 . Entropy Correction for Gases. 
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absolute entropy data for gases at a pressure of 1 atm in a hypothetical * 
ideal state. These values express the entropy s**i.o which the gas 
would have if it behaved ideally at pressures up to 1 atm. The entropy 
of the actual gas at 1 atm pressure must be obtained from Equation (26). 

Illustration 8. The absolute entropy of carbon dioxide in the hypothetical ideal 
state at a pressure of 1 atm and 25 °C is 51.08 entropy units per mole. Calculate the 
molal entropy at a temperature of 100°C and a pressure of 100 atm. The entropy at 
100°C in the ideal state at 1 atm is first calculated from heat-capacity data. The 
entropy at 100®C and 100 atm, if ideal behavior is assumed, is then determined, and 
from this value is subtracted the correction for deviation from ideality read from 
Fig. 107. , 

From Table V, page 214, the molal heat capacity at 1 atm is 

c% = 6.85 + (8.533) (10-8)2’ - (2.475) (10-8)T2 
By substitutidn in Equation (17) and integration at constant pressure, 

Sr. - s?., = 6.86 la + (8.633) (lO"') (7, - Ti) - 1.237(10-") (TI - tI) = 2.11 
8aoo«C,iatm) = 51.08 + 2.11 = 63.19 

In cases such as this where relatively small temperature changes are involved, a satis- 
factory solution may be obtained by assuming the heat capacity to be its value at the 
average temperature. From Equation (XI-142) at constant temperature, 


-Rin- 

^ Pi 

or 

s*ioo®C, 100 atm) ” 53.19 — 1.99 In 100 = 44.00 
From Fig. 107, at values of Tr = 1.23 and pr = 1.37, 

s* - s = 1.50 

hence, 

s = 44.00 — 1.50 = 42.50, the entropy of the actual gas at 100°C and 100 atm. 

Effect of Pressure upon Cp. The heat capacity at constant pressure 
of any substance is represented by the following differential equation: 

From Equation (w), Table XXIV : 



( 28 ) 
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By integration at constant temperature 

(29) 



Since for an icieal gas {dW/dT^)p = 0, the heat- capacity of any gas is 
independent of pressure at low pressures and C'po = C^. Thus, for the 
molal heat capacity of any gas, 



If an equation of state is known, values of Cp — c* can be calculated by 
integration of Equation (30). The pressure correction to heat capacity 
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at constant pressure can also be expressed in terms of the compressibility 
factor. Writing Equation (3) in terms of reduced temperature and 
pressure and differentiating, gives 


h 

Ta 




(31) 


Substituting (31) in (30) gives 



The fimction 6 can be evaluated in terms of reduced temperatures and 
pressures, by graphical differentiation of Fig. 103. Graphical integra- 
tion of this function in Equation (32) then gives values of {cp — c%)t as a 
function of reduced conditions. 

In Fig. 108 values of (cp — c*)^ are plotted against reduced properties. 
This is a modification of a chart developed by Watson and Smith. 

Illustration 9. Calculate the heat capacity of CO 2 gas at 100 ®C and 100 atm 
pressure. 

From Table IV, page 212, cj, the heat capacity in the ideal state and at 100°C, 
is 9.7. From Fig. 108, at Tr « 1-23 and pr = 1.37, 

Cp — Cp = 8.5 

Cp = 8.5 + 9.7 = 18.2 ■ 

Joule-Thomson Effect. The differential temperature change result- 
ing when a gas is expanded freely and adiabatically is known as the 
Joule-Thomson coeflicient /x and is designated mathematically as 

M - (dT/dp)^ (33) 

This coeflicient can be expressed in terms of pVT relations by writing 
Equation (XI-98) for conditions of constant enthalpy. Thus, 



(34) 


(36) 


For an ideal gas T(dV/dT)p = F, and from Equation (35) ju = 0. From 
Equation (35) and Fig. 103 a relationship between fxCp and reduced 
temperature and pressure can be developed. 

K. M. Watson and R. L. Smith, Nail, Petroleum News, July 1936. 
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■ Integration of (35) applied to 1 mole gives 

. Coin,birdiig (36) and (10) gives 

/m m \ ”” Hpi)!r(avg) “ (H* *“ Hp2)r(avg) 

(i 1 — JiijH = 


(36) 

(37) 


where C 3 >(avg) is the average molal heat capacity over the range of tempera- 
ture and pressure involved. Equation (37) is useful only for moderate 
changes in temperature. For other cases a rigorous integration of Equa- 
tion (36) is necessary. Problems involving estimation of such tempera- 
ture changes are most conveniently solved from temperature-enthalpy 
charts. 


THE LIQUID STATE 

All the exact thermodjmamic relations developed in the preceding 
sections for the gaseous state are equally applicable to the liquid state 
and may be used for the calculation of thermodynamic properties and 
their variations. Thus, from data relating the volume of a liquid to 
pressure and temperature together with heat capacity data, it is possible 
to calculate the effects of pressure and temperature on enthalpy, entropy, 
and heat capacity by the same methods used for the gaseous state. 

At reduced temperatures below 0.8 the molal volumes of liquids are 
small and change little with pressure. As a result, the effects of pressure 
on the enthalpy, entropy, and heat capacity of liquids are small and 
frequently may be neglected. However, at high pressures, particularly 
at temperatures approaching the critical, such effects become large and 
must be carefully evaluated. 

Generalized Liquid Densities. It was pointed out by Watson^^ 
the compressibility and thermal expansion data of a variety of liquids 
which were investigated can be satisfactorily represented by the follow- 
ing relation; 

-(fi). (38) 

or 

V = (vi«i)/w (39) 

“K. M. Watson, Ind. Eng, Chem,, 36, 398 (1943). 
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where p or v = density or molal volume, respectively, of liquid at pr 
and Tr 

Pi or Vi = density or molal volume, respectively, of liquid at pn 
and Tri 

o) = expansion factor of liquid at pr and Tr 
== expansion factor of liquid at pr and Tn 



The factor w is a dimehsicmless quantity termed the expansion factor 
a)nd when expressed as a function of reduced temperature and pressure is 
approximately the same for all liquids. Values of o are plotted in 
Fig. 109. 

The terms (pi/wi) or (viwi) are characteristic constants for any one 
liqqid which are established by a single density measurement and the 
corresponding value of oji. Thus, from one known value of density 
together with the o) chart, Fig. 109, the density of that liquid can be 
estimated at any other temperature and pressure by means of Equa- 
tion (38). 

niustration 10. The dendty of ethyl alcohol at 20®C and 1 atm is 0.789 g per cc. 
Estimate the critical density and the density at 180®C and 100 atm pressure. 
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For ethyl alcohol, to = 243. l^C, and po = 

63.1 atm. 


Temperature, °C. . . 

. 20 

243.1 

180 

Pressure, atm 

. 1.0 

63.1 

100 

Tr 

. 0.568 

1.0 

0.878 


0.0159 

1.0 

1.59 



to 

0.127 

0.044 

0.0984 


Since pi = 0.789 at 20°C and 1 atm 

0.127 

which is a characteristic constant for ethyl alcohol. 

At 243.1°C and 63.1 atm Pc = (6.21) (0.044) = 0.273 g per cc 

At 180°C and 100 atm P = (6.21) (0.0984) = 0.611 g per cc 

The value of pc reported in the International Critical Tables is 0.276 g per cc. 

For most of the substances investigated the deviations from 
Equation (38) and Fig. 109 were less than 5 per cent. Larger errors are 
encountered for water if the reference value is at a low temperature in the 
range where water exhibits anomalous density-temperature relations. 
In general the best over-all results are obtained from a reference value 
corresponding to a reasonably high temperature, preferably near the 
normal boiling point or higher. 

At reduced temperatures below 0.65 and at pressures not exceeding 
10 atm the expansion factor w is satisfactorily expressed by the equation: 

o) = 0.1745 - 0.08387^r (40) 

At higher temperatures and pressures Fig. 109 must be used. At the 
critical point, 

Vc = (yia)i)/0.0440 (41) 

Critical volumes or densities are calculated from Equation (41) with 
considerably more accuracy than from Fig. 103 which is based on gas- 
phase data. 

In Table XXVIII are values of (pi/wi) and (vicoi) for the normal 
paraflSns as developed by Gamson and Watson.^® The corresponding 
critical properties, boiling points, and the constants of the vapor pressure 
equation (III-16, page 73) are also included. It was noted by these 
investigators that the values of (pi/toi) and (vicoi) are substantially inde- 
pendent of isomerization. The lower paraffins, both normal and iso- 
meric, are satisfactorily represented by the following equation : 

13 B. W. Gamson and K. M. Watson, Natl. Petroleum NewSy Tech. Sec., May 1944. 
Also “Process Engineering Data,” National Petroleum Publishing Company, 
Cleveland (1944). 
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ParaflSins: 

(vio)i) = 1.88 + 2.44nc; cc per g-mole (42) 

where 

nc = number of carbon atoms 

The observed densities for the normal paraffins above tetradecane tend 
to be lower than calculated from Equation (42), but it is believed that 
these deviations may result from the fact that the densities were meas- 
ured close to the melting points. On this basis densities calculated from 
the equation should be more reliable for high-temperature applications 
than those based on the experimental values. 

It was foimd that the density data of other hydrocarbon series may be 
represented by similar equations in which the addition of a CH 2 group is 
accompanied by an increase of 2.44 cc per g-mole in the value of (viwi). 
Thus, 

Mono-olefins: 

(vioii) = 1.1 + 2Mna (43) 

Monocyclic aromatics: 

(z^iwi) = —3.0 + 2Mnc ^ (44) 

For homologous series of polar compounds the increment in (vicoi) 
for the addition of a CH 2 group tends to vary in the lower members of the 
series and approach a value of 2.44 with increased molecular weight. 
This behavior is expressed by the general relationship, 

(vicoi) = a + 2.4471(7 + m log nc (45) 

where a and m are constants characteristic of the series. For the hydro- 
carbons m is equal to zero. For other series it may have a finite value, 
either positive or negative. Thus, for the alcohols, both normal and 
isomeric, 

(z;icoi) = 2.89 + 2.44?ic — 1.23 log nc (46) 

Similar equations may be developed for other homologous series. 

It was pointed out by Gamson and Watson that equations of the type 
of (45) may be used together with the methods discussed in Chapter III 
(pages 68~-72) for estimating critical temperatures as a means of predict- 
ing liquid densities at all conditions without direct experimental-density 
data. Conversely, if a single experimental-density value is available, 
such equations may be used to estimate the critical temperature of a 
homolog. Thus, combination of Equations (39) and (40) and solving for 
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^’cgive 


where 

V = the molal volume at temperature I under conditions such that Equa- 
tion (40) is applicable 




o.osssr 


0.1745 - 


(47) 


Equation (47) may be used to estimate the critical temperature from 
density data when the boiling point is unknown. The boiling point 
may then be estimated from the relationships between boiling and 
critical points in Chapter III. 

By means of Equation (III-9), page 70, it is possible to calculate the 
critical volume from no data other than the structural formula. This 
value may be substituted in Equation (41) and ( 2 ;ia)i) evaluated. Then 
the critical temperature may be calculated from Equation (47) if a single 
liquid-density measurement is available. In this manner it is possible to 
estimate densities at all conditions and, with the relationships of Chap- 
ter III, boiling points and vapor pressures from only the structural for- 
mula and one liquid-density measurement. 

These methods for estimating physicochemical properties are of 
particular importance in dealing with unstable materials under conditions 
which preclude direct measurements. However, it must be recognized 
that all such methods are approximations to be used only in the absence 
of more reliable data. In many cases several alternate relationships 
may be used for estimating a property. In the present state of the data 
it is best to compare the various methods with what direct measurements 
are available on the compoimd in question and similar compounds, and 
in this way select the most consistent and logical value for each particular 
problem. The relative reliability of the various methods is to a large 
extent dependent upon the type of fundamental data available. 

Pressure Correction to Enthalpy of Liquids. Combination of Equa- 
tion (38) with (XI-99) written in terms of reduced temperature and 
pressure gives 


1/^") =l_r/lp I 1 

Vc \^Vr/T P \dTr/ P Pi -W 



(48) 


Equation (48) is conveniently integrated between pr and the critical 
pressure, pr = 1.0, 
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where Hep = enthalpy at temperature T and the critical pressure pc. 
The value of {dca/dT)^ is obtained by graphically differentiating Fig. 109. 
The results of the integration of Equation (49) are plotted against 
reduced temperature and pressure in Fig. 110. 

TABLE XXVIII 

Physical Pbopekties of Norsial Paraffins 


1 2 3456789 10 11 

Pc Pi/coi, ®iwi, B 

C Md. U> per g per cc per 1b per 

Atoms Name Wgt Tc°B.sqin. cc g-^mole h A sqin. 

1 Methane 16.04 201.2 343 673 3.679 4.36 0.000 2.338 5.166 

2 Ethane..; 30.07' 331.8 550 717 4.429 6.81 0.088 2.573 5.428 

3 Propane.... 44.09 416.2 666 642 4.803 9.18 0.125 2.661 5.468 

4 Butane 58.12 491.1 766 544 5.002 11.62 0.166 2.767 5.502 

5 Pentane 72.15 557 847 482 5.128 14.07 0.190 2.887 5.570 

6 Hexane 86.17 615.7 915 433 5.216 16.52 0.209 2.994 5.631 

7 Heptane 100.20 669 972 394 5.285 18.96 0.224 3.124 5.719 

8 Octane. 114.22 718 1025 362 5.340 21.39 0.236 3.232 5.790 

9 Nonane 128.25 763 1073 332 5.382 23.83 0.248 3.298 5.819 

10 Decane 142.28 805 1114 308 5.414 26.28 0.258 3.407 5.896 

12 Dodeoane 170.32 881 1185 272 5.459 31.20 0.275 3.637 6.071 

14 Tetradeoane 198.38 948 1248 244 5.483 36.18 0.289 3.818 6.205 

16 Hexadeoane 226.43 1007 1300 221 *5.48 *41.3 0.300 4.006 6.350 

18 Ootadecane 254.48 1060 1345 202 *5.49 * 6.3 0.308 4.195. 6.500 

20 Eicosane 282.54 1105 1380 187 *5.5 *51. 0.315 4.403 6,675 

25 Pentaoosane 352.67 1210 156 *5.5 *64. 0.329 4.834 7.027 

30 Triacontane * 422.80 1305 1545 133 *5.5 *76 . 0.339 5.169 7.293 

35 Pentatriacontane 492.93 1385 1610 120 *5.5 *88. 0.347 5.580 7.660 

40 Tetracontane 563.06 1465 1675 108 *5.5 *103 . 0.353 6.011 8.045 

45 'Pentatetraoontane 633.19 1540 1740 100 *5.4 *118. 0.358 6.358 8.358 


* Based on experimental density, questionable because near melting point. 


‘ Equation (49) is dimensionless, and any consistent set of units may be 
used directly with Fig. 110. However, care must be used to recognize 
the dimensions of the resultant enthalpy term and apply the proper 
conversion factor in order to obtain conventional thermal units. For 
• example, if p is in pounds per cubic foot, and 2? is in pounds per square 
foot, H will be expressed in foot-pounds per pound and must be divided/ 
by 778 in order to obtain Btu per pound. 

Dlustratioii 11. The enthalpy of saturated liquid propane at 190®F and an abso- 
lute pressure of 522 lb per sq in. is 102.3 Btu per Ib.^* Calculate the enthalpy of the 
liquid at this same temperature under critical pressure and also at a pressure of 1500 
lb per sq in. At 70°F and 200 lb per sq in. pressure the density of liquid propane is 
31.5 lb per cu ft. 

Tc = 672.2°R 

Pe = 643.3 lb per sq in. = 92,600 lb per sq ft 
Tn = 530/672.2 = 0.788 
Pn = 200/643.3 = 0.311 
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Prom Fig. 109, ai = 0.1052, and pi/ai — 299 lb per cu ft 

— = 299/92,600 = 0.00323 lb per ft-lb 

PcMl 

At a temperature of 190°F and 622 lb per sq in. 

Tr2 = 0.966 ?)« = 0.813 = 102.3 

From Fig. 110, 


— - Rj)j. = -7.8 

(Hep - H 2 )t 7.8/0.00323 - -2420 fUb per lb 

= -2,420/778 = -3.1 Btu per lb 

Hep = 102.3 — 3.1 = 99.2 Btu per lb 
At a temperature of 190°F and 1500 lb per sq in. 

. Tn = 0.966; pr, = 2.34 


From Fig. 110, 

Pefat 


(Hep — Hs)t = 


20 

(0.00323) (778) 


8.0 Btu per lb 


Hz = 99.2 — 8.0 = 91.2 Btu per lb 
•A value of 90.4 was calculated from direct experimental data.^^ 


Presstire Correction to Entropy of Liquids. Combination of Equa- 
tion (38) with (h) Table XXIV written in terms of reduced temperature 
gives 

'(50) 


Integrating between p, and the critical pressure, pr = 1.0, gives 



— itp -^T= + 
P <^1 



(51) 


where Sep =. entropy at temperature T and the critical pressure pe- The 
results of this integration are plotted against reduced temperature *and 
pressure in Fig. lli. 


B. H. Sage, W. M. Lacey and J. G. Schaafsma, Ind. Eng. Chem.y 26, 1218 (1934). 
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Figure 111 may be used by a procedure similar to that of Illustration 10 
to determine the change of entropy accompanying any change of pres- 
sure at constant temperature. Similar care must be exercised with 
regard to units. 

Pressure Correction to Heat Capacity at Constant Pressure of Liquids. 
By differentiatmg Equation (49) with respect to temperature at constant 
pressure, an expression relating heat capacity at constant pressure to 
heat capacity at the critical pressure is found. , 



where Cpc = heat capacity at constant pressure at temperature T and 
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Fig. 112. Heat-Capacity Correction for liquids. 

the critical pressure. A generalized evaluation of Equation (53) is ob- 
tained by differentiating Fig. 110. The results are plotted in Fig. 112, 
By the general procedure of Illustration 10, Fig. 112 may be used to 
estimate the change in heat capacity at constant pressure accompan 3 dng 
any change in pressure at constant temperature. 

Heat Capacity 6f a Saturated Liquid or Saturated Vapor. When the 
temperature of a liquid at its boiling point is increased while saturation 
is maintained, an accompanying increase in pressure results. The heat 
capacity of such a saturated liquid invcives the enthalpy change result- 
ingirom both the temperature and pressure changes. Thus, from Equa- 
tion (XI-39), 



Differentiation of Equation (54). with respect to T at saturation, if 
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the subscript s is used to denote saturation, gives 


\dTjs \dT)^^\dp)r\dT/s 


Rearranging and writing in terms of reduced conditions give 




The differential {OH /dpr)T is expressed in terms of reduced temperature 
and pressure by Equation (48). This equation is evaluated by graphical 
differentiation of the lines on Fig. 109. The resultant values of 


m) 

\dpr/T 


are plotted in Fig. 113. 


Equation (56) may be applied to obtain the heat capacity of a satu- 
rated vapor with the proper designation of terms, thus: 


Pc \dpr/ T \^'^ / s 
Kdpr/T PtTo \dTr)p 


From Equation (12), 


Values of (dz/dTr)p are obtained from a cross-plot of the compressibility 
chart (Fig. 103) on regular co-ordinates. The heat capacity of a satu- 
rated gas assumes a _ negative value as the critical temperature is 
approached. 

An approximate value of {dp/dT)c which is satisfactory for many 
purposes is obtained by differentiating the Calingaert-Davis vapor 
pressure Equation (III-7), 

^v = ^- y f ^3 (56c) 


/^\ ^ 

XdT/, (T - 


where 


T = temperature, 

B = constant , of Calingaert-Davis equation 
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Fig. 113. . Differential Effect of Pressure upon the Enthalpy of Liquids. 

The constant B may be evaluated from the boiling point and critical 
data using Equation (VII-30), page 232. More nearly accurate values 
of (dp/dT)s are obtained by differentiating Equation (III-16), page 73. 

By the use of Fig. 113 in combination with Equation (57) the heat 
capacity at constant pressure of a saturated liquid is calculated from a 
known value of the heat capacity of the saturated liquid. The heat 
capacity at any other pressure is then calculated by means of Fig. 112. 
This procedure is demonstrated in Illustration 12. 

Heat Capacity of a Saturated Liquid from Cp of Its Ideal Gas. Data 
on the heat capacities of liquids, particularly at temperatures other than 
atmospheric are scanty and frequently unreliable. However, generali- 
zations of statistical data discussed in Chapter XVI permit the esti- 
mation of heat capacities of ideal gases over wide temperature ranges. 
A thermod 3 mamic relation exists between the heat capacity of the ideal 
gas and the heat capacity of the saturated liquid involving the heat of 
vaporization and the effect of pressure on the enthalpy of the gas. From 
thk relation in generalized form together with Figs. 112 and 113 the heat 
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capacity of a liquid at any condition may be predicted from the heat 
capacity of its ideal ga^ at the same temperature. Conversely, the 
gaseous heat capacities of a high-boiling complex compound may be 
calculated from data on the liquid. 

There are several methods by which a saturated liquid at tempera- 
ture Ti may be converted into a saturated vapor at a higher tempera- 
ture 72. One is to heat the liquid, maintaining saturation, to T 2 and 
vaporize. Another is to vaporize the liquid at 7i, expand the vapor 
isothermally to zero pressure, heat the ideal vapor to Tzy and compress 
the vapor isothermally to saturation. Since the initial and final states 
are the same in both cases, the enthalpy changes of the two processes 
must be equal. Thus, 

Xi -|- ( h * — Biaoi) + Cp(T2 — Ti) — (hI — h « g ' 2 ) = X 2 + Csl(T2 7i) (58) 
or, expressed in differential form, 

{c,L - cl)T dT = -dX - d(H* ~ H«<?) ( 59 ) 


or 




dX 

dT 


d(H* - H,(?) 

dT 


( 60 ) 


where subscripts, sL == saturated liquid 
sG ~ saturated gas 


The total derivative 


d(H* - H,(y) 

dT 


can be expressed in terms of its partials 


in the usual manner, thus, 


- djs* - ^ r a(H* - r a(H* - H,a) i /M 

. dT X L dT X I 9p XxdTj. 


Substituting Equation (61) into (60) and writing in terms of reduced 
conditions, we have 


(c»i ~ c*)t = — 


T\dT, 


V_ j_ r 9(H* - H.g) '[ 

J TcL dTr X 

Tcl ra(H* - H. 6) 1 /^\ 

PcToL dpr XKdT/, 


(62) 


The value of dX/dTr is obtained by combining Equations (VII-29 and 
32), page 231, and differentiating. Thus, 


dK 

Wr 


-0.361ES 



(1 - Tn)^-^ 


(1 - T,)'>-“ 


(63) 
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where B = constant , of Calingaert-Davis equation 
Tb = normal boiling point, degrees Kelvin 

The derivatives in Equation (62) which contain enthalpy difference 
are evaluated by differentiation of Fig. 105. The results of this opera- 
tion are plotted in Figs. 114 and 115 as functions of reduced temperature* 
and pressure. These figures, together with Equations (57) and (63), 
permit evaluation of all terms of Equation (62) and calculation of 
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0-0004 0.001 0.002 0.006 0.01 0.02 0.04 0.070.1 0.2 0.40.6 1.0 

Reduced Pressure, p,. 

Fig. 114. Differential Pressure Correction to the Enthalpy of Gases (Constant 

Pressure). 


(c«L — (Z)t- For use in Equation . (62) it is recommended that vapor 
pressures be calculated from the Calingaert-Davis Equation (56c). 
However, this equation is not recommended for calculation of vapor 
pressures as such where accuracy is required. 

Use of Equation (63) and Figs. 114 and 115 is not recommended at 
reduced temperatures below 0.55 or above 0.96. At reduced tempera- 
tures of 0.55 and below it maybe assumed that (c,l — (^)t is independent 
of temperature. 
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0.50 0.66 0.60 0.66 0.70 0.76 0.80 0.85 0.90 0.95 

Reduced Temperature, 3V 

Fig. 115. Differential Pressure Correction to the Enthalpy of Gases (Constant Temperature). 
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Illustration 12. Propane gas at a temperature of 63°C and atmospheric pressure 
has a molal heat capacity^ of 18.8. ■ Calculate for this temperature: 

(а) Heat capacity of the saturated liquid. 

(б) Heat capacity at constant pressure of the saturated liquid. 

(c) Heat capacity of the liquid at the critical pressure. 

(d) Heat capacity of the liquid at a pressure of 200 atm. 

Physical constants of propane: 

Tc = 373.4‘*K; p, - 43.7>tm; - 228.6°K 

Solution: (a) From Equation (VII-30), page 232, 

= la 43.7 / I ^ 1 = 1600 

/ L228.6 - 43 373.4 - 43j 


From Equation (56c), where p = 1.0, 

B 1600 


A -■ 


n - 43 185.6 


= 8.62 


1600 

= 23.5 ato; pr = 23.5/43.7 = 0.54 
Tr = 336/373.4 = 0.90; Tn = 0.613 
Evaluation of Equation (63) gives 

From Fig. 114, 

- = 26.5 cal/(g-mole)(°K) 

From Fig. 115, 

= ll-Ocal/(g-mole)(TO' 

To\ dpr /T 

From Equation (57), 

(iL) .(23.5)(1000)_ 

VdPA (336 -43)2 ^ 


•°K 


Substitution in Equation (62) gives 
10,450 


C«L Cp — 


: + 25.5 - 


(0.438) (373.4) (11.0) 


373.4‘ ■ 43.7 

- 28 4- 25.5 - 41.1 = 12.4 
CaL = 18.8 + 12.4 - 31.2 


Direct experimental measurements^® give a value of 33.0. 

^ B. H. Sage, D. C. Webster, and D. N. Lacey, Ind, Eng, Chem,, 29, 1309 (1937). 
1® B. H. Sage and W. N. Lacey, Ind. Eng, Chem,, 27, 1484 (1935). 
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(6) From the data of Illustration 11, pilm = 299 lb per cu ft or 4.8 g per cc. From 
Fig. 113, 


(7.8) (44) 
pAdpJr (41.3)(4.8) 


1.73 cal/(g-mole)(atm) 


The factor 41.3 converts the energy units from cc-atm to calories while 44 is the 
molecular weight of the gas. From Equation (66) and the value of {dp/dT)^ previ- 
ously determined, (Cp — c,)t == (1.73) (0.438) « 0.755 cal/(g-mole)(°K). 

Cp = 31.2 -1- 0.755 = 32.0, the heat capacity at constant pressure of the saturated 
liquid at 63°C 

(c) From Fig. 112, 


fee — Cp) 


ai0)(43.7)(44) 
(41.3) (373) (4.8) 


32.0 — 2.9 = 29, the molal heat capacity of the liquid at 63°C and 43.7 atm. 
(cO At 200 atm, Pr = 4.58. 

From Fig. 112, 


fee ” 


(185) (43.7) (44) 
(41.3) (373) (4.8) 


Cp = 29.1 — 4.8 ~ 24.3, the molal heat capacity of the liquid at 63®C and 200 atm. 


DETERMINATION OP THERMODYNAMIC DATA 

Considerable attention has been devoted to generalized methods for 
estimating thermodynamic properties from a minimum of direct data. 
These methods are important because of the frequency with which 
process design calculations must be carried out in the absence of direct 
thermod3mamic data of any type. The generalized relations derived 
from the theory of corresponding states are also of value for correlating 
the behavior of solutions and mixtures. However, it must be recog- 
nized that all such generalizations are approximations, not based on 
rigorous principles, and they should be used only in the absence of reli- 
able direct data. The errors incurred may not be serious for many 
purposes, but for some requirements they render the application of 
generalized methods unsatisfactory. 

It is difficult to predict the probable errors in the use of the generalized 
relations of the preceding sections. For gases the greatest errors are 
encountered for the saturated vapors approaching the critical tempera- 
ture. The following estimates represent the orders of magnitude of the 
maximum errors which may be encountered. 


Per Cent 

Compressibility of gases, Fig. 103 15 

Pressure correction for enthalpy of gas, Figs. 105-106: 

Without York and Weber’s correction 


30 
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Per Cent 

In the “range of Tr = 1.0 to 3.0 and pr ~ 0 to 10 with York and Weber’s 


correction 5 

Nonideality correction for entropy of gas, Fig. 107 30 

Pressure correction for heat capacity. Fig. 108 30 

Expansion factors of liquids, Fig. 109 5 

Pressure correction to enthalpy of liquids. Fig. 110 25 

Pressure correction to entropy of liquids, Fig. Ill 15 

Pressure correction to heat capacity of liquids, Fig. 112 20 

Difference between heat capacity at constant pressure and heat capacity of 

saturated liquid. Fig. 113 and Equation (56) 35 

Difference between heat capacity of saturated liquid and ideal gas, Figs. 

114r-115 and Equation (62), in range TV = 0.55 — 0.96 25 


Although these errors appear high, it must be remembered that they 
are estimated maximum values and that for many substances and 
conditions much better accuracy can be expected. Furthermore, 
several of the relations represent correction terms which are relatively 
small in themselves, and large errors in the corrections introduce but a 
small error in the property sought. In addition, if consistent use is made 
of the same series of generalized relations, many of the errors will tend to 
cancel in some applications such as energy balances. 

It may be concluded that these generalizations are extremely useful 
and a great improvement over the assumption of ideal behavior or the 
use of relations based on simple corrections such as those of van der 
WaaJs. However, they must be used with care and judgment, with full 
realization of the errors which may result. 

Thermodynamic Properties from Experimental Data. Thermo- 
djmamic properties derived from reliable experimental data are greatly 
to be preferred over estimations by any generalized method. The 
methods for the use of such data are similar to those employed in deriv- 
ing the generalized relations and employ the same thermodjmamic rela- 
tions. However, the derivations are carried out in terms of absolute 
rather than reduced conditions and are restricted to the particular 
substance under consideration. 

The thermodynamic properties of a substance may be completely 
evaluated from the following data covering the range of temperatures 
and pressures of interest. 

1. PFT measurements of both the liquid and vapor state. 

2. Heat capacities of the vapor, either measured at low pressure or 
calculated for the ideal state from spectroscopic data* 

3. A value of absolute entropy. 

4. Vapor pressure measurements. 

From the vapor pressure and pVT data heats of vaporization are cal- 
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culated from the Clapeyron equation. The variations of the enthalpy, 
entropy, and heat capacity of the vapors with pressure are calculated 
from Equations (10), (20), and (32). Enthalpies of the saturated liquid 
may be obtained by subtracting heats of vaporization from the enthal- 
pies of the saturated vapor or may be developed from liquid-heat- 
capacity data calculated from Equation (62). If the compressed liquid 
region is of interest, calculations similar to those developed on a general- 
ized data may be carried out from the experimental pVT data. 

Although the foregoing procedure theoretically defines the complete 
thermodynamic behavior of a substance, it is generally desirable to verify 
the results by calculations from various types of supplementary data to 
detect possible inconsistencies in the experimental measurements. This 
general procedure is demonstrated by Benning and McHamess and 
coworkers^'^”^^ in evaluating the thermodynamic properties of fluoro- 
chloromethanes and ethanes recently developed as refrigerants. Vapor 
'pressures were determined from 0.1 atm to the critical point . PVT 
measurements were made on the vapors over the range of interest,^® and 
the densities of the saturated liquids and vapors were determined up to 
the critical point. ^ Heat capacities of the vapors were measured^^ at 
atmospheric pressure. To verify the results of these data, measurements 
were also made of the heat capacity of the saturated liquid and the 
ratio Cp/Cv for the vapors by velocity of sound measurements,^^ 

The liquid-heat-capacity data were used in combination with the 
vapor-heat-capacity measurements to calculate heats of vaporization by 
means of Equation (60). These results were compared with those 
obtained from the Clapeyron equation, using entirely different experi- 
mental data. Similarly, the measured Cp/Cv ratios were compared with 
ratios obtained from the measured heat capacities of the vapor at con- 
stant-pressure and constant-volume values calculated from the pVT 
data and Equation (s). Table XXIV, page 472. 

For deriving precise thermodynamic data from experimental measure- 
ments it is desirable to use analytical methods rather than the less accu- 
rate graphical methods used in developing the approximate generalized 
relations. This requires that all data shall be expressed by accurate 
equations the constants of which are evaluated empirically. The follow- 
ing form was used by Benning and McHarness. 

A. F. Benning and R. C. McHamess, Ind. Eng, Chem., 31, 912 (1939). 

^Ind, Eng. Chem., 32, 497 (1940). 

^Ind. Eng. Chem.,.32, 698 (1940). 

^Ind. Eng. Chem., 32, 814 (1940). 

21 A. P. Benning, R. C. McHamess, W. H. Markwood, and W. J. Smith Ind. Eng. 
Chem., 32, 975 (1940). 
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For vapor pressures, 

logp = A + ^ + ClogT + DT (64) 

This equation was found to deviate less than 0.3 per cent from the data. 
It is more convenient and more accurate than the generalized Equa- 
tion (III-16), page 73, which contains only three constants but is difficult 
to evaluate from data. 

The heat-capacity data were represented by Equation (VII-21), 
page 213. Similar equations were used for liquid densities over limited 
ranges. 

The pVT data for the vapors were expressed by the Beattie-Bridgman 
Equation (2). The constants were evaluated by Benning and McHar- 
ness^® by the method of Buffington and Gilkey^^ which assumes that c is 
zero and thus considerably simplifies the operations. This simplified 
form is accurate where pT isometrics are linear. 

THERMODYNAMIC CHARTS AND TABLES 

For substances which are frequently used over wide ranges of tempera- 
ture and pressure in both liquid and vapor phases, it is convenient to 
prepare tables giving values of the important properties over this entire 
range. Such tables are particularly indispensable for fluids used in 
power generation and refrigeration. It is also common practice to pre- 
sent such information graphically in the form of charts. Since all the 
properties of a pure component may be defined in terms of two inde- 
pendent properties, it is possible on a chart with two co-ordinate scales to 
construct contour lines for aU related properties. For example, on a 
chart with temperature and entropy as co-ordinates, it is possible to 
construct additional contour lines for pressure, enthalpy, free energy, 
specific heat, and other properties. This procedure is limited by the 
confusion resulting from reading values from a multiplicity of inter- 
secting lines. Tables have the advantage of permitting great accuracy 
in the reproduction of values, whereas charts are more compact and aid 
in visualizing the effects of changes. 

The familiar steam tables have undergone extension and refinement 
with the result that thermodynamic properties are now known with a 
high degree of precision over wide ranges of temperatures and pressure 
for the saturated vapor and liquid, the superheated vapor, and the 
compressed liquid. Data for saturated vapors are generally tabulated 
in terms of the corresponding temperatures or pressures, whereas for the 

R, Buffington and W. K. Gilkey, Ind, Eng. Chem., 23, 254 (1931), 
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superheated vapors and compressed liquids tables of properties are 
required as functions of temperature at various constant pressures. 
Such tables are published as entire volumes devoted to a single 
substance.^ 

In thermodynamic calculations the five properties of pressure, volume, 
temperature, entropy, and enthalpy are of greatest interest. In the two- 
phase region of liquid and vapor, the additional variable of percentage 
vaporization or quality is introduced. Four types of charts, based on 
the following co-ordinate scales, are in common use for presenting these 
properties: 

1. Pressure-volume. 

2. Temperature-enthalpy. 

3. Temperature-entropy 

4. Enthalpy-entropy (Mollier chart). 

Auxiliary lines may be drawn on each of these charts to show the other 
three properties or any other related property. Each chart has special 
advantages for certain applications, as is discussed in succeeding chap- 
ters, although each chart may be constructed to include all the data of 
the others. With known values of absolute entropies, it is also possible 
to construct additional charts and tables giving values of free energy 
and the total work function. Internal energy can be obtained from 
values of enthalpy, pressure, and volume. 

A representative series of diagrams for ammonia is presented in 
Figs. 116-119 plotted from tables based on direct experimental data®^ up 
to 300 lb per sq in. and extended by generalizations above that pressure 
as indicated in broken lines. Since ammonia is extensively used as a 
refrigerant, values of the enthalpy and entropy are arbitrarily assigned 
zero values at the saturated-liquid state at — 40°F. The absolute 
entropy of liquid ammonia at this state is 1.207 Btu/(lb)(®R). 

The general shape and appearance of Figs. 116-119 are characteristic 
of such diagrams for substances of low molecular weight and low molal- 
heat capacity. The other common refrigerants and water are repre- 
sented by diagrams of similar appearance. 

Diagrams from Generalizations. Since few thermod 3 mamic data are 
available for compounds of high molecular weight, it is generally neces- 
sary to resort to the generalized relations in order to develop diagrams for 
such substances. Such a series of diagrams for benzene is shown in 

J. H. Keenan and F. G. Keyes, “ Thennodynamic Properties of Steam, John 
WHey & Sons, New York (1936). 

^ NccU. Bur, Standards U. S. Circ, 142 (1923). 
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Fig. 116, Pressure-Volume Chart for Ammonia. 
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Figs. 120-122. As a minimuin requirement direct data must be avail- 
able for the normal boiling point, the specific gravity of the liquid, and 
the chemical structure. The heat capacity of the vapor may be esti- 
mated by the generalized methods discussed in Chapter XVII. The 
critical temperature and pressure and the complete vapor-pressure- 
temperature relation may be approximated by the methods of Chap- 
ter III and the heat of vaporization by the methods of Chapter VII. 
In the case of benzene, these data were available from direct experimental 
measurements and accordingly were used in preference to estimated 
values. 

In developing a series of diagrams it is convenient first to establish 
enthalpy as a function of temperature for a series of constant pressures. 
Enthalpies are generally referred to the saturated liquid at an arbitrary 
temperature, in this case 60 °P. The enthalpy of the saturated vapor 
at the reference state is first calculated by correcting the normal heat of 
vaporization for temperature by means of Equation (VII-32), page 233. 
The enthalpy of the vapor at this temperature and zero pressure is 




S. Btu/(lb)CR) 

Fig. 118. Temperature-Entropy Chart for Ammonia. 
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Fig. 122. Enthalpy-Entropy Chart for Benzene. 
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obtained by adding the correction from Fig. 105 corresponding to the 
reduced temperature and pressure of the saturated vapor. The line 
ah, Fig. 120, representing the enthalpy of the vapor at zero pressure 
is then established from the heat capacity of the vapor, corresponding to 
zero pressure. 

Lines representing the enthalpy of the superheated vapors at other 
pressures are determined by calculating series of values of (.fiT* — 
from Fig. 106 for selected constant pressures and temperatures.. These 
corrections are subtracted from line ah, establishing other constant 
pressure lines in the superheated-vapor region. The enthalpy of the 
saturated vapor is established in a similar manner. Values of 
(jff* — Hp)x are calculated at selected saturation temperatures and 
pressures and subtracted from the corresponding values of from 
line ah, thus establishing line cd. 

Line ef representing the enthalpy of the saturated liquid is established 
by subtracting heats of vaporization from corresponding values of the 
enthalpies of saturated vapor. The heats of vaporization are calculated 
from Equation (VII-32), page 233. 

Constant-pressure lines in the compressed-liquid region are established 
from Fig. 110. It is convenient to establish the enthalpy of the liqxiid 
under the critical pressure over the entire temperature range and use 
this as a base to establish lines for other pressures. 

This procedure may lead to discontinuities at the critical temperature 
for enthalpy lines at pressure higher than the critical pressure. Below 
the critical temperature these lines are established from Fig. 110 based 
on the liquid-expansion factor correlation, while at temperatures above 
the critical they are derived from Fig. 105 based on the gas-compressi- 
bility correlation. Discontinuities indicate inconsistencies in these two 
correlations and are arbitrarily smoothed, giving the greatest weight to 
the values calculated from the liquid correlation which appear to be more 
reliable in the critical region. 

The temperature-entropy chart. Fig. 121, is established by a similar 
procedure. The use of absolute values of entropy instead of relative 
values greatly increases the utility of the charts. It has been estab- 
lished that the absolute entropy of liquid benzene at 60°F and its own 
vapor pressure is 0.530 Btu/(lb)(°R). The entropy of the saturated 
vapor at 60°F is obtained by adding the entropy of vaporization at 60°F 
to 0.530. The vapor pressure of benzene at this temperature is 1.15 lb 
per sq in. The entropy corresponding to ideal behavior at this tempera- 
ture and pressure is obtained by adding the generalized entropy correc- 
tion for deviation from ideal behavior, from Fig. 107. The entropy of 
superheated benzene vapor at 1.15% per sq in. for various temperatures, 
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if ideal behavior is assumed, is obtained from the heat-capacity equation 
of ideal benzene vapor. The true entropy values at this pressure are 
then obtained by subtracting corrections read from Fig. 107. Entropies 
of the vapors at any given temperature and for other pressures are then 
determined by calculating the entropy of the ideal vapor at the existing 
pressure from that at 1.15 lb per sq in., and then subtracting the addi- 
tional correction due to lack of ideal behavior, by use of Fig. 107. The 
entropy of the saturated liquid at any temperature is obtained by sub- 
tracting the entropy of vaporization from the entropy of the saturated 
vapor. Entropies of the compressed liquid are obtained by means of 
Fig. 111. . . 

After the constant-pressure lines of Figs. 120 and 121 are estab- 
lished, they may be combined by cross-plotting to determine lines of 
constant entropy which are plotted on Fig. 120 and lines of constant 
enthalpy which are plotted in Fig. 121. Either of the charts then may 
be replotted in the form of Fig. 122. 

Dlustration 13. It is desired to calculate the enthalpy and entropy of benzene at 
491®F and under the following conditions: 

(а) The superheated vapor (dew point 60®F). 

(б) The superheated vapor at 200 lb per sq in. 

(c) The saturated vapor. 

id) The saturated liquid. 

(e) The compressed liquid at the critical pressure. 

Cf) The compressed liquid at -3000 lb per sq in. 


The following data are available": 

Normal boiling point 
Critical temperature 
Critical pressure 
Liquid density 
Molecular weight 

Molal heat capacUy in Btu per lb-mole at zero pressure: 

0% = -6.70 + (54.14)(10-»)r - (13.41) (10-’*)!r2 
where T is in degrees Rankine. 

Vapor pressure: 


177°F (637"R)(354^ ' 

55 rF (10irR)(66rK) 

704 lb per sq in. (47.9 atm) 
0.874 g per cc at 77®F 
78.04 


logio V = mm Hg 

Tt 

Absolute entropy of saturated liquid at 60*F = 0.53 Btu/(lb)(®R). The reference 
state of zero enthalpy is the saturated liquid at 60®F. 

Vapor pressure at 60°F: 
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logio p = 7.3659 - ^ j 775 

0.514 

/ 

p = 59.2 mm or 1.15 lb per sq in. 

Similarly, at 491°F, the vapor pressure is 470 lb per sq in. 

Heat of vaporization at 00 °F is calculated from Equation (VII-29), page 231. 
From Equation (VII-30), page 232, 


B 


Tr 


In pjpb 


In 47.9 


1111 

Tb - 43 Tc- 43 354 - 43 561 - 43 

520 637 

_ = 0.514; = — = 0.631 


= 3020 


/ Tb Y = 

\Tb - 43 ^ " \znj 


= 1.295 


Substitution in Equation (VII-29), gives 

/0.486V-8S 

X = (0.95) (1.987) (3020) (1.295) = 8230 cal per g-mole 

8230 

or (1.8) « 190 Btu per lb 

Similarly, at 491®F, the heat of vaporization is calculated to be 85 Btu per lb. 
Enthalpy of saturated vapor at 60®F = 190 Btu per lb 

190 

Entropy of saturated vapor at ^®F « 0.53 + “ = 0.896 Btu/(lb)(®R.) 


At the low pressure of 1.15 lb per sq in., ideal behavior may be assumed, and these 
values may be taken as representing the ideal state. 

.(a) At 4 l 9VF and 1.15 (Z5)/(sg in.), if we assume ideal behavior: 

1 ./^5l 

H* = 190 4- / [-5.70 + (54.14) (10~»r) - (13.41) (10-«)T2] dT 

78.04 1/520 

*= 338 Btu per lb 


i p95l r K 70 

S* = 0.896 + / -ir' + (54.14) (10-3) 

78.04 */520 L T 

= 1.095 


(13.41) (10-«)rJ 


dT 


( 6 ) At 491®F, 200 Ih per eq in.: 



0.94; 


Pr 


704 


= 0.284 


From Fig. 105, 


H* — H 


Tc 


= 0.91; H* - H = 920 or = 
ar = 338 - 11.8 = 326 Btu per lb 


11.8 Btu per lb. 
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From Fig. 107, s* — s = 0.74 
or 

S*-S = 0.74/78.04 = 0.010 Btu/ab)(°R) 

From Equation (XI-142), 

1 987 200 

S* = 1.095 - In TTT = 1-095 “ 0-131 = 0.964 
78.04 1.15 

S = 0.964 - 0.010 = 0.954 Btu/ab)(°R) 

(c) Saturated Vapor at 491°F: 

Pressure = 470 lb per sq in. 

Tr = 0.94; pr = 0.67 

From Fig. 105, 

(H* - h) = (3. 10) (1011) = 3130 Btu per lb-mole 
or 40.1 Btu per lb 
H = 338 - 40 = 298 Btu per lb 

From Fig. 107, 

s* - s = 2.80 Btu/ab-mole)(R°) or 0.036 Btu/ab)(°R) 
1 987 470 

S* - 1.095 ~ ^777^ 1-095 - 0.152 = 0.943 

78.04 1.15 

S = 0.943 - 0.036 = 0.907 


(d) Saturated liquid at AQVF: 

X = 85 Btu per lb 


aS\ = 

H = 
S = 


85 

— = 0.089 
951 

298 ~ 85 « 213 
0,907 - 0.089 == 0.818 


(e) Compressed liquid at 491°F and its critical pressure at saturation: 


From Fig. 110, 


At 77®F, 1.0 atm, Tr 
From Fig, 109, 


V 470, Pr = 0.67, Tr = 0.94 
— (Ho-H)= - 6.0 

Pc 03 

0.53; Pr = 0.0209, pi = 0.874 g per cc 


For benzene: 


031 — 0.13 
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Hence, 


”6 

He H = = —1.04 cal per g or —1.9 Btu per lb 

5.8 


From Fig, 111, 


He = 213 - 1.9 = 211 Btu per lb 


— (& - S) = -12 

03iPe 


PiTe 41.3(6.71) (561) 


Wipe 


47.9 


= 3240 (TE!:)(g)/oal 


Se = 0.818 - 0.004 = 0.814 Btu/ab)(°R) 
(f) Compressed liquid at 3000 Ih per sq in.: 

Tr = 0.94; pr - 4.26 

From Fig; 110, 


— (H, - fl) = 12.5 

PeCUl 

12.5 

He H — = 2.16 cal per g or 3.9 Btu per lb 

5 8 

R = Fa - 3.9 = 211 - 3.9 = 207 Btu per lb 


From Fig. Ill, 

— (Sc - S) = 48 

coipe 


« « 48 

Se S — _ = 0.0148 

3240 


S = Sc- 0.0148 = 0.814 - 0.015 = 0.799 Btu/ab)(°R) 


The completed enthalpy-temperature, temperature-entropy and enthalpy-en- 
tropy charts for benzene, constructed from points calculated by the metliods shown 
in tMs illustration, are shown in Figs. 120, 121, and 122. 


Internal Energy, Free Energy, and Total Work Function. As was 
pointed out in Chapter XI, absolute values of these three properties 
U, Gf and A are never known. However, relative values referred to 
any selected reference state may be calculated by the methods of the 
preceding sections. 

The change in internal energy accompanying any change in conditions 
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is derived from the corresponding enthalpy change. Thus, from the 
definition of enthalpy, / 

(65) 

Applying Equation (65) to determining internal energy relative to a 
reference state of zero enthalpy, designated by a zero subscript, gives 

i7 = - (pF ~ VoVo) (66) 

Similarly, by definition, 

AO ^ AH- A(TS) (67) 

or, expressing free energy relative to the reference state, gives 

G^H- (TS - ToSo) (68) 

As was pointed out in Chapter XI, it is evident that a knowledge of abso- 
lute values of entropy is necessary for the determination of free-energy 
changes in all except isothermal operations. 

Combination of Equation (65) with the definition of the total work 
function gives 

AA^ AH- A(pF) - A(TS) (69) 

or, expressing A relative to the state of zero enthalpy, 

A^H - (pV- poVo) - (TS - ToSo) (70) 

Ulustration 14. The absolute entropy of liquid water at 25°C (77°F) is 16.75 en- 
tropy units per mole. Calculate the internal energy, free energy, and total work 
function, in Btu per lb of saturated water vapor at an absolute pressure of 125 lb per 
sq in., relative to the saturated liquid at 32°F. Use the enthalpy and entropy data of 
the steam tables, and assume the heat capacity of liquid water between 32°F and 
77°F to be constant at 1.0 Btu per lb per °F, and neglect the effect of pressure on the 
enteopy of the saturated liquid in this range. 

Solution: The absolute entropy of the reference state is calculated from Equa- 
tion (17):’ 

- 1.0 la ( 4 ^" ^ - ^ 2 ) “ ~ Btu/ab)(°R) 

From the steam tables, at the reference state, 

Po — 0.08854 lb per sq in. 

F. = 0.01602 cu ft per lb '• 

For the saturated vapor at 125 lb per'sq in. and 344.33®F, 

V — 3.587 cu ft per lb 

H = 1191.1 Btu per lb , . s 

S = 0.8431 + 1.5844 - 2.4275 Btu/ab)(‘’R) 
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Equation (66), converting p V from foot-pounds to Btu gives 

144 

U - 1191.1 - [(125) (3.587) - (0.08854) (0.01 602)] — 

- 1191.1 - 83.0 = 1108.1 Btu per lb 
From Equation (68), 

G = 1191.1 - (804.33) (2.4275) + (492) (0.8431) 

= 1191.1 ~ 1537.7 = -346.6 Btu per lb 

From Equation (70) and the preceding calculations of A(pF) and A(TS), 

A - 1191.1 - 1537.7 - 83.0 = -429.6 Btu per lb 

As is evident from Illustration 14^ the relative free energy and maxi- 
mum work may decrease with increase in temperature. Complete 
tables or charts of the functions could be established either from the 
generalized correlations of properties or from experimental data. How- 
ever, such data are of limited value, and the principle application of free 
energy is in the prediction of equilibrium in chemical reactions or 
solutions. 

PROBLEMS 

1 . For the production of liquid oxygen it is desired that the gas be compressed to a 
pressure of 100 atm at a temperature of — 90®C. Oxygen at a pressure of 14.5 lb per 
sq in. and a temperature of 22®C is compressed to these conditions. Calculate the 
volume of compressed gas resulting from 100 cu ft of the original: (a) From van der 
Waals' equation, (6) From the compressibility chart. 

2 . Using the Beattie-Bridgman equation, calculate the pressure exerted by 30 
liters of air, measured at 20°C under a pressure of 740 mm of Hg, when compressed 
into a volume of 200 cc at a temperature of 0®C. It may be assumed that at the lower 
pressure the ideal-gas law is applicable. 

3 . For ethylene gas the value of pF at 20°C and 100 atm is 0.3600 referred to a 
value of unity at 0®C and 1 atm. The density of ethylene gas at standard conditions 
is 1.2604 g per liter. Calculate the volume of 1 g-mole at 20®C and 100 atm. 

4. Calculate the volume occupied by 1 g-mole of carbon dioxide gas Sjt its critical 
state when the product pV = 0.3484 referred to 1.00 at 0®C and 1 atm. 

6. From the data of the International Critical Tables, calculate the compressi- 
bility factors of ethylene at a temperature of 20®C and at pressures ranging from 0 to 
500 atm. Plot these compressibility factors against pressure in atmospheres and also 
against molal volumes in cubic centimeters per gram-mole. 

6, From the data of problem SJ calculate the volume occupied by 50 g of ethylene 
at a temperature of 20®C and a pressure of 5000 lb per sq in. 

7. Using the data of Figs. 100 and 102, calculate the density in pounds per cubic 
foot of nitrogen at a pressure of 900 lb per sq in. and a temperature of — 40°C. 

8. Using the data of Figs. 100-102, calculate the pressure necessary to compress 
100 liters of nitrogen at a pressure of 745 mm of Hg and 23®C to occupy a volume of 
2.0 liters at a temperature of 40®C. 

9, Using the data of Figs. 100-102, calculate the temperature to which 1,2 lb of 
nitrogen must be cooled in order that it may exert a pressure of 50 atm when confined 
in a volume of 0.27 cu ft. 
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10. In a multistage compressor, carbon dioxide is compressed from a volume of 
2 cu ft at a pressure of 100 lb per sq in. and a temperature of 22°C, to a volume of 
0.4 cu ft at a temperature of 30°C. Calculate the pressure necessary, using Fig. 103. 

11 . Calculate the volume occupied by 10 lb of chlorine when compressed to a 
pressure of 125 lb per sq in. at a temperature of 30®C, using Fig. 103. 

12. Methyl chloride for use in domestic refrigerators is sold in small cylinders hav- 
ing volumes of 0.15 cu ft. Calculate the weight of methyl chloride gas contained in a 
cylinder if the absolute pressure is 68 lb per sq in. and the temperature 20 ®C, using 
Fig. 103. (ic — 143.1°C; Pc — 65.8 atm). 

13. For high-pressure distribution in long pipe lines it is proposed to compress 
natural gas (methane) to an absolute pressure of 500 lb per sq in. Calculate its 
density in pounds per cubic foot at this pressure and a temperature of 80 ®F, using 
Fig. 103. 

14. Sulfur dioxide is compressed from a pressure of 40 lb per sq in. and a tempera- 
ture of 150®F to a pressure of 190 lb per sq in. at a temperature of 160°F. Calculate 
the ratio of the initial to the final volume, using Fig. 103. 

16. The average entropy of carbon dioxide in the ideal state at 25®C and 1 atm is 
51.08 entropy units per mole. For a temperature of 40°C and a pressure of 50 atm, 
calculate the absolute entropy, the enthalpy in calories per gram-mole referred to the 
ideal gas at 0°C, and the molal heat capacity, using Figs. 106-108. 

16. Liquid sulfur dioxide has a density of 92.42 lb per cu ft at a temperature of 
O^T and an absolute pressure of 10.35 lb per sq in. Calculate the density of the liquid 
at 150°F and 1000 lb per sq in. from Fig. 109. 

17. Saturated liquid sulfur dioxide exerts a vapor pressure of 136.5 lb per sq in. at a 
temperature of 130®F and has an enthalpy of 181.24 Btu per lb and an entropy of 
0.32472 unit per lb referred to the saturated liquid at — 40®F. Calculate the enthalpy 
and entropy of the compressed liquid at 130°F and 3000 lb per sq in., using the data of 
problem 16. 

18. Sulfur dioxide exists as a saturated liquid at 130°F and 136.5 lb per sq in. At 
these conditions calculate the molal heat capacity of the saturated liquid and the heat 
capacity of the liquid at constant pressure, using the heat capacity of the ideal gas 
(Table V, page 214) and the generalized correlations. Also calculate the heat 
capacity of the Ik^uid at 130°F and 3000 lb per sq in. 

19. Construct temperature-enthalpy, temperature-entropy, and enthalpy- 
entropy charts for methyl amine in Btu per lb referred to the saturated liquid at 
0°F. Evaluate the properties of the satxirated vapor and liquids at reduced temperar 
tures of 0.7, 0.8, 0.85, 0.9, 0.95, 0.98, and 1.0. Establish constant-pressure lines at 
absolute, pressures of 14.7, 100, 500, 1000, and 2000 lb per sq in. by calculations at the 
afore-mentioned temperatures and also at TV — 1.1 and 1.2. 

The properties of methyl amine are as follows: 

Boiling point, --6.5®C Critical temperature, 166.9®C 

Critical pressure, 73.6 atm Density at ^11®C, 0.699 g per cc 

Molal heat capacity of ideal vapor = 4.02 + 30.72 X 10"® T —>.70 X 
10-6 where T = degrees Kelvin. 

Heat of vaporization at — 6.5°C, 368 Btu per lb 

The vapor pressure may be obtained from Equation (III-16), page 73, which is 
most conveniently used by plotting a curve relating vapor pressure on a logarithmic 
scale to temperature on a uniform or reciprocal scale. 

20, For methane gas at 122®F and 1000 lb per sq in. abs, calculate the values of 
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Uf H, Sy Cpj Gy aiid A, relative to the gas at 32°F and 1 atm pressure. The absolute 
entropy of methane gas in the ideal state at 32°F and 1 atm pressure is 44.5. The 
other necessary data are confined in Table XXI, page 336, and XXVII, page 483. 

21. Be nn ing and McHamess^^ determined the following constants for dichloro- 
fluoromethane CHCLF (molecular weight 102.9) : In Equation (2), 


Ao - 20.54 
Bo = 0.286 
c = p 

p = atmospheres 
V = liters per gram-mole 

In Equation (64), 

A - 38.2974 
C = -13.0295 
p ~ atmospheres 

Heat capacity of vapor at 1 atm, 

Cp = 0.2471 + 0.000189f 
Cp = calories per gram 

Density of saturated liquid (— 40®C t 


a - -0.179 
b = 0.497 
R = 0.08206 
T — degrees Kelvin 


B 2367.41 

D = 0.0071731 
T = degrees Kelvin 


t = degrees centigrade 

4-70°C), 


p = 1.4256 — (2.316) (10“3)< — (2.6) X (lO*^)^^ g per cc, where t is in degrees centi- 
grade. Calculate by rigorous methods 

(a) The heat of vaporization at — 40®F. 

(h) The enthalpy and entropy, referred to the saturated liquid at — 40°P, of the 
saturated vapor and the saturated liquid at -i-120®F, 



CHAPTER XIII 

EXPANSION AND COMPRESSION OF FLUIDS 


The most useful form of energy into which it is generally desirable to 
convert other forms is the mechanical work of motion as represented by a 
rotating shaft or a moving piston. Mechanical work is defined as the 
energy which is transferred by the effect of a force acting through a dis- 
tance and is equal to the product of that force times the distance of 
action. Thus, when a fluid which is confined under pressure undergoes 
a change in volume, work is done as the result of the force of pressure 
moving through the distance corresponding to the volume change. 
Similarly, a flowing fluid may perform work through changes in volume, 
elevation, or external kinetic energy. 

As pointed out in Chapter VII, work is a form of energy which is 
incapable of storage as such but is in transition from one form of stored 
energy to another. Mechanical energy in this transitory form is termed 
shaft work, as distinguished from the electrical and other^ forms of work 
which may be included in the work term of a complete energy balance. 
Shaft work is capable of transmission as such and may pass from one part 
of a system to another through either solid media such as shafts, pistons, 
gears, and belts or through fluid media such as. hydraulic or pneumatic 
couplings and drives. However, no transmission device is perfect, and 
some work is always lost by degradation to a lower form of energy, made 
manifest as heat resulting from friction. 

Differential Energy Balance. In Chapter VII a general energy 
balance was established for a complex chemical process involving several 
interconnected systems. By applying this energy equation to an infini- 
tesimal change in the energy of a single system of constant mass m and 
constant composition, the following differential form results, 

+ d(mZ) + dimEff) + dU = d'q — d'w (1) 

where the energy terms represent in order, flow work, external kinetic 
energy, potential energy, surface energy, internal energy, heat added 
from th^ surroundings, and work done upon the surroimdings. The 
work term d'w, in general, includes all possible forms of work, such as 
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shaft, electrical, magnetic, and radiant. Equation (1) may also be 
written as 

dE = d'g — d^w (2) 

where E is the total energy of the system including all the terms repre- 
sented by the left side of Equation (1). 

In the absence of electrical, magnetic, and radiant forms of work, d*w 
represents mechanical or shaft work only. If changes in potential and 
external kinetic energy are also negligible, the shaft work results only 
from changes in flow work or from work of expansion. The evaluation 
of shaft work in such systems requires separate consideration of the 
special cases of nonflow and flow processes, in both isothermal and isen- 
tropic systems for reversible and irreversible processes. 

Shaft Work in Nonflow Processes. In a nonflow process, as defined 
in Chapter VII, flow is absent in the initial and final states of the process, 
and changes in surface, kinetic, and potential energies are generally 
negligible. If only work of expansion is performed, Equation (1) then 
becomes 

d'q = d'Wt + dU (3) 

where represents only mechanical work accomplished as the result of 
a volume change. In a reversible process d'g = T dS and dU = 
T dS — p dV, Hence, for such a process Equation (3) becomes 

d^Ws — vdV 

or Ws (nonflow) W 

Equation (4) is restricted to mechanically reversible nonflow processes. 
Where the expansion is not mechanically reversible f'pdY is equal to 
the sum of the useful shaft work plus that lost in friction. In applying 
Equation (4) to actual expansion or compression operations care must be 
taken that the pressure used in the equation is that actually exerted on 
the face of the piston. The type of expansion and the existence of fluid 
turbulence and friction during expansion do not affect the validity of 
Equation (4) but do affect the amount of work performed in expanding a 
fluid between specified initial and final states. 

Shaft Work in a Flow Process. In applying Equation (1 ) to a reversi- 
ble-flow process, d(pTO = P ^ + F dp; dTJ — T dS 'p dF, and 
d'g = T dS. Where forms of work other than shaft work are negligible, 
Equation (1) becomes 

( mvP\ 

^)- 


dirnZ) — d(mE^ 


( 6 ) 
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Where changes in kinetic, potential, and surface energies are negligible, 
Equation (5) reduces to d/w^ —V dp or 


Ws (flow) = — /* V dp 


( 6 ) 


Equation (6) represents the shaft work performed by any reversible-flow 
process with negligible kinetic-, potential-, and surface-energy changes 
and with no electrical, radiant, or magnetic work. 

It should be noted that although Equation (4) is applicable to any 
type of nonflow process Equation (6) is restricted to processes in which 
all changes of state occur reversibly where d'q = T dS. 

Shaft Work from the Energy Functions. For reversible processes 
under the conditions defined for Equations (4) and (6) the shaft work 
performed may be expressed as functions of the four energy functions. 
Thus, from the indicated equations of Table XXIV, combined with (4) 
and (6), 


(j) 

11 

-p 

or - 

‘(AA)t = 

1 

£(pdV)T 



ss 

(w,)t 

(nonjlow) 


(7) 

(k) 

11 

+v 

or - 

-(AG)r = • 

-£(Vdp)r 




(w.)t 

(flow) 



(8) 

G) 

II 

-p 

or — 

(AU)s = £(pdV)s 



= 

iw>)s 

(nonfiow) 


(9) 

(k) 

(a- 

V 0) 

r -{AH)s = - 

« 

£\vdp)s 



= 

Ms 

(flow) 



(10) 


From Equations (7-10) it is evident that ; 

(a) Under isothermal nonflow conditions, the work of reversible 
expansion is equal to the decrease in the total work function. 

(b) Under isothermal flow conditions, the work of reversible expansion 
is equal to the decrease in free energy. 

(c) Under isentropic nonflow conditions, the work of reversible 
expansion is equal to the decrease in internal energy. 

(d) Under isentropic flow conditions, the work of reversible expansion 
is equal to the decrease in enthalpy. 
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From Equations (7~10) it is evident that the work of reversible expan- 
sion of a fluid under isothermal or isentropic conditions may be deter- 
mined either by a pressure-volume integration or as the change of the 
appropriate energy fimction. The pV integration must follow the 
actual reversible path of the change, whereas the thermod 3 mamic 
energy functions are state properties which are independent of path and 
are completely defined by the reference properties. Either method of 
calculating work may be employed with thermodynamic data based on 
either experimental measurements or generalized correlations. The 
choice of the method is determined by the type of data available. How- 
ever, in general, it is more convenient to evaluate the thermodynamic 
energy functions at the terminal states of the system than to carry out 
integrations from equations of state. 

Isothermal Nonflow Expansion. For the reversible isothermal ex- 
pansion of any fluid under nonflow conditions, from Equation (7) and 
the definitions of the thermodynamic energy functions 


(nonflow) ~ p dV — —AA = TAjS —AU 

= TAS - AH + A(pV) (11) 

Equation (11) is restricted to reversible isothermal nonflow operations 
involving only shaft work and it neglects changes in kinetic, potential, 
and surface energies. 

For ideal gases, p dV is evaluated by differentiating the ideal-gas law 
at constant temperature. Thus, for 1 mole, 


pdv = —vdp= — RT — 

P 

Substitution of (12) in (11) and integration give 

(wt)T (nonflow) = ’-RT In ~ 

Vi 


( 12 )* 


(13)^ 


For actual gases, pv = zRT, Differentiation at constant temperature 
gives 

pdv dp = RT dz (14) 

Hence 

{dw^T (nonflow) ^ pdv = —v dp + RT dz = —RTz -b RT dz (15) 

or 


(nonflow) = —RT I z d lap RT(z 2 — Zi) 

t/pi 


( 16 ) 
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The integral of Equation (16) can be evaluated graphically by plotting 
values of 15 as a function of log p and determining the area under the curve 
between the given pressure limits. Values of z may be obtained from 
Fig. 103 or from experimental measurements. Where an accurate 
equation of state such as the Beattie-Bridgman is available, the inte- 
gration may be carried out analytically. 

The foregoing graphical integration can be avoided by evaluating the 
work from the entropy and enthalpy terms of Equation (11). If the 
generalized correlations are employed, Equation (11) may be rearranged 
to give, for 1 mole of fluid, 

(«?,)r (nonflow) = !r[(s^ — sf) — (sf — S 2 ) + (sf — Si)] 

- [(nf - nf) ^ (h? - Ha) + (h? - Hi)] 

+ RT(z2 — Zi) (17) 

or, combining with Equation (XI-142), page 475, “ 

(i(jfi)iT (nonflow) = rj^iJln^ — (s^ — S 2 ) + (sf — Si)J 

. ^ r(H2* - H 2 ) (Hi* - Hi)"l 

+ RT(z2 ~ Zi) (18) 

The terms of Equation (18) may be obtained directly as functions of 
reduced temperature and pressure from Figs. 103, 106, and 107. 

Isothermal Expansion, Flow Conditions. For the reversible isother- 
mal expansion of any fluid under flow conditions, from Equations (8), 

(M).)r (flow) ^ J\ dp ^G = - Aff + T AS (19) 


Equation (19) is restricted to reversible isothermal flow conditions 
involving only shaft work and neglects changes in kinetic, potential, and 
surface energies. 

For an ideal gas^ per mole, 

(Wa*) T (flow) = -i2r In ^ , , (20)* 

Thus for an ideal gas the work of reversible isothermal expansion is the 
same for flow as for nonflow conditions. This results from the fact that 
at constant temperature the change in flow work is zero for an ideal gas, 
or d(pF) =0. 
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For an actual gas, per mole, — F = --ziRT dp)/p or 


(ws)t (flow) = —RT 



zd In 


V 


( 21 ) 


Equation (21) is evaluated graphically by the method described for 
Equation (16) by using generalized compressibility factors or an accurate 
equation of state. The graphical or analytical integration can be 
avoided by evaluating the work from the entropy and enthalpy terms of 
Equation (19). If the generalized correlations of Figs. 106 and 107 
are used, Equation (19) is rearranged as follows : 


(w>«)r(flow) = r I^Bln^ — (s? — S 2 ) + (s? — Si)J 


T. 


- Hi) 


(H2 — H2) 

T, 


] 


( 22 ) 


Illustration 1. Calculate the work of reversible isothermal expansion when 
1 lb-mole of ethylene gas initially at 564°R And 50 atm expands to 1 atm under non- 
flow and flow conditions. From Table XXV, U = 9.7®C; - pc ~ 50.9 atm 
(o) Assuming ideal hehamor for nonflow and flow conditions, from Equation (20), 


(wt)T = -Brin— = +(1.9^ (564) (2.303) log 50 = 4,370 Btu 
Pi 


(6) For adiiLcMehamor nonflow conditions the value 




2 In p in Equation (16) 


is obtained by plotting values of z against values of log p and integrating over the 
limits log 50 to log 1. The necessaiy data, read from Fig. 103 at a reduced tempera- 
ture of 1.11 for reduced pressures from 0.0197 (1.0 atm) to 0.983 (50 atm) are tabu- 


lated as follows: 


Vr 

p (atm) 

log p 

z 

0.0196 

1.0 

0.0 

1.00 

0.1 

5.09 

0.707 

0.98 

0.2 

10.18 

1.008 

0.96 

0.3 

15.27 

1.118 

0.94 

0.4 

20.36 

1.304 

0.90 

0.5 ■ 

25.45 

1.406 

0.87 

0.6 

30.54 

1.484 

0.84 

0.7 

35.63 

1.552 

0.805 

0.8 

40.72 

1.610 

0.77 

0.9 

45.81 

1.661 

0.73 

0.982 

50.0 

1.699 

0.'71 


The area imder this curve is determined to be 1.59. Then, substitution in Equa- 
tion (16) gives 

w, = (1.987) (564) [(2.303) (1.59) + (1.0(H).71)] = 4440 Btu 

This problem can be solved without graphical integration by means of Equa- 
tion (18). 
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From Fig. 106, at Tr 2 = 1.11; Pr 2 = 0.0197; Tri = 1.11; Pn = 0.983 

(h? - H2) = (0.04) (509) = 20; (h? - Hi) = (2.30) (509) = 1170 
From Fig. 107, 

(s? - S 2 ) - 0.03; (sf - Si) = 1.55 

From Fig. 103, 22 = 1.00; 21 == 0.71 

Substitution in Equation (18) gives 

w» = 564(1.987 In 50 - 0.03 + 1.55) - .(1170 - 20) -f- (1.987) (564) (1.0 - 0.71) 

= 4,430 

This is in agreement with the value obtained by the graphical method. 

(c) For actualrbeh>avior flow conditiom, the work is expressed by Equation (21) 
which involves the same integral as evaluated in part 6; hence, 

w, = (1.987) (564) (2.303) (1.59) = 4115 Btu 

Similarly, from Equation (22), the data developed in part 5, give 

ws - 564(1.987 In 50 - 0.03 + 1.55) - (1170 - 20) - 4105 Btu 

Where tliennodyiiainic charts are available for any particular system, 
the reversible work can be obtained directly. The applications of these 
charts for evaluating the reversible work term under isothermal, isen- 
tropic, flow and nonflow conditions are shown in Illustrations 2 and 3. 

mustration 2. From the data of Figs. 116-119, calculate the work performed in 
the reversible isothermal expansion of 1 lb of ammonia initially at 200 lb per sq in. 
and 150°F to 15 lb per sq in. imder nonflow and flow conditions. 

From Fig. 116, 

7i = 1.740; F 2 = 25.5 cu ft per lb 
Pi7i = (200) (144) (1.740) = 50,100 ft-lb per lb 
P 2 V 2 *= (15) (144) (25.5) = 55,000 ft-lb per lb 
A(pF) = 4,900 ft-lb per lb 

From Fig. 117, 

Hi = 671 Btu per lb 
H 2 * 697 Btu per lb 

AH = 26 Btu per lb or 20,200 ft-lb per lb 

From Fig. 118, 

51 =» 1.244 Btu /ab)(®R) 

5 2 = 1.575 Btu/ab)(‘*R) 

AS = 0.331 Btu /ab)(°R) - 257.5 ft-lb /Ob) (°R) 

TAS - (610) (257.5) = 157,000 ft-lb per lb 

Under nonflow conditions^ by Equation (11), 

w, ^ T AH- AH + ACpF) = 157,000 - 20,200 + 4900 - 141,700 ft-lb per lb 
Underflow conditions, by Equation (19), 

w» = -AH + T A/S =• -20,200 + 157,000 = 136,800 ft-lb per lb 
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Isentropic Noiiflow Eapansion. For reversible isentropic expansion 
under nonflow conditions, from Equation (9), 

(w.)8 (nonflow) = dV)8 = - (Af/)s = [- Aff + A|^7)]s (23) 

Equation (23) applies to isentropic nonflow conditions where changes 
in kinetic, potential, and surface energies are negligible and where only 
mechanical work is involved. Calculation of the work is complicated 
by the fact that the final temperature or pressure after expansion is 
xinknown and must be evaluated. For an ideal gas, from Equation 
(XI--134), page 474, 

dv* = ctdT (24)* 

The ideal-gas law may be written in differential form bs pdv +v dp = 
,R dT, Combining this expression with Equations (23) and (24), we get 

pdv= -vdp+RdT = -ctdT (25)* 

Eliminating v from (25) and rearranging and combining with Equa- 
tion (XI-134), page 474, gives 

R ^ , :ic , dr * dr . 

— — dp = “(c^ + 2?) — = -Cj, — (26)^ 

Where moderate temperature changes are involved, it is generally satis- 
factory to assume a constant mean value of (c*)«» at the arithmetic mean 
temperature. Then Equation (26) is integrated to give 

or 

Ts = (28)* 

From Equations (23), (28), and (24), 

R 

(u;f )5 (nonflow) = ict)UT^ - T^) = [(.cX “ [l - 

(29)* 

It should be noted that (cX (Cj)® different averages which 
result from differential equations involving d In IT and dT, respectively. 
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The corresponding volume changes are obtaiaed by combining the 
ideal-gas law with Equation (28) . Thus, 

R 


V2 



Pi 




(30)* 


Equations (28), (29), and (30) are frequently written in terms of k, the 
ratio of the heat capacities at constant pressure and constant volume. 
For an ideal gas, 


ct + B 


-R 


(31)^ 


Combination of (31) with (28), (29), and (30), respectively, gives 


K~1 



JC — 1 

CO 

(wt)s (nonflow) “ ^ j ~ 


(33)’ 

O'-’© 


(34)’ 


Equations (27) to (34) are restricted to expansions of ideal gases 
involving small changes in heat capacity. Where the heat-capacity 
terms are not satisfactorily represented by constant mean values, 
empirical equations relating heat capacity to temperature should be used 
in the integrations of Equations (25) and (26), as shown in Equation (37). 

For actual gases work is evaluated more readily from the terminal state 
properties using Equation (23) than from the pV integration. Since the 
expansion is isentropic, As = 0, or 

As = S 2 “ Si = (s* - sf) ~ (s* - S 2 ) + (s? - Si) = 0 (35) 

From Equation (XI-142), page 475, for 1 mole 

s*~s?= r\*dlaT - Rhi^ ( 36 )** 

^Ti Pi 

where c*;, the molal heat capacity for ideal behavior; is, a function of 
temperature only. 

Combination of (35) and (36) gives . 
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The integral of Equation (37) is evaluated analytically from the empiri- 
cal heat-capacity equation for the ideal gas. The equation is then 
solved for the final temperature corresponding to a specified final pressure 
and initial state. This is best done by assuming a series of final tem- 
peratures and plotting the corresponding values of the left-hand side of 
the equation. For ideal gases the two (s* — s) terms become zero. 

Once the initial and final states are defined the reversible work is 
calculated directly from Equation (23) from the terminal enthalpy and 
pV values. 

If condensation occurs during the expansion. Equation (37) is appli- 
cable only until conditions of saturation are reached. A final tempera- 
ture calculation from Equation (37) which is lower than the boiling point 
at the final pressure is proof of condensation and establishes the correct 
final temperature as the boiling point under the final pressure. 

Where a chart of the thermodynamic properties of the system is 
available, the final temperature is obtained directly by the following: 


or 


Bi = XiSi. + (1 - Xi) (si, - = S2. - (1 - Xi) Y (38)" 

As = S2 - Si = (s^: - sf) - (sj - S2,) + (sf - Si) 

-(l-a:2)^ = 0 . (39) 


where S 2 , is the entropy per mole of the saturated vapor and Xa is the 
molal heat of vaporization at temperature T 2 which is calculated by the 
methods of Chapter VII. Equation (39) may be solved for quality X 2 by 
use of Equation (36), Fig. 107, and the temperature of condensation 
corresponding to the final pressure pa. 

Once the final quality is evaluated, the work is calculated from the 
enthalpy and pV changes of Equation (23). The enthalpies and 
volumes of the saturated liquid and vapor are separately evaluated by 
the methods previously demonstrated. If the generalized correlations 
are used, the complete expression for the shaft work per mole is as follows : 

{w.)s (nonflow) = c^dT - ^ ir. 

~ R[ZlTi — X22f2r2] 

-f- (1 — 352) (X2 + P2V2) (40) 

V 2 = mo}^ volume of the liquid phase at the final conditions. 

Ordinarily the volume of the liquid phase at the final conditions is 
n^ligible and the term p^% may be omitted. 
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Isentropic Expansion, Flow Conditions. For an ideal gaSj since heat 
capacity is independent of pressure, Equation (10) may be written 

(wt)s (flow) = - jTV dp = -AH = - jfV* dT (41)* 

Equation (41) applies to the work in reversible isentropic expansion imder 
flow conditions and neglects changes in external kinetic potential, and 
surface energies. Combination of Equations (12) and (41) for 1 mole 
gives 

-J^Rd]np J^CpdhxT (42)* 


If a constant mean value of heat capacity is assumed. Equation (42) 
integrates to give Equation (28), showing that for ideal gases the tem- 
perature changes in isentropic expansion are the same for flow and non- 
flow processes. 

Combination gf Equations (28) and (42) for 1 mole gives 

R 

(wt)s (flow) = (4)UTi - T,) = (4)^^ [l - (43)* 

It may be noted that Equation (43) differs from (29) in the appearance of 
(o*)4 instead of (c*)^ as the multiplying coeflScient. 

The temperature and volume changes of isentropic flow expansion are 
expressed in terms of the heat-capacity ratio by Equations (32) and 
(34) . By a similar development 

(tof)s (flow) = j (44)* 


For an actual gas under flow conditions the procedure is similar to that 
followed in the isentropic nonflow case. Equations (35-39) are all 
directly applicable to the flow case since they express the condition of 
constant entropy. Thus, it may be concluded that for any fluid the 
temperature changes in isentropic expansion are the same for flow and 
nonflow processes. 

If the final temperature is known, values of follow from Equa- 
tion (10). Thus, if the generalized correlations are used, the work per 
mole is expressed by 



Tc J 

+ (1 ~ (45) 
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When Equations (23) and (41) are compared, it is evident that the 
work in isentropic flow expansion is greater than that of a nonflow opera- 
tion by the amount of —A(pF). 


Blustration 3. Calculate the work of isentropic expansion of 1 lb-mole of ethylene 
gas when expanded from an initial pressure of 50 atm and 564®R to a final pressure of 
1 atm under nonflow and flow conditions. 

For nonflow conditions assuming ideal behavior ^ an equation for the heat capacity of 
ethylene, at zero pressure in the temperature range below 200®F is given in Table XXI, 
page 336. 

4 = 7.95 + 8.13 X lO-iKT")®*®* 

Combining this equation with Equation (26) and integrating gives 

J (*Tt rv 95 "1 2 fp 

f ^ + 8.13(10-11) dT = B ln~ = 7.95 In ^ 

564 L r J 50 564 

+ 2.11(10“ii)[(!r2)3*«« - (564)3-ss] 


Tins equation is solved graphically for T 2 giving T 2 = 234®R. The reversible work 
of expansion is obtained by combination of Equations (23) and (25) with the heat- 
capacity equation: 


(i»J)5 (nonflow) =* 



cvdT ^ 


^564 

J234 


[7.95 + 8.13(10-11) (!r)3'“ - R] dT 


(w?)s(flow) 


« 2334 Btu per Ib-i 


i^564 

1/234 


[7.95 4- 8.13(10-11) (r)3*86] dT = 2990 Btu per lb-mole 


In actual behavior^ condensation occurs at T 2 = 304°R, the boiling point at pressure 
of 1 atm. The properties at the initial and final state are as follows; 



1 

2 

Temperature, ®R 

564 

304 

Reduced temperature, Tr 

1.11 

0.598 

Pressure, p, atm 

50 

1.0 

Reduced pressure, pr 

0.982 

0.0196 

(h*-.h)/T. (Fig. 106) 

2.3 

0.39 

(s* - s) (Fig. 107) 

1.55 

0.64 

z (Fig. 103) 

0.71 

0.98 


The molal heat of vaporization at 1 atm is estimated from the available experimen- 
tal data as 6200 Btu per lb-mole. From Equation (36), 

S* _ sf = 7.95 la ^ + 2.n(10-ii)[(304)>-» - (564)»-»] - 1.99 In ^ 

564 5U 

« -4.91 - 0.76 -h 7.76 = 2.09 


Substitution in Equation (39) ^ves 

304 


a; - 1 


6200 


[2.09 - 0.64 + 1.55] = 0.85 
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The terms in Equation (40) may be evaluated individually, the volume of the liquid 
being neglected. Thus, 

/‘564 

H? - H? = / [(7.95 + 8.13(10-ii)T3-M)] dT = 2417 Btu per lb-mole. 

It{ziTr - = 1.987[(0.71)(564) - (0.85) (0.98) (304)] 

= 290 Btu per lb-mole 

r. ~ = 508(2.3 - 0.39) = 972 

\ 2 e Te / 

(1 - x)\ - (0.15) (6200) = 930 
Substituting in Equation (40) 

{w^s (nonflow) = 2417 — 972 — 290 + 930 = 2085 Btu per lb-mole 

Substitution in Equation (45) gives 

{w.)s (flow) = 2417 - 972 + 930 = 2375 

Illustration 4. Calculate from Figs. 116-119 the work of isen tropic expansion of 
1 lb of ammonia from an initial absolute pressure of 200 lb per sq in. and 150®F to a 
final absolute pressure of 15 lb per sq in. under nonflow and flow conditions. 

From Fig. 118, following a vertical line from the initial conditions to the final 
pressure gives 

1.243 - 0.032 ^ 

— — 27®F: Xi == =89.0 per cent 

XT# X , ^ Q 057.U PCX ocxxu 

Similarly, from Fig. 119 it is found that 

Hi = 671 Btu per lb 
El (saturated gas) = 602.4 Btu per lb 
(saturated liquid) = 13.6 

Hi (mixture) = a;(602,4) + (1 — a?) (13.6) = 537.6 Btu per lb 

From Fig. 116, at the final temperature, pressure, and quality: 

Fa (saturated gas) = 17.6 cu ft per lb 

xpiVi = (0.89) (15) (144) (17.6) = 33,800 ft-lb per lb 

The volume of the liquid phase may be neglected. 

PiFi = (200) (144) (1.74) = 50,100 ft-lb per lb 

Using the data of Illustration 2 for the initial state, we get 

Aff = 538 - 671 = -133 Btu per lb or -103,300 ft-lb per lb 
A(py) = 33,800 - 50,100 = -16,300 ft-lb per lb 

For nonflow conditions, from Equation (23), 

ws = 103,300 - 16,300 = 87,000 ft-lb per lb 

For flow conditions, from Equation (40), 


Wt - 103,300 ft-lb per lb 
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FREE EXPANSION 

The unrestrained expansion of a gas is known as free expansion. 
Under conditions of no restraint no wrork is done, and under adiabatic 
conditions no heat is added. Free expansion under flow conditions is 
commonly known as throttling or as the Joule-Thomson effect referred 
to in Chapter XII. 

The Joule-Thomson effect is measured experimentally by expanding 
the gas slowly and in steady flow through a well insulated porous plug; 
in this way potential work is lost, and no heat is allowed to enter or leave 
the system through the walls. The fluid flows reversibly into and out 
of the process, but the expansion step is completely irreversible. Since 
no heat is added or lost, the process takes place under conditions of con- 
stant enthalpy, according to Equation (VII-11), page 207. However a 
change in internal energy results if any change in flow energy pF occurs. 

For an ideal gas, since enthalpy is independent of pressure, no change 
in temperature occurs in free expansion under either nonflow or flow 
conditions, and values of AH, A(pF), and AC/ are zero. However, an* 
increase in entropy results which is equal to — i? In P 2 /P 1 by Equa- 
tion (XI-142), and the values of AA and AG are each equal to — T AS. 

For nonideal gases, the temperature change in Joule-Thomson expan- 
sion is of great experimental and practical value. Such data are used for 
establishing the deviations from ideal behavior of real gases, particularly 
the effects of pressure on enthalpy and entropy. Free expansion under 
flow conditions is made use of -industrially in the cooling and liquefaction 
of gases. 

Free expansion under nonflow conditions, known as the Maxwell 
effect, is of little practical value. Because of the small heat capacity of a 
gas compared with that of the vessel, adiabatic conditions cannot be 
approached,, and experimental measurements are of uncertain accuracy. 

In the foregoing discussion it was assiuned that kinetic energy changes 
were negligible as is generally the case. Where this is not true, the 
general energy-balance equation including kinetic-energy changes must 
be employed. Changes in both internal energy and temperature Inay 
result from the free expansion of an ideal gas at Mgh velocities in either a 
flow or nonflow system. 

Joule-Thomson Expansion. The Joule-Thomson coeflScient is given 
by Equation (XII-35), page 501. Temperature changes in free expansion 
where only imiall changes are involved and where the heat capacity may 
be taken as constant may be calculated from Equation (XII-36). 
Where large temperature changes are involved, these calculations are 
more conveniently carried out through differences in state properties. 
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A Joule-Thomson expansion is represented on a thermod 3 aiamic chart 
by a line of constant enthalpy. By following such a line from the initial 
state to the final pressure, the final temperature and state are determined. 

The state changes accompanying Joule-Thomson expansion also may 
be calculated from the generalized correlations of thermodynamic proper- 
ties. Since the expansion is isenthalpic, where changes in kinetic energy, 
potential head, and surface energy are neghgible, 



Equation (46) may be solved by assuming values of T2 until the con- 
ditions of the equation are satisfied by graphical or trial methods. 

If condensation occurs during the expansion, the final temperature 
will be the boiling point at the final pressure. Equation (46) must be 
modified to include the enthalpies of the liquid and vapor phases and 
the quality Thus, 

ah = dT - T. [ 2 ^^^ - - (1 = 0 ( 47 ) 

where X2 is the heat of vaporization at the final conditions and H2® is the 
enthalpy per mole of the saturated vapor at state 2. Equation (47) may 
be solved for X 2 since the final temperature T2 is known. 

After the final temperature T2 is evaluated, the changes in the other 
state properties follow. Thus, 

^{jpv) = X2^2RT2 + (1 — X^'P2VL2 — zJlTx (48) 

where vl 2 is the molal volume of the liquid phase. 

c* d In r — In — — (sj — S2.) + (sf — Si) 

n ?! 

-^(1-^.) ' (49) 

Au = Ah — A(2w) = ziRTx — x^2RT2 ~ (1 — X2)p2Vl2 (50) 
Aa = ZiRTi — X 2 Z 2 RT 2 — (1 — x^p2Vi — T 2 Q 29 

-h X2 (1 — X2) + TiSi (51) 

Ag == — ^2823 + X2 (1 ““ X2) + T’lSi (52) 

If continuous free expansion is carried out at high velocities, the 
changes in kinetic energy are not neghgible. In this case, from the 
- general energy-balance Equation VII-1, page 205, it is evident that if 
potential and surface energy changes are neghgible a decrease in enthalpy 
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occurs which is equal to the iucrease in kinetic energy. Thus, from an 
energy balance where no condensation occurs : 



The final temperature T 2 may be evaluated from Equation (53), and 
the other state properties may be calculated from Equations (48-52). 

Maxwell Expansion. As previously pointed out, adiabatic free expan- 
sion under nonflow conditions is characterized by constant internal 
energy. Thus, 

AC/ = 0 = Aff - A(p7) (54) 

Equation (54) may be expressed m terms of generalized corrections and 
ideal behavior to give, in the absence of condensation, 

“ - (^) + (^) - 

+ ziRTi = 0 ( 66 ) 

The final temperature T 2 is determined by trial and error or by 
graphical solution of Equation (65). In the case of condensation. 
Equation (55) is modified by the subtraction of the term (1 — X 2 ) 
(X 2 — PvVl 2 ) which appears in Equation (40). 

Thermodynamic charts of the type of Figs. 116-119 do not permit 
direct solution of problems in Maxwell expansion. A trial-and-error 
procedure is necessary in which a final state is assumed, and the assump- 
tion is tested by means of Equation (54). 

From a knowledge of T 2 , the changes in the other state properties 
may be evaluated from equations similar to (48) to (62), 

Illustration 6. Estimate the changes in state properties in the free expansion of 
ethylene gas from 564°E and 50 atm to 1 atm under flow and nonflow conditions. 
The absolute entropy of ethylene at 77°F and 1 atm is 52.48 Btu/0b-mole)(°R). 
The initial absolute entropy of the ethylene gas is 43.72 Btu/ (lb-mole) (®R). 

Ti = 564‘’R; Tn = 1.11 

pi = 50 atm; pri = 0.982; = 0.71 

From Fig. 106, hJ — Hi = 1218 

From Fig. 107, s* — Si = 1.55 

(a) Flow conditions {J oule-Thomson effect). The final temperature is evaluated by 
graphical solution of Equation (46). A trial value of T 2 — 460°R is assumed. Then 

Trz 0.905; pri = 0.0196 
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From Pig. 106, 


^ (0.1) (608) = 33 


The term 0.0196 /0.03 represents the linear factor for pressures which are off the 
chart. Atpr = .03; (h* — u) IT e — 0.10. From the data of Illustration (3), 


Ha - Hi 


* ^460 
«/564 


17.95 + (8.16)10-iiTs-“] dT - -1060 


Substitution of these values into Equation (46) gives 

Ah = -1060 - 33 + 1218 = 125 Btu per lb-mole 


By repeating the preceding procedure a value of Ah = 0 is obtained when 
448®R. At this temperature there is no condensation and Xi = 0. The change in 
entropy is evaluated from Equation (49). 

At state 2, 

448 

Tra = ^ = 0.882; pr2 = 0.0196; S2 = 0.99 


From Fig. 107, sj — Sa 


0.0196 

0.03 


( 0 . 1 ) 


= 0.07 


j(r* (8.13)10-“r*-»j dP ^ E In i = 5.45 

Substituting in Equation (49), yields 

As = 5.45 - 0.07 + 1.55 = 6.93 

Hence, Sa = 6.93 + 43.72 - 50.65 Btu/ab-mole)(®R) 

The change in internal energy is evaluated from Equation (50) 

Au - (0.71) (1.987) (564) - (0.99) (1.987) (448) = -88 Btu per lb-mole 
A(Ts) - 448(50.65) - (564) (43.72) 1975 Btu per lb-mole 

Aa = Air — A(!rs) = —88 -|- 1975 = 1887 Btu per lb-mole 
Ag = Ah — A(!rs) = 1975 Btu per lb-mole 
w — 0; q — 0; va = (0.99) (0.729) (448) ~ 322 cu ft per lb-mole 

(6) Nonflow conditions {Maxwell effect). The final temperature is determined by 
graphical solution of Equation (55) by the saiAe procedure followed in solving Equa- 
tion (46) in part a. Thus, if 460®R is taken as a trial' value of Ta, from part a, 

hJ — H* = 1060 and — (hJ ^.Ha) + (h* r- Hj) = —33 .+ 1218 

Values of z from Fig. 103 give 

Z 2 BT 2 = (0.99) (1.987) (460) - 903 
ZiRTi = (0.71) (1.987) (564) = 793 

Substitution in Equation (55) gives Au = —1060 - 33 -1- 1218 — 903 + 793 = 15 
Since An > 0, the value of 460°R is too high. At Au = 0, the value of Ta is found 
to be 458°R. Then 

Tr2 — 0.90; pra = 0.0196; Z 2 = 0.99 
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a, = 1.0 468 329.0 7.13 0 0 110 , 0 -110 1370 1260 -1370 

6. Irreversible, flow (Joule-Thomson), 

a, = 1.0 448 322 6.93 0 0 88 -88 0 1887 1975 -1976 
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From Fig. 106, ■ ^ — Hj = 33 

From Fig. 107, 4 - Sa = (0-10) = 0-06 

From Equation (49), 

As = /^ * - E In ^ - 0.06 + 1.55 = 7.13 

J564: T 50 

S2 = 7.13 + 43.72 = 50.85 Btu /(lb-mole) (°R) 

A(p7) ^ZiRTi-ZiRTi = (0.99) (1.987) (458) - (0.71) (h987) (564) = 110 Btu per 

lb-mole 

Ah = Au — A(jftv) = 0 — 110 = —110 Btu per lb-mole 
A(T&) = !r2S2 - Tisi = (458) (50.85) - (564) (43.72) = -1370 Btu per lb-mole 
Aa = Au — A(Ts) = 1370 Btu per lb-mole 
Ag = Ah — A(Ts) = —110 -h 1370 = 1260 Btu per lb-mole 
V 2 = (0.99) (0.729) (458) = 329 cu ft per lb-mole 

In Table XXIX are summarized the changes in point and path 
properties when ethylene gas is expanded from 50 atm and 564°R to 
1 atm imder various conditions of restraint and no restraint when both 
ideal and actual behaviors are assumed. It may be observed that for 
both ideal and actual behavior the changes in point properties under 
reversible conditions are identical for both flow and nonflow conditions, 
but work and heat terms are dependent upon the path and conditions 
of flow. For aU reversible conditions q = fTdS, and each of the 
work terms is identified with one of the energy functions. In free expan- 
sion, the heat and work terms are zero, and the changes iii point proper- 
ties for actual behavior are different for flow and nonflow conditions. 
It is interesting to note that free expansion cools ethylene gas to 458®R 
without condensation, whereas by isentropic expansion the gas is cooled 
to 304®R with 15 per cent condensed. 

CYCLIC PROCESSES 

A series of operations so conducted that all changes are periodically 
repeated in the same order is a cyclic 'process. This may comprise a 
sequence of either nonflow or flow operations or a combination of the 
two types, either repeated on the same substance or involving a new 
mass of substance for each cycle. For example, a reciprocating air 
compressor produces a repeated series of nonflow operations in which the 
conditions at a selected point of any cycle duplicate those at the same 
point of any other cycle. However, a new mass of gas is involved in 
each cycle, and a flow result is produced by the sequence of nonflow 
cycles. 
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On the other hand, in a steam-power plant the change may be con- 
tinually recirculated through a series of operations such as feed-water 
heating, evaporation, superheating, expansion, and condensation. Such 
a cycle is essentially composed of flow operations but may involve com- 
ponent nonflow steps such as the expansion of steam in a reciprocating 
engine. 

Nonflow cyclic operations repeated on the same mass of substance 
have no present practical applications but are of great value in estab- 
lishing the theoretical behavior of cycHc processes in general.* 

Reversible Cycles. A cyclic process which is wholly reversible must 
of necessity be composed of individual steps each of which is in itself 
reversible. This requires that at no point in the cycle may there be 
degradation of higher forms of energy to heat through mechanical or 
fluid friction, nor may there be any other irreversible steps such as free 
expansion of a fluid or the transfer of heat under a finite temperature 
difference. 

The concept of reversibility as-discussed in Chapter XI requires that a 
reversible cycle may be operated m either a forward or a reverse direc- 
tion and must return to any given initial state without change in any of 
the state properties of the system. Thus, it follows that in any reversible 
cycle the algebraic mm of the changes in any state property for all steps 
must he equal to zero. Thus, for any reversible cycle, 

. ( 56 ) 

The Camot Cycle. It has been previously stated that the maximum 
shaft work accomplished as a result of any change in state of a fluid is 
obtained when the change takes place reversibly without friction or 
turbulence. The Carnot engine has been conceived as a hypothetical 
device which represents this maximum achievement in a cyclic process 
and hence is used as a standard in evaluating the efl&ciency and per- 
formance of aU actual mechanical cycles for transforming heat energy 
into mechanical energy. 

In the Camot engine, a gas is contained 4n a cylinder equipped with a 
frictionless piston connected to a frictionless receiver of mechanical 
energy The cylinder walls and piston are impervious to heat, but the 
cylinder head is interchangeable alternately to an impervious or to a 
highly conducting plate. In the first stage of the cycle, that of iso- 
thermal expansion, heat is supplied to the gas through the conducting 
cylinder head from a source of heat maintained at a constant temperature 
Ti and flows into the fluid as a result of an infinitesimal temperature 
drop. The gas is allowed to expand isothermally and reversibly with an 
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influx of heat equal to gi. The reversible work of expansion from state a 
to state is J^pdV. 

The first stage is followed by a reversible adiabatic or isentropic 
expansion which is accomplished theoretically by attaching the non- 
conducting head to the cylinder and permitting expansion to continue. 
Work of adiabatic expansion is performed at the expense of the internal 
energy of the fluid and in expanding from state b to state c is equal to 

jT p dV, In this stage the temperature decreases to T 2 + dT, 

A receiver of heat is now provided by replacing the impervious cylinder 
head with a conducting plate in contact with the receiver at a constant 
temperature T 2 . In the third stage, an isothermal compression is per- 
formed wherein work of compression is performed on the gas, and 

an amoimt of heat flows into the receiver at T 2 * In the fourth and 
last stage, the cylinder head is made nonconducting, and compression is 
continued imder isentropic conditions from state d to the original state a 

with a reversible work of compression equal to 

Since by completing the cycle the fluid is returned to its original state, 
its net internal energy change is zero. The same is true of aU other point 
properties. Since no heat was received or lost during either adiabatic 
change, it follows from the law of conservation of energy that the net 
work done, iOnet? inust equal qx + ga* This is equal to the difference 
between the amount of heat received from the reservoir at temperature 
Tx and the amoimt rejected to the receiver at temperature T 2 > Thus, 

= jrpdF + j[°pdF + jTpfZy + jTpdF 

= 2 J’ 'p dV == 3i + ^2 (57) 

The change in entropy of the' fluid during isothermal expansion is 
AiSi = Sb — Sa — qi/Ti and in isothermal compression is AS 2 = Sd — 
So = q 2 /Ti. Since the change in entropy over the entire cycle is zero, 
and the change during each reversible adiabatic st^ is zero, it follows 
that ASi = —ASi. Hence, 


qi + q2 = ASi(,Ti - T 2 ) 
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Since qi + q 2 — i^net and qi = Ti ASi, it follows that 

^net __ gl + g2 _ Ti — T 2 
gi gl Ti 


(59) 


The ratio i47net/gi expressed by Equation (59) is termed the fhermody- 
namic efficiency of the cycle. It will be recognized that an eflBciency of 
100 per cent can be realized only when the temperature of the receiver is 
at absolute zero. 

The operation and efficiency of the Carnot cycle is shown graphically 
by straight lines on the temperature-entropy diagram, Fig. 123. Dur- 
ing the first stage, the reversible iso- 
thennal expansion at temperature Ti is 
represented by the horizontal line ab; 
the heat removed from the source is 
represented by the area SadbSb or TiAS, 

During the second stage, the reversible 
adiabatic , expansion is represented by 
the vertical line be with no change in 
entropy and with no heat added. In 
the third stage, heat is rejected at Tz 
along horizontal line cd and is repre- 
sented by area SadcSb or T 2 A 81 . In 
the last stage the adiabatic compression 
moves along a vertical line da of constant 
entropy and with no heat rejected. The 
net work done.^ynet is represented by 
area abed equal to gi + g 2 . The thermodynamic efficiency of the cycle 
may be visualized as the ratio^of area abed to area dbeSbSad^ 

The Carnot cycle also may be' operated by starting with a saturated 
liquid and vaporizing it during the first stage. This condition is indi- 
cated on Fig. 123 by the curved line which represents the temperature^ 
entropy relationship of the saturated vapor and liquid of the working 
fluid. On such a vapor cycle two phases exist in the cylinder at aU 
points except a where the system is completely liquefied and b where it is 
completely vaporized. Other methods of operation might involve 
varying degrees of liquefaction at the various points of the cycle, but in 
aU cases the energy transformations are expressed by Equations (57-59). 

The concept of the Carnot eng'ne permits visualization of the signifi- 
cance of the Camot principle and the second law of thermodynamics. 
The Carnot principle involves two basic conclusions which follow directly 
from Equations (66-59) and the second law of thermodynamics. 



Fig. 123. The Camot Cycle. 
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1. No self-acting engine which operates by the absorption of heat at 
one constant temperature and by the rejection of heat at another lower 
constant temperature can be more efficient than an engine operating on a 
reversible cycle with absorption and rejection of heat at only these same 
two temperature levels. If such an engine of higher efficiency existed, 
it could be used to drive a reversible Carnot engine operating as a heat 
pump. The net result of the two engines would then be the transfer of 
heat from a lower to a higher temperature, in contradiction of the second 
law. 

2. The thermodynamic ejBSciencies of all reversible cycles which absorb 
heat at the same constant temperature and reject heat at the same con- 
stant lower temperature must be equal, regardless of the nature of the 
system or the fluid. This conclusion follows from Equation (59) which 
expresses efficiency, independent of system or fluid characteristics. 
Although this equation was derived by consideration of the Carnot 
engine, it is applicable to any other engine operating between two con- 
stant temperatures as required by Equation (55). 

The Availability of Thermal Energy. The Carnot principle furnishes 
a basis for quantitatively expressing the availability of thermal energy 
in performing mechanical work. Thus, Equation (59) expresses the 
maximum fraction of the heat energy qi which can be converted info 
work by the most efficient machine possible when receiving heat from a 
temperature Ti and rejecting heat at temperature T 2 . The quantity 
(ffi + q 2 ) may thus be termed the available portion of qi with respect to 
temperature T 2 . Similarly, q 2 is the unavailable portion with respect to 
this same temperature of rejection. An expression for the fractional 
unavailability of energy is obtained by rearranging Equation (59). 

— Q2 T2 

Fraction unavailable — (60) 

qi Ti 

The temperature of rejection is ordinarily fixed by the temperature of 
the atmosphere or the available cooling water. As the temperature level 
of the energy source is reduced, its availability is decreased, and, when 
the temperature of the source becomes equal to the rejection tempera- 
ture, heat energy becomes wholly unavailable, even in an ideal engine. 


POWER-PLANT CYCLES 

The production of shaft energy from the great store of chemical 
energy in fuels is accomphshed by the highly irreversible process of com- 
bustion, whereby heat is released at high temperatures and transferred 
to a working fluid at a much lower temperature. In a steam-power plant 



Chap. XIII] 


POWER-PLANT CYCLES 


561 


part of the heating value of the fuel is transferred to water in a boiler; 
the steam generated expands against the piston of a steam engine, or 
through a turbine and is then condensed with rejection of heat at a lower 
temperature to a cold fluid flowing in a condenser; the condensate is 
pumped back into the boiler. A flow diagram of these operations is 



Fig. 124. Rankine-Cycle Power Plant. 


shown in Fig. 124. When both expansion of steam and pumping of the 
liquid condensate occur reversibly, the Rankine cycle is followed. This 
cycle differs, from the Carnot in that each stage is carried out in a differ- 
ent apparatus and particularly in that condensation is completed at the 




Rahkine-Qjrcle Diagrams. 


low temperature and pressure of the condenser instead of by isentropic 
compression. The condensate is pumped into the boiler to mix with the 
hot liquid. 

The changes taking place in the Rankine cycle are shown graphically 
in the HS^ TS, and pF diagrams in Figure 125. In the first stage the 
feedwater is pumped from pressure p 2 to pi with an increase in enthalpy 
from Ha to as shown on HS diagram, and with a negligible rise in 
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temperature, shown as a to 6, on the TS diagram. The water enters, the 
boiler subcooled, that is, at a temperature below that corresponding to its 
equilibrium pressure. The entropy remains constant during pumping, 
since the process is assumed to be reversible and adiabatic, as indicated 
by the vertical line ab on the HS diagram. 


The work of pumping is 'equal to 



Since water is nearly 


incompressible, the work input becomes 


-Wi = (Pa- Pb)Vf 


( 61 ) 


• where i;/ is the average specific volume of the feed. The work of pumping 
is represented on the pV diagram as the area mban. If the pumping 
operation is a reversible process, and changes in kinetic and potential 
energy are negligible, the work done upon the fluid is also equal to the 
increase in enthalpy, or 

-wi Hi -Ha (62) 


In the second stage the water is heated along line bed, becomes satu- 
rated at point c and temperature Ti and then vaporizes at constant 
temperature Ti and pressure pi to form saturated vapor at d. The TS 
diagram shows the wide departure from isentropic conditions in heating 
the liquid from T2 to Ti, as represented by the slope of the line be and the 
area bcc'. The gain in enthalpy is represented by Hd — Hb on the HS 
diagram. If kinetic-energy terms are neglected, the heat supplied is 

equal to Hd — Hb ox f T^dS, which is represented on the TS diagram 


by the area SiabcdeS 2 ^ Thus, 
qi = Hd 



(63) 


In the third stage the vapor expands isentropically from d to e. If the 
expansion is a flow process with negligible changes in kinetic energy, the 
work done is equal to the decrease in enthalpy as represented by Hd — He 
on the HS diagram. On the pV diagram the work done during this 
stage of isentropic expansion is represented by the area m den. 

In the condensation stage the enthalpy loss is represented by He ~ Ha 
on the HS diagram and as area SiacS2 on the TS diagram, both of which' 
equal the heat —q 2 absorbed by the condenser. 

The net work of the cycle represents the engine work minus the small 
work input to the pump. Since the process is cyclic with no change in 
any point property, it follows from (XI-2) that the net work done is 
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equal to the heat absorbed less the heat rejected if kinetic energy changes 
are negligible. Thus, 

^net = " rvdp - (pi - P2)Vf = (Ha - He) - (H^ - Ha) 

^ ^ Q 1 +Q 2 (64) 

The net work done during the cycle is represented by (Ha — He) — 
(Hb — Ha) on the HS diagram, by the area ahde on the pV diagram and 
by the area abode on the TS diagram. 

The ideal thermodynamic efficiency of the Rankine cycle is repre- 
sented by 

qi + q2 (Ha - He) - (H, ^ Ha) 


or, if pump work is neglected, 

— He 

The significance of the efficiency of the Rankine cycle is best visualized 
from a study of the TS diagram where it is represented by the ratio of the 
area abed to area SibcdeSi. Any change in conditions which will enlarge 
the former area with respect to the latter will improve the efficiency. It 
is evident that the efficiency of the Rankine cycle is lower than that of a* 
Carnot cycle operating between the same extreme temperatures. This 
results from the fact that in the Rankine cycle a portion of the heat 
absorbed is delivered to the process at intermediate temperatures, along 
the line be representing the heating of the liquid to saturation at tem- 
. perature Ti. This difference is shown in Fig. 126a where the efficiency 

area (A) 

of the Carnot cycle is represented as — — — of the Rankine 

area —J- o ) 

areas (A 

c^cle^ area (A + B + 1? + C)' 

The efficiency of the Rankine cycle can be increased by increasing the 
temperature and pressure of the saturated steam supply or by lowering 
the temperature at which condensation takes place. For the same 
temperature change it is evident from Fig. 126b that a decrease in the 
condensation temperature is more effective than an increase in the 
temperature of the saturated steam. Increased efficiency obtained by 
lowering the temperature of condensation is limited by the temperature 
of the cooling-water supply. For boilers operating at the same pressure, 
greater efficiency can be expected from this source in cold than in hot 
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climates. Several degrees temperature difference must be allowed for the 
flow of heat from condensate to cooling water to permit economical 
designs of condensers at the expense of reduced eflSciency of conversion of 
heat into work. 

An increase in efficiency produced by increasing the temperature of 
saturated steam is limited by the convergence of the saturation lines as 
shown on the TS diagram. It is evident that the gain due to increased 
temperature and pressure diminishes as the temperature approaches the 






(e) Effect of Bes^erative 
Heatins 



Fig. 126 . Improvements in Cycle Efficiencies. 


critical. The maximum useful temperature and pressure are also 
limited by the cost and strength of available materials of construction. 
To obtain the advantage of high temperature without the disadvantage 
of high pressures, some fluid other than water may be resorted to, such as 
mercury or diphenyl. A dual power plant emplojdng both mercury and 
water has been used for increased efficiency of stationary power plants. 

Improvements over the Ranldne Cycle. Improvement in efficiency 
over the Ranldne cycle is obtained by superheating the vapors before 
expansion as shown in Fig. 126c. This also increases the quality of 
steam after expansion and thus reduces erosion and friction due to 
condensate in the engine or turbine. The temperature of superheating is 
limited by the available materials of construction. Higher efficiencies 
are also obtained by reheating in combination with multistage turbines or 
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engines. In this scheme the superheated steam at high pressure partially 
expands in the first stage and is then again superheated in an auxiliary 
heat exchanger in the furnace. The reheated steam is expanded in a 
second stage as shown in Fig. 126d. This reheating increases efiSciency 
and el im i n ates condensation in the expansion stages of the engine or 
turbine. The advantage of reheating is partly offset by the cost of the 
auxiliary heat-exchange surface required which operates at a lower 
pressure than the primary steam supply. 

Regenerative heating of the feedwater to the boiler is another means of 
increasing eflS.ciency where multistage turbines or engines are used. In 
this scheme steam is bled from the turbine progressively as expansion 
proceeds, and this stream of fluid of steadily decreasing temperature is 
used to heat the accumulating condensate progressively and counter- 
currently as it is retxnmed to the boiler. If this heat exchange could be 
accomplished with a minimum temperature drop, the efficiency of the 
Rankine cycle could be made to approach that of the Carnot cycle. This 
hypothetical continuous preheating scheme is designated by dotted line 
dg in Fig. 126e. The efficiency in the limiting case will approach the 
ratio oi A/ A + B which is that of the Carnot cycle. Actually the results 
are limited by the finite steps in multistage expansion, as represented by 
the four stages in Fig. 126e, By regenerative heating more stearn is 
actually supplied to the turbines per horsepower-hour developed, but less 
heat is rejected to the condenser. Again the advantage of regenerative 
heating is offset by the cost of auxiliary heat-exchange equipment, but 
the gain in efficiency is real, and distinct gains in economy of operation 
are achieved in large power plants. 

Process Steam. Of particular interest in chemical manufacture is the 
use of process steam. Where multistage power production is available, 
process steam can most economically be supplied by generating steam 
at the highest pressure available and bleeding off the desired amount at 
the temperature required for the process, from the lowest stage per- 
missible. Where a quantity of heat represented by area C on Fig. 126f 
is desired for process heating at temperature T\ an amount of work 
energy equivalent to area D can be obtained by generating the steam 
first at the higher temperature T\. • This work can be achieved at little 
additional fuel cost and little increased boiler capacity. The work 
accompanying the generation of process steam in this manner is virtually 
obtained by the absorption of an equivalent amount of heat. Obviously, 
to generate process steam at temperature T would permit no power 
generation, and all heat would be rejected to the process. 

Heat Exchangers. The heat removed from any fluid in cooling loses 
least in entropy and hence retains highest availability if this transfer is 
made under the smallest temperature drop. The transfer of heat 
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approaches reversibility as the temperature difference diminishes 
towards zero, whereas direct mixing of a hot stream with a cold stream is 
most ineflScient and wasteful. Ideal heat transfer is approached by 
countercurrent exchangers. The actual temperature drop for the trans- 
fer of heat will be fixed by the cost of the exchanger. 

A comparison of the advantage of countercurrent heat exchange with 
that of parallel flow or mixing can be illustrated by considering a given 
mass of a hotter fluid of a given heat capacity exchanging heat with the 
same mass of a colder fluid of the same heat capacity. If the hotter 
fluid cools countercurrently from temperature Tx to T 2 , and the' colder 
fluid is heated from temperature T% to Ti, then the loss in entropy of the 
hot fluid is exactly compensated by the gain in entropy of the cold fluid, 
and there is no net loss in entropy. The heat exchange is reversible in 
this limiting case. In the case of parallel flow or mixing, the hotter 
fluid is cooled to temperature Ts, and the colder fluid is heated to tem- 
perature Tz, The hotter fluid loses entropy to the extent of 


Tz 

In , and the colder fluid gains in entropy by the amount 
Tx 




The net gain in entropy is the algebraic sum of the two 


changes or 


^S - ((7p)^ln 



(67) 


It can be shown mathematically that for all possible values of Ts in’ 
Equation (67), AS > 0. . ' 

Engine Efficiency and Performance. The gross work perform^ by a 
Rankine cycle results from the flow and expansion of the fluid through 
the engine. As previously pointed out, the net work is slightly lower 
than this, because of the work required for pumping. Maximum gross 
work is obtained by ideal isentropic expansion as expressed by Equa- 
tion (45). However, actual engines as a result of mechanical friction 
and deviations from isentropic conditions of the fluid deliver as shaft 
work an amount of energy less than that calculated from Equation (45). 
The ratio of the shaft work actually delivered to that ideally obtainable 
by isentropic expansion between the existing terminal conditions is 
termed the engine efficienq/. Thus, from Equation (45), 

_ . ^ . actually delivered Ws 

Engme efficiency = — — (67a) 

Mx — Jtlz 

Engine efficiencies vary widely with size and design, ranging from as 
high as 80 per cent for large well-designed , turbines and reciprocating 
engines down to 30 per cent or. less for small units of inferior design. 
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Engin.e performance is commonly expressed by the steam raie or woAer 
rate which is defined as the pounds of steam used per horsepower-hour 
produced. One horsepower-hour equals 2545 Btu. It is evident that 
the steam rate is affected both by the operating conditions and the 
engine efficiency. The ideal water rate for any engine may be calculated 
from Equation (45). The actual steam rate is then the ideal rate 
divided by the engine efficiency. 

Ideal steam rates vary from as low as 5 to 10 lb with superheated high- 
pressure steam and vacuum exhaust to more than 40 lb where high 
exhaust pressures are used for the production of process steam. With 
saturated steam at 100 to 200 lb per sq in. in exhausting at atmospheric 
pressure ideal steam rates vary from 18 to 24 lb. 

The factors of mechanical design and operation which determine engine 
efficiency and performance are discussed in texts on mechanical engi- 
neering thermod3mamics.^~~^ 

Illustration 6. Calculate the ideal thermodynamic efficiency of a steam-power 
plant operating on the Rankine cycle in which dry saturated steam is generated at a 
gauge pressure of 150 lb per sq in. and expanded through an engine exhausting at 
atmospheric pressure. Compare this efficiency with that of a Carnot cycle operating 
between the same temperatures, and calculate the ideal water rate of the engine 

Solution: The following data are taken from the steam tables 


Gauge pressure, lb per sq in. 

0 

150 

Absolute pressure, lb per sq in. 

14.7 

164.7 

Saturation temperature, T, ®F 

212 

365.9 

Enthalpy of saturated vapor, Btu per lb 

1150.4 

1195.6 

Enthalpy of saturated liquid, Btu per lb 

180.1 

338.4 

Entropy of saturated vapor, Btu/(lb)(®R) 

1.757 

1.562 

Entropy of saturated liquid, Btu/0b)(°E) 

0.312 

0.523 

Specific volume of saturated liquid, cu ft per lb 

0.0167 

0.0182 


From Equations (38) and (39), the nomenclature of Fig. 125 is used, 

- 5, = 0 - 1.562 - [1.757X + (1 - a?) (0.312)] » 0 
X — 0.865, the quality after expansion 
= (1150.4) (0.865) + (180.1) (0.135) = 1019.5 Btu per Ib 

From Equation (61), 

Work of pumping = (R& - Ha) - (164.7 - 14.7) (144) (0.0167) /778 
— 0.465 Btu per lb 


1 J. H. Keenan and F. G. Keyes, " Thermodynamic Properties of Steam,” John 
Wiley & Sons, New York (1936). 

» P. J. Kiefer and M. C. Stuart, Principles of Engineering Thermodynamics,” 
John Wiley & Sons, New York (1930). 

» J. H. Keenan, Thermodynamics,” John Wiley & Sons, New York (1941>. 
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From Equation (65), 


^net 


1195.6 - 1019.5 - 0.465 
1195.6 - (180.1 + 0.465) 


= 0.173 or the ideal thermodynamic efficiency is 

17.3 per cent. 


From Equation (59) the corresponding Carnot cycle efficiency is 


^net 


365.9 - 212 


= 0.186 or 18.6 per cent 


365.9 + 460 

The ideal work obtained from the steam in the engine is given by Equation (10). 
(ws)s&ow) = 1195.6 - 1019.5 - 176.1 Btu per lb. 


Ideal water rate of engine = 


2545 

176.1 


~ 14.51bperhp-hr 


Thus, if the design of the engine were such as to result in an engine efficiency of 60 per 
cent the over-all thermod 5 nnamic efficiency would be 10.4 per cent, and the actual 
water rate of the engine 24.2 lb per hp-hr. 


COl^KESSION OF GASES 

Gases are compressed for transportation, storage, and liquefaction, or 
to maintain either .high or subatmospheric pressures in chemical and 
metallurgical processes. Although compression is accompanied by an 
increase in temperature, this temperature rise is rarely the object of the 
operation, except in special applications such as the ignition of fuel in the ^ 
Diesel engine or in vapor compression evaporation. Where a high 
temperature of the compressed gas is desired, the temperature rise in 
compression is useful but must be considered as incidental to the opera- 
tion, since a temperature increase is produced more economically through 
direct heating than by the dissipation of valuable shaft work. 

Mechanical gas compressors are of three general types: 

1. Reciprocating compressors. 

2. Positive-displacement rotary blowers. 

3. Turbocompressors and fans. 

The first two types operate with a sequence of intermittent operations 
including a nonflow process. Thus, a charge of gas is taken in at the 
suction pressure pi and compressed to the final pressure p 2 along be on 
the pV diagram of Fig. 127, if the operation is adiabatic. This step is 
nonflow in character but is immediately followed by the discharge of the 
compressed gas along line ed. Since all the compressed gas flows into 
the apparatus at the suction conditions and out of the apparatus at the 
discharge conditions, the net effect of the over-all operation is a flow 
process even though an intermediate nonflow step is involved. The 
over-all work requirements and changes in thermodynamic' properties 
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Fig. 127. Compression of Gases. 


accordingly follow the equations developed for expansion or compression 
under flow conditions. 

Turbocompressors and Fans. Equipment of this general type oper- 
ates essentially in a continuous manner. Although within the machine 
high velocities and kinetic energies may be developed, the design is 
generally such that these intermediate kinetic energies are largely trans- 
formed to flow energy at the suction and discharge. Accordingly, from 
an over-all standpoint, kinetic energies are generally negligible as com- 
pared with the work of compression if the ratio of discharge to suction 
pressure is greater than 1.1. Under such conditions the theoretical 
work requirements may be calculated from Equation (22) or (45) if con- 
ditions of reversibility are approached. 

Where small pressure changes are involved, changes in the kinetic 
energies of the suction and dischai^e streams may constitute an appreci- 
able portion of the work requirement. These effects are taken into 
account in isentropic compression by combination of Equations (5) 
and (41), with changes in potential and surface energies bemg neglected. 





(J3’2 — + 



. ( 68 ) 


Similarly, for isothermal compression, by combining Equations (5) and 

^ -(w.)r = (^2 - (69) 

Thus, the work input is increased by the difference between the kinetic 
energies of the discharge and suction streams. 

The kinetic-energy terms in Equations (68) and (69) may be omitted if 
the effective pressures in the suction and discharge streams are both 
taken as the sums of the respective stoic 'pressures and impact pressures 
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of the streams. The impact pressure is equal to mu^/2gc which corre- 
sponds to the complete conversion of kinetic to pF flow energy without 
performance of work. Combined static and impact- pressures are 
measured directly by an impactrpressure gauge. 

In Fig. 127 are diagrams showing the thermodynamic changes accom- 
panying various types of compression between fixed suction and dis- 
charge pressures. The ideal work of compression is represented by the 
area to the left of the compression curve on the pV diagram. Thus, for 
isentropic compression the ideal work corresponds to area ahed. For 
isothermal compression the corresponding work requirement is repre- 
sented by area abed. It is evident that isothermal operation is highly 
advantageous as regards power consumption. In general, it is attempted 
to design compressors to approach ideal isothermal operation at the low- 
est feasible temperature. In this way powder requirements are reduced 
by expenditures for cooling. The optimum design is that corresponding 
to minimum over-all costs of compression and cooling. 

Single-Stage Compressors. Large-size compressors and fans ordi- 
narily approximate adiabatic operation and would behave in accordance 
with Equation (68) if the operation were reversible. However, irreversi- 
bility results from fluid friction and turbulence as well as from mechanical 
friction in the equipment, both of which increase the work requirement. 
Fluid friction also increases the final temperature of the fluid above the 
value calculated from Equation (68). The departure of the operation 
from ideal reversibility is expressed by an ismtropic compression efficiency 
factor 7)3 which is defined. as the percentage ratio of the ideal work 
requirement, calculated from Equation (68) for the pressure increase 
obtained, to the total shaft work input to the compressor. Thus, 


(i?2 - H{)s + 


V8 = 


m(u^ — ^^l) 
^Qc 


ws (total) 


X 100 


(70) 


where H ’2 is the enthalpy of the* discharged gas at the calculated tempera- 
ture resulting from isentropic compression. Inasmuch as work of com- 
pression is a miniiTiiim in a reversible isothermal operation, another index 
of performance, termed the isothermal compression efficiency j 7 )t is also 
used. 

work of reversible isothermal compression 
total shaft-work input to the compressor 

2gc 


Ws (total) 


( 71 ) 
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The over-all efficiency includes compression efficiency and the effec- 
tiveness of the cooling system in approaching isothermal operation. 

Compression efficiencies of commercial machines range from 40 to 65 
per cent for fans and from 65 to 85 per cent for turbocompressors. The 
power required for a specified compression duty is determined by calcu- 
lating the work per unit quantity of fluid from Equation (68) and multi- 
plying by the rate of flow per unit time. If the work is in foot-poxmds 
per pound-mole and the flow in pound-moles per minute, the result is 
divided by 33,000 to obtain the required horsepower. 

Reciprocating Compressors. As previously pointed out, an ideal 
reciprocating compressor would operate on the cycle abed of the 
diagram of Fig. 127 if the compression were isentropic. In such a case, 
the work requirement would be expressed by Equation (69). Actual 
compressors of industrial sizes closely approximate adiabatic operation 
but deviate from reversibility as a result of fluid and mechanical fric- 
tion. A further complication is introduced by the necessity of providing 
a certain cleararice volume between the cylinder head and the piston at its 
extreme position. This clearance volume is represented by dj in Fig. 127. 
At the end of the stroke the clearance volume is filled with compressed 
gas which expands to A*, reducing the effective suction volume to kh. 

The volumetric efficiency tjv is defined as the percentage ratio of the 
volume of gas, measured at pi, actually taken into the cylinder during the 
suction stroke to the volumetric displacement of the piston. The volu- 
metric efficiency determines the capacity of a machine for a specified 
duty while the compression efficiency determines the total work input 
required per unit quantity of gas compressed. The total power required 
for a machine of given displacement operating between specified pressures 
is increased by increased volumetric efficiency and reduced by increased 
compression efficiency. 

Compression efficiencies are reduced by mechanical friction and by the 
pressure drops through the suction and discharge valves. As a result of 
these pressure drops the actual suction pressure is somewhat below pi 
and the discharge pressure above p 2 , as indicated by the dotted lines 
between ab and je on Fig. 127. The increased work resulting from the 
throttling through valves represents a major loss, and proper design of 
valve openings is of great importance. Compression efficiencies are 
increased by any cooling of the gas during compression which will cause 
the operation to approach isothermal conditions, as indicated in the pV 
diagram of Fig. 127. Cylinders of small compressors are frequently 
water-cooled, but water jackets are not highly effective on large machines 
because of the small ratio of surface to volume. In some designs cooling 
water is injected into the gas during compression. 
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Volumetric efficiency is reduced by pressure drop through the suction 
valves and by increased clearance volume. The problems of compressor 
design have been discussed in detail by York^ who concludes that the 
gas retained in the clearance volume of large machines approximates 
isentropic expansion as the piston starts on the suction stroke. In this 
case the ideal work of compression per unit quantity of gas discharged is 
unaffected by the clearance volume which may be looked upon as con- 
taining an isolated quantity of gas alternately compressed and expanded 
in a reversible manner without any net consumption of power. Reduc- 
tion in volumetric efficiency due to clearance can be calculated if isen- 
tropie expansion of the clearance volume on the intake stroke is assumed, 
but further reduction due to pressure drop through valves and parts can 
be determined only experimentally. 

Variation of the clearance volume offers an effective means of control- 
ling the capacity of a compressor driven at a constant speed. Machines 
are constructed with clearance '' pockets ” of variable volume which 
permit operating the machine at reduced capacities without waste of 
power. An increase of the clearance volume greatly reduces the volu- 
metric efficiency with relatively little effect on the compression efficiency. 

Volumetric efficiencies of industrial compressors range from 50 to 
90 per cent, whereas compression efficiencies, based on the work require- 
ment of isentropic compression, vary from 75 to 90 per cent. 


Illustration 7* A sin^e-stage compressor is to compress 800 cu ft per min of 
ammonia gas at 0°F and an absolute pressure of 15.0 lb per sq in. to 75 lb per sq in. 
Calculate the actual horsepower required to drive the compressor and the piston dis- 
placement in cubic feet per minute, assuming a compression efficiency of 76 per cent 
and a volumetric efficiency of 85 per cent. 

From Fig. 119 and Equation (10), for isentropic compression at the special con- 
ditions, 

-(ws)s = iH 2 - Hi)s = 715 - 617 = 98 Btu per lb 


The ideal discharge temperature is 200®F. 

At 0®F, 15 lb per sq in., the specific volume of ammonia gas from Fig. 116 is 18.92 
cu ft per lb. 

Compression rate = 800 /18.92 = 423 lb per min 

^ (42.3) (98) (77 8) 

(33,000) 

^ 97.8 
”“0.76 
800 

Piston displacement 


Theoretical horsepower 
Actual horsepower 


0.85 


- = 97.8 hp 
- 129 hp 

= 940 cu ft per min 


Multistage Compression, Because of mechanical difficulties associ- 
ated with high ratios of discharge to suction pressure a single-stage recip- 
4 R York, Jr., Ind, Eng. Chem., 34, 355 (1942). 
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rocating compressor is ordinarily not designed for a compression ratio 
greater than 4 or 5 to 1. Turbocompressors are limited to much lower 
ratios per stage. In order to develop high overall compression ratios it is 
necessary to use multistage compression in which the one stage discharges 
to the suction of the next. 

An important advantage of multistage operation is that it permits 
intercooUng of the gas between stages and thus approaches the same 
suction temperature for each stage. This results in a reduction of the 
work of compression and approaches isothermal conditions where 
several stages of small compression ratios are employed. A two-stage 
operation with intercooling is indicated in Pig. 127. Isentropic com- 
pression in the first stage along hf is followed by cooling at constant 
pressure p' along /^. The final pressure p 2 is reached by isentropic com- 
pression in the second stage along gh with a final temperature intermedi- 
ate between that of e resulting from single-stage isentropic compression 
and the isothermal value of c. 

It is evident that the work required for the two-stage operation is less 
than that of the single stage by the area/^Ac. If more stages with inter- 
cooling were employed, the work would be still further reduced, 
approaching the ideal isothermal case. For multistage compression, the 
equivalent compression efficiency is defined as the ratio of the work for 
multistage isentropic compression with complete intercooling between 
stages divided by the actual shaft-work input. 

The total work in a multistage compression is the sum of the work in 
the individual stages. Thus, from Equation (44), if a constant value of k 
and a constant suction temperature Ti are assumed and kinetic energy 
change is neglected, the total work per mole for two-stage compression 
of an ideal gas becomes 






(72)* 


If the intermediate pressure is p', the work required will be a minimum 
value when dwt/dp' is zero. The optimum intermediate pressure is 
determined by equating dwfldp' from Equation (72) to zero. Thus, 


dp 




2(ic-l) t-1 

p' * = (PiPi) “ 


p' = Vpipi 


(73)* 
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Rearrangement of (73), gives 

V\ v' 

Thus, for best operation, each stage should have the same compression 
ratio, equal to the square root of the over-all compression ratio. Where 
s stages are employed it may be demonstrated similarly that optimum 
results are obtained when the compression ratio in each stage is equal to 


1 



If (75) is combined with an equation of the form of (72), it follows that 
the work per stage is constant, and the over-all work per mole is given by 


/e-l 



By means of Equation (76) the number of stages for optimum economy 
of operation may be estimated by consideration of the increased equip- 
ment and maintenance costs which accompany an increased number of 
stages with a resultant reduction in power requirement. 

For compression of nonideal gases the problem of calculating optimum 
intermediate pressures involves trial-and-error methods. A simplified 
method was proposed by York^ which may be used where economy is of 
great importance. However, for many cases the over-all work require- 
ment is not greatly affected by small variations of the intermediate 
pressures from the optimum values, and Equation (75) may be used for 
establishing the intermediate pressures. Once these pressures are 
established, the work and volumetric capacity for each stage are calcu- 
lated from Equation (45) and the pF data. Equation (75) may lead to 
serious departure from optimum pressure conditions when vapor mixtures 
are dealt with if large amounts of condensate are separated in the inter- 
coolers. Where this condition is encountered, the intermediate pressures 
may be adjusted to keep the work in different stages approximately 
equal. If only two stages are involved, a series of intermediate pressures 
may be assumed and the corresponding over-all work requirements calcu- 
lated; the optimum intermediate pressure corresponds to the TninirmiTn 
of a curve relating work to intermediate pressure. 

In the isentropic compression of gases of low molecular weight and low 
molal heat capacity there is no tendency for condensation in the com- 
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pressor. This is evident from the TS diagram for ammonia, Fig. 118. 
Adiabatic compression of the saturated vapor results in superheating. 
However, gases of hi^h molal heat capacity behave quite differently, as 
may be seen from the T3 diagram for benzene in Fig. 121. If satu- 
rated benzene vapor at 100°F is isentropically compressed, it is first 
superheated, and then at a pressure of 655 lb per sq in. it becomes satu- 
rated, and condensation begins. Formation of condensate in compres- 
sors is frequently hazardous, and great care must be exercised in designing 
compression systems for yapors of this type. Formation of condensate 
in the intercoolers of multistage compressors is common when vapor 
mixtures are being compressed, and facilities for its separation from the 
uncondensed gas passing to the next stage are readily provided. 


REFRIGERATION 

The purpose of refrigeration is to produce a region of temperature 
below that of the atmosphere. The over-all result is the extraction of 
heat from the low-temperature region and its rejection at the higher 
temperature of the surroundings or. of the available cooling medium. 
Thus, in effect a refrigeration machine is a heat pump performing the 
reverse function of an engine. Refrigeration is of constantly increasing 
importance in the preservation of foods, in air conditioning, and in 
chemical engineermg operations where low temperatures are required for 
the control of reactions, the condensation of vapors, or the crystallization 
of solids. 

Two general types of refrigeration cycles are in common use. Both 
depend upon the attainment of a cold region by the vaporization of a 
refrigerant fluid from an evaporator at a low temperature and pressure. 
In compression refrigeroMon, shown diagrammatically in Fig. 129, 
mechanical energy is used to compress the vapor leaving the evaporator 
so that the heat absorbed at the low temperature of the evaporator may 
be rejected at the temperature level of the condenser. A refrigerant 
fluid is employed to absorb heat at low pressure and temperature and is 
then compressed to a higher pressure and temperature where it gives off 
heat, usually with condensation. Expansion to the lower pressure and 
temperature completes the cycle. This latter is usually free expansion; 
isentropic expansion has rarely proved feasible. 

In absorptim refrigeration, shown diagrammatically in Fig. 131, heat 
which is absorbed at a low temperature and pressure is rejected at an 
intermediate temperature and hi^ pressure after its temperature level 
has been increased by addition of heat from a high-temperature source 
such as the combustion of a gas. In this scheme no mechanical energy is 



576 


EXPANSION AND COMPRESSION 


[Chap. XIII 


required except in some systems for pumping the liquid absorbent, and 
the refrigerant is compressed from the low pressure at which it absorbs 
heat to the high pressure at which it rejects heat through intermediate 
absorption or adsorption at a low-pressure level. The refrigerant is 
released from the absorbent or adsorbent at a high pressure through the 
addition of heat from the high-temperature source. This method has the 
advantage of minimizing or ehminating moving mechanical parts and 
may effectively utilize low-pressure exhaust steam or fuel gas as the 
source of heat. 

Compression Refrigeration. A Carnot engine operating in reverse 
represents an ideal reversible refrigeration cycle. The TS diagram of 



Fig. 128. Reverse Camot Cycle. Fia. 129. Vapor Compression Refrigeration. 

such a cycle operating with saturated vapor is shown in Fig. 128. A 
quantity of heat q 2 is absorbed in increasing the quality of the vapor at 
temperature T 2 along be, Isentropic compression along cd raises the 
temperature to Ti where a quantity of heat — gi is rejected through con- 
densation of the vapor along da. The liquid is isentropically expanded 
and partially vaporized along ah to temperature T 2 thus completing the 
cycle. 

As was developed in consideration of the Camot engine, page 557, the 
net work done by the system is the difference between the heats absorbed 
at the higher and lower-temperature levels, and Equations (58) and (59) 
are directly applicable to the reverse cycle operating as a heat pump. 
However, in this case both and Sh — Sc are negative. It follows that 
the amount of heat rejected at the high temperature is greater than that 
absorbed at the low temperature by the amount of the work done on the 
system. 

For comparing the performance of refrigeration machines a coefficient 
of performance is used as an index. This is defined as the ratio of the 
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heat absorbed in the evaporator to the work done on the fluid. Thus, 
from Equation (59) the coefiScient of performance 

g 2 T2AS2 _ .y-v 

AS2(Ti -T2)~ T1-T2 ^ 

where AS 2 = Sc — According to the Carnot principle, the coeflScient 
of performance of any reversible refrigeration machine operating between 
temperatures Ti and T 2 is expressed by Equation (77), regardless of the 
nature of the refrigerant or the steps- of the cycle. 


d 




Fig. 130. Refrigeration Cycle. 

The capacity of a refrigeration machine is ordinarily expressed in tons 
of ice-making capacity per 24 hr. One ton of refrigeration capacity is 
capable of absorbing in 24 hr the heat evolved in freezing 1 ton of water at 
32°F. On this basis, 1 ton refrigeration capacity = 200 Btu per min- 
42.4 hp. To define completely the characteristics of a refrigeration 
operation, it is necessary to specify the coefficient of performance, the 
refrigeration capacity, and the two temperature levels of heat absorption 
and rejection. 

Actual compression refrigeration cycles differ from the ideal Carnot 
heat pump in that each step is carried out in a separate piece of equip- 
ment with the refrigerant fluid circulating from one to another as indi- 
cated in the flow diagram of Fig. 129. The corresponding TS and HS 
diagrams are shown in Fig. 130. The liquid refrigerant leaves the stor- 
age tank at temperature Ti and pressure pi and is expanded through a 
valve along ab. This expansion is substantially isenthalpic free expan- 
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sion and is hence highly irrevers ble and accompanied by a large increase 
in entropy, Si — >Sa. Partial vaporization and reduction in temperature 
to T 2 occurs in this expansion. Heat is absorbed at temperature T 2 
along he until vaporization is completed. The saturated vapors are 
then isentropically compressed to pi along cd. The superheated vapor 
at d is cooled at constant pressure, becoming saturated at e and con- 
densing along ea. 

This cycle differs from the ideal Carnot cycle in the irreversible nature 
of the expansion and the fact that saturated vapor leaving the evaporator 
is compressed to a superheated state. Further deviations result from 
the inefficiency of actual compressors, as previously discussed. 

By neglect of the changes in kinetic, potential, and surface energies, the 
energy balances for the individual steps may be written as follows; with 


the nomenclature of Fig. 130: 

. Expansion ’ Ha — Hh (78) 

Evaporation Hh + ^2 — He ' (79) 

Compression Ho — Wa = Hd (80) 

Since qi in going from d to a is negative. 

Cooling and condensation Hd = Ha — qi (81) 

For the complete cycle, 

—Wa = ^(gi + ^2) = Hd — He ( 82 ) 


The ideal coefficient of performance then becomes, from (78), (79), and 
(82), 


q2 He Ha 

— Wa Hd — He 


(83) 


where —Wa represents the net work done on the fluid and not the total 
work input to the compressor. 

The coefficient of performance may be visualized from the TS diagram 
of Fig. 130 in which the double-crosshatched area represents q 2 and the 
single-crosshatched area represents — tt?,. The coefficient of performance 
is the ratio of these two areas. It is evident that the coefficient of 
performance would be greatly improved if the free expansion along a6 
■were replaced with isentropic expansion in an engine, the work from 
which would be transmitted to the compressor. This scheme is rarely 
used because of mechanical complications. 

In developing Equation (83) it was assumed that the compression step 
is isentropic; actually some heat is generally absorbed in the piping 
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leading to the compressor, and during compression heat is at Qrst gained 
by conduction through the walls of the compressor. As the temperature 
is increased in the compression stroke, the temperature difference between 
the gas and its surroundings is removed. As a result the compression 
follows some curved path such as the broken line cjd'. The final tem- 
perature reached may be either higher or lower than that resulting from 
isentropic compression. Similarly, the work of compression may be 
either increased or decreased by such deviations from adiabatic con- 
ditions. 

The coeflicient of performance of a vapor compression cycle may be 
improved by two-stage compression with intercooling. However, the 
selection of the optimum intermediate pressure is different from that 
employed in ordinary compression in which the suction temperatures of 
all^stages are the same. 

In order that intercooling may be carried out with the same higher- 
temperature cooling medium that is used to maintain temperature Ti, 
it is necessary that compression be carried out adiabatically to a tem- 
perature greater than Ti. The gas is then cooled to approximately Ti, 
and compression is continued in another stage. A two-stage operation 
of this type is indicated by lines cfghe of Fig. 130. In this way work is 
saved corresponding to the area/i^M on the TS diagram. A modification 
of this scheme is to cool during the second stage of compression by inter- 
jecting liquid refrigerant from the reservoir. 

Refrigeration cycles are also operated with a gas such as air as the 
refrigerant without condensation at any stage. A gas refrigeration cycle 
comprises isentropic compression, isobaric cooling, isentropic expansion, 
and isobaric absorption of heat corresponding to a reverse Ciamot cycle. 
The power generated in the isentropic expansion is utilized to aid in 
driving the compressor. Despite its approach to Carnot eflBlciency, this 
type of refrigeration has been outmoded because of its mechanical com- 
plexity and the relative difficulty of heat transfer to a gas. 

Many different fluids are used in vapor-compression cycles. 
Ammonia, sulfur dioxide, carbon dioxide, methyl chloride, and the chloro- 
fluoroparaflSns, the so-called Freons are the most popular. Selection of 
the refrigerant is governed by the working temperatures, the limitation 
regarding he bulk of the compressor, the hazards of very high pressures, 
and many other considerations such as toxicity, inflammability, and 
corrosiveness. 

Bltistratioii 8. A compression refrigeration plant using propane is to be designed 
for a capacity of 50 tons of refrigeration per day at an evaporator temperature of 
30®F. Cooling water is available at 90®F, and the^condenser is to be designed for a 
condensation temperature of lOO^F. It is assumed that the compression is adiabatic 
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with a compression efficiency for the compressor of 85 per cent and a volumetric 
efficiency of 75 per cent. 

Calculate 

(a) The pounds of propane circulated per hour. 

(b) The heat removed in the condenser, Btu per hour. 

(c) The power required to drive the compressor. 

(d) Volumetric displacement of compressor, cubic feet per minute. 

(e) The coefficient of performance. 

In the absence of tables or charts on the thermodynamic properties of the refriger- 
ant, this problem can be solved by the following generalized procedure. 

Easts of calculattons: 1 lb-mole of propane circulated 

Let ffa = enthalpy of liquid propane at 100°F 

jffb = enthalpy of liquid propane at 30®F 
He = enthalpy of saturated propane vapor at 30°F 
Hd = enthalpy of propane vapor leaving compressor 
He — enthalpy of saturated propane vapor at 100°F 

Corresponding subscripts are used for entropies. For the reference state, use 
liquid propane at 30°F; Sb = 0; Hb — 0. Heat capacity of propane vapor, low- 
temperature range (page 336): 

4 = 7.95 -f- 0.00397ri*2fi Btu/ab-mole)(‘*R) 

Pe = 43.0 atm; Tc = 666“R 


Conditions in 

Condenser 

Evaporator 

From Table Ha 

p ~ 13.69 atm 

4.83 atm 


T = 560°R 

490°R 


pT — 0.318 

0.113 


Tr = 0.840 

0.735 

From Fig. 103: 

« = 0.78 

0.91 

From Fig. 107: 

S* 1.75 Btu /ab-mole)(°R) 

1.10 

From Fig. 106: 

{H* -H)ITc - 1.8 

0.88 

From Table XIII: 

X = 6040 Btu per lb-mole 

7250 


For isentropic compression from Equation (39) : 


Si-S, = (6^-S^-(SS-Sj) + (S^- Sc) 


s* -s* 


r 7.95 + 0.00397(r)i-»^ 

lO L ^ 


] 


dT - Bin 


13.69 

4.83 


(a) 


Ej — Sd depends upon the temperature Td leaving condenser E? — Ec = 1.10 


By trial-and-error solution of Equation (a), Td = 566E 

Hence, Trd = 0.85 Prs = 0.318 

SS-Sd = 1.62 (HS - Hd) ITo = 1.7 


Prom Equation (45), 


- (we)s (flow) ^ Hd- He 



(7.95 + 0.00397!ri-“) dT -'666(1.7 - 0.88) 


= 822 Btu per IB-mole 
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Since He = 7250, = 822 + 7250 = 8072 Btu per lb-mole 

He - Ha = (fit - Hi) - Te ^ — 

/»660 

/ (7.95 -1- 0.00397ri-“) dT - 666(1.8 - 1.7) = -222 

t/S66 

H. = 8072 - 180 = 7892 
H„ = 7892 - 6040 = 1852 

Heat absorbed in evaporator = (60) (60) (200) = 600,000 Btu per hour 

600 000 

(a) Propane circulation, rate = ~ lb-moles per hr or 4890 lb 

7250 — lo52 


(5) Heat transfer duty of condenser = (111) (8072 — 1852) = 691,000 Btu per hr 
Ideal work of compression = 111(822) = 91,300 Btu per hr 

91 300 

(c) Power to drive compressor = = ^2.2 at 85 per cent compression 

(0.85) (2545) 

efficiency 

490 1 

Volumetric intake = (111) (359) j (0.93) == 7650 cu ft per hr 

(d) Piston displacement of compressor at 75 per cent volumetric efficiency = 


(60) (0.75) 


= 170 cu ft per min 


(600.000) (0.85) 

(e) Coefficient of performance = (qi ^qq) ” 


An ammonia compression refrigeration system operating between the same 
temperature levels and with the same compression efficiency requires 46.8 hp and 
gives a coefficient of performance of 5.04. This compression indicates that use of 
propane as the fluid results in slightly improved performance as compared to 
ammonia, although the difference indicated is almost within the possible error of the 
generalized correlations. Propane has the advantage of a relatively high heat 
capacity which results in little superheating in the compression step. 


Absorption Refrigeration. The most widely applied absorption 
refrigeration cycle uses ammonia as the refrigerant and water as the 
absorbent. A flow diagram of such a process is shown in Fig. 131. This 
flow diagram indicates a type of operation which may be used for large- 
scale process refrigeration. Many other modifications of the basic 
ammonia absorption cycle are employed f o meet particular specific 
situations. Liquid ammonia from the accumulator is expanded freely 
through an expansion valve, where it is partly vaporized and then passes 
to the evaporator. The ammonia vapors leave the evaporator to an 
absorber where they are absorbed by weak ammonia liquor. In order to 
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reduce the amount of weak liquor circulated per unit mass of ammonia 
absorbed, it is necessary to cool the absorbent close to the temperature 
of the available cooling water and to provide intermediate cooling surface 
in the absorber. 

The strong ammonia liquor on its way from the absorber to the stripper 
is passed through a heat exchanger where it is heated countercurrently 
by the hot weak liquor on its way from the stripper to the absorber. 
The weak liquor after cooling in the heat exchanger enters the top of the 
absorber. The strong liquor is fed to the stripping column where heat is 
added by means of a reboiler to evaporate the ammonia. The vapors 



from the top of the stripping column are condensed, and a portion of the 
liquid is returned as reflux to the top of the stripping column which con- 
tains bubble decks or packing to effect fractional distillation. It is 
evident that the stripper must be operated at a pressure high enough to 
produce condensation of the ammonia at the temperature attainable with 
the available cooling water. 

Absorption refrigeration cycles are also in common use in which a 
simple still, with or without a partial condenser or dephlegmator, 
replaces the stripping column. In other modifications even the pump 
used for pumping liquid to the still is eliminated. This is accomplished 
by mixing with the refrigerant an inert gas of low density such as hydro- 
gen which permits the entire system to b^’^kept at a constant total 
pressure. However, different partial pressures of the refrigerant are 
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maintained for condensation and for evaporation. Circulation is main- 
tained by thermal convection induced by the still, and absorption pro- 
ceeds by the partial-pressure gradient of the refrigerant from vapor to 
liquid phase. Descriptions of such units which are used largely in house- 
hold refrigeration are given by Keenan.® 

The problems of design and analysis of absorption refrigeration 
systems involve a series of energy balances embracing the entire cycle 
and each of its parts. Thus, for the over-all process, with reference to 
Fig. 131, if changes in kinetic, potential, and surface energies are 
neglected, 

g2 + g* + gc + ga - = 0 (84) 

where = heat absorbed in evaporation 
— gc = heat removed in the condenser 

= heat added to ^stem in the stripper reboiler 
— Q'a = heat removed in the absorber 
—in, = work done upon the ^stem by the pump 

Energy balances for individual steps involve only enthalpy and heat 
terms except where the pump is included. Thus, for example, for the 
stripper, 

mjsHs “h ”h g« = thJSz, + (85) 

where is the mass of the stream 5 in Fig. 131, and Hs is the corre- 
sponding enthalpy per unit mass. The other symbols have similar 
significance. 

Since mixtures of varying concentrations are involved throughout the 
cycle, energy balances are most readily evaluated by means of an 
enthalpy-concentration chart, such as described in Chapter VIII. 
Fig. 132 is such a chart for the enthalpies of the ammonia-water system 
at various pressures and temperatures and for aU compositions and 
phases. Enthalpies are based upon 1 lb of the fluid and are referred to 
liquid ammonia at — 40°F and to liquid water at 32®F, each at its respec- 
tive vapor pressure at these temperatures. This chart is a modification 
of one prepared by Bosnjakovic® by the methods described in Chap- 
ters VII and XIV. 

The lowest group of lines on the chart represents the enthalpies of 
various solid phases of ice and ammonia with the indicated eutectic and 
congruent points. The next lowest group of curves represents the 
enthalpies of saturated solutions over the entire range of composition for 
various temperatures and pressure. The third group from the bottom is 

6 “ Technische Thennodynamik II," Theo. Steinkoff, Dresden and Leipzig (1935). 
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, 132. .Enthalpy Concentration of the Ammonia “ Water System. 

CReference: Water at 32°P, liquid ammonia at — 40°r). 




Chap. XIII] 


ABSORPTION REFRIGERATION 


585 


construction lines for obtaining vapor-liquid equilibrium relations The 
next higher group of lines represents the enthalpies of saturated vapors 
covering the entire range of composition at various temperatures and 
pressures. 

Conditions of vapor-liquid equilibria may be established by selection 
of points of equal temperature and pressure in the saturated liquid and 
vapor curves. Thus, point h represents saturated liquid containing 
16 per cent NHs at 300T and 200 lb per sq in. By following a vertical 
line from 5 to c and a horizontal line from do d the composition of the 
vapor in equilibrium with the liquid is found to be 60 per cent ammonia, 
on the corresponding pressure line. The enthalpies required in dealing 
with problems in absorption refrigeration may be read directly from 
Fig. 132. 

Illustration 9. An ammonia-absorption refrigeration plant of the t3T)e shown in 
Fig. 131 is to be designed for the same duty as the propane-compression plant of Illus- 
tration 8. The capacity is to be 50 tons per day with an evaporator temperature of 
30°F and pooling water such that condensation and cooling can be carried out at a 
temperattire of 100°F. In order that the evaporator pressure may be high and that 
no diflSlculty due to formation of Ice in the low-temperature sections of the plant will 
ensue, it is desired that the ammonia from the stripper shall contain only 0.5 per cent 
by weight of water. It may be assumed that the absorber produces contacting of 
such effectiveness that the ammonia concentration of the strong liquor is 95 per cent 
of the equilibrium value. It also may be assumed that vaporization is completed in 
the evaporator under conditions such that the total vapor formed is at all times in 
equilibrium with the residual liquid. 

The design study is to be based on the following arbitrary specifications: 

(1) Temperature of weak liquor leaving the heat exchanger, 120°F. 

(2) Reflux ratio of stripper [weight of stream (9) /weight of stream (1)1 = 0.50. - 

(3) Ammonia content of weak liquor, 20 per cent by weight. 

(4) Temperature of strong liquor leaving absorber, 100®F. 

These specifications might be varied over wide ranges with resulting changes in the 
design of ^e plant for the given duty. These changes would affect both the capital 
and direct operating costs.. A series of design studies in which such specifications are 
varied is necessary in order to arrive at an optimum design which results in minimum 
over-aU operating costs. 

In this design study it is permissible to neglect: 

(1) Heat exchange between the equipment and its surroundi n gs. 

(2) Variations in pressure in both the high- and low-pressure sections of the plant. 

(3) Variation in temperature of the ammonia-water mixture in the evaporator. 
The evaporator pressure may be conseiyatively established as corresponding to com- 
plete vaporization at the specified temperature. 

On this basis calculate a complete material and energy balance of the plant together 
with the temperatures and pressure at all points. Also calculate: 

(а) The heat-transfer duties of the condenser, absorber cooler, heat exchanger, and 
reboiler, in Btu per hour. 

(б) The hydraulic horsepower of the pump. 

(c) The pressqre and quantity of dry saturated steam required for heating the 
reboiler with a 10°F temperature difference. 
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Solviion: The material and energy balances are established simultaneously from 
the data of Pig 132, starting with the evaporator. These calculations are sum- 
marized in Table A where the streams are identified by the numbers of Fig 131. 
The results in this table, are reported in more significant figures than are justified by 
the accuracy of the data in order that the numerical accuracy of the calculations may 
be readily verified by over-all balances. 

(1) The pressure of stream (1) is read from Fig. 131 as 210 lb per sq in. ; the equilib- 
rium pressure of liquid containing 99.5 per cent NH® at 100°F. 

(2) The pressure of stream (2) is the equilibrium pressure of saturated vapor con- 
taining 99.6 per cent NHa at 30°F, which is read from Fig. 131 by a trial-and-error 
procedure. A trial value of the equilibrium pressure is assumed, and a horizontal 
line is followed from the point representing saturated vapor at this pressure and 
99.5 per cent NHs over to the corresponding construction line, A vertical line is 
followed downward from this point to the 30®F line of the saturated liquid curves, and 
the corresponding equilibrium pressure is read. This second approximation pressure 
is used to repeat the operation until consistent pressures are obtained. In this man- 
ner it is found that the evaporator pressure is approximately 45 lb per sq in. and that 
the liquid in equilibrium with the vapor leaving the evaporator contains 77 per cent 
NH,. 

TABLE A 


Material and Energy Balances op 
Ammonia Absorption Refrigeration Plant 

NH, 



Per Cent 


Ahs Pressure, 

H 

m 

Hn. 

Stream 

hy Wgt 

eF 

lb per sq in* 

Btu per lb 

lb per hr 

Btu per hr 

1 

99.5 

100 

210 

152 

1229.5 

186,880 

2 

99.5 

30 

45 

640 

1229.5 

786,880 

3 

40.0 

100 

45 

-5 

4887.3 

-24,440 

4 

40.0 

1004- 

210 

-4.4 

4887.3 

-21,660 

5 

40,0 

217 

210 

128.8 

4887.3 

629,432 

6 

20.0 

290 

210 

220 

3657.8 

804,720 

7 

20.0 

120 

45 

42 

3667.8 

163,628 

8 

99.5 

110 

210 

650 

1844.3 

1,198,800 

9 

99.5 

100 

210 

152 

614.8 

93,450 


The rate of stream (2) is fixed by the heat-transf®r duty of the evaporator and the 
dillerences in specific enthalpies of streams (1) and (2) . Thus, 

mi = (50K200)(60)/(640 - 152) = 1229.5 lb per hr 

(3) The ammonia content of the strong liquor is 95 per cent of the equilibrium 
concentration at 100®F and 45 lb per sq in., which is read from Fig 131. Thus, 
NHs in stream (3) = 0.95 X 42 = 40 per cent. It may be assumed that the enthalpy 
of a liquid which is not completely saturated with NHs is the same as t^t of a satu- 
rated solution of the same NHs content and at the same temperature. On this basis 
Hs = --5Btuperlb 

The rate of stream (3) is determined by the over-all material balance and the 
- ammonia balance of the absorber. Since from the over-all material balance m? =» 
— 1229,Sf 

i 1229.5)0.20 -h (1229.5) (0.995) 

BliS: H m, = 3,657.8 
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(4) The work done by the pump is calculated from Equation (61) The data of 
the International Critical Tables indicate a density of approximately 0.86 for a 
solution at these conditions. 


— u?. 


(210 ~ 45) (144) (4887.3) 
(62.4) (0.86) 


Power input to fluid 


2,160,000 
(60) (33,000) 


2,160,000 ft-lb per hr 
= 2,780 Btu .per hr 
1.09 hydraulic hp 


In order to determine the power required for the pump drive, the hydraulic horse- 
power must be divided by the fractional efficiency of the pumps. 


Enthalpy increase of the fluid in the pump 


2780 

4887.3 


= 0.57 Btu per lb 


(5) The temperature of the feed to the stripper is determined by an energy balance 
around the heat exchanger. The quantity of stream (7) is determined and its 
enthalpy may be evaluated from the specified temperature of 120®F. The tempera- 
ture of stream (6) is the equilibrium temperature of a solution containing 20 per cent 
NHs at a pressure of 210 lb per sq in., which is read from Fig. 131 as 290°F with an 
enthalpy of 220 Btu per lb. The enthalpy of stream (5) is then calculated from the 
specific enthalpies of Table A and the energy-balance equation mshfs = TWafle + 
wufli — mHr or 

miHt *= 804,720 - 21,660 - 153,628 = 629,432 Btu per hr 
Ei =_629, 432/4887.3 = 128.8 Btu per lb 

This specific enthalpy corre^nds to a temperature of approximately 217®F on 
the saturated liquid lines of Fig. 132 which is above the saturation temperature of 
202°F for a 40 per cent solution at 210 lb per sq in. Thus, the feed to the stripper is 
partially vaporized by the heat exchanger. The heat-transfer duty of the exchanger 
is 804,720 - 153,628 *= 651,092 Btu per hr. 

(6) The heat input to the reboiler is determined by an over-all energy balance 
around the stripping column. The rate of stream 9 is fixed by the specified reflux 
ratio and mg *= mg + mi. The corresponding enthalpies are read from Fig. 132 as 
listed in Table A. The temperature of stream (8) is the temperature of the saturated 
liquid which is in equilibrium with vapors containing 99.5 per cent NHg at 210 lb per 
sq in. From Fig. 132 it is seen that this dew-point liquid has a composition of 
approximately 85 per cent NHg and a temperature of 110®F, From Table A, 

« mgHg + m«He - mgffg - = 1,198,800 + 804,720 - 629,432 - 93,450 

= l,2k),638 Btu per hr 

The heat removed by the condenser is expressed by 

= mgffg - miEx - m«H, = 1,198,800 - 186,880 - 93,450 = 918,470 Btu per hr 
The heat removed in the absorber is expre^ed by 

-ga « rnrHy - mgffg == 153,628 + 786,880 - (-24,440) = 964,948 Btu per hr 

These results may be Substituted in Equation (84) as a verification of the calculation. 
Thus, 

600,000 + 1,280,638 - 918,470 - 964,948 + 2780 - 0 
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(7) The steam used for heating the reboiler must be at a temperature of 300®F 
which corresponds to an absolute pressure of 67 lb per sq in. or a gauge pressure of 52 
lb per sq in. If it is assumed that the condensate is withdrawn at 300°F, heat to the 
reboiler per pomd of steam is the heat of vaporization which from the steam table is 
910 Btu per lb. 

1 280 638 

Reboiler steam rate = — ^ — — 1407 lb per hr. 

If the results of Illustrations (8) and (9) are compared, it is seen that with the 
particular specifications employed identical refrigeration duties are performed by a 
44.3-hp mechanical drive in the one case and by 1,407 lb per hr of 52-lb steam in the 
other. If the heating steam were used to operate the drive of the compression noa- 
chine an engine with a steam rate of 34 lb. per hp-hr would be required. This corre- 
sponds to an engine efiBiciency of 65 per cent if the exhaust is at atmospheric pressure. 
The heat to cooling water in the absorption cycle is (1.96)10® Btu per hr as compared 
to (0.696)10® in the compression machine. This difference in coohng-water require- 
ment is greatly reduced if a steam drive with a condenser is used for the compressor. 

It may be concluded that the relative desirability of compression and absorption 
refrigeration cycles is largely dependent upon particular local conditions. The 
absorption operation is favored by the availability of low-cost exhaust steam for 
heating the reboiler. The choice of a refrigeration cycle thus involves consideration 
of the entire power-steam balance of the plant. As previously mentioned, many 
modifications of the absorption cycle are possible in order to adapt it to local con- 
ditions. 

Other binary systems have been used for absorption refrigeration, but 
the ammonia-water is the most common. The chief diflBculty in the 
development of other binary systems is in the selection of an absorbent of 
high absorption capacity and ease of separation, and one that is non- 
toxic, noncorrosive, and not decomposed by prolonged use at the stripper 
temperatures. 

Refrigeration cycles based upon the adsorption of refrigerant vapors 
upon solid adsorbents have been used to a limited extent and may 
develop to greater importance. Such schemes operate on an inter- 
mittent cycle, adsorbing vapors at low temperature and pressure in one 
chamber, while another chamber is evolving previously adsorbed vapors 
at a higher temperature and pressure. Adsorbents of high capacity 
such as silica gel, activated alumina,’ or charcoal may be used with a 
variety of fluids. The disadvantages of these methods are the inter- 
mittent nature of the operation and the difficulty of transferring heat to 
a solid material. The thermodynamic problems of adsorption refrigera- 
tion may be handled by the same general principles as demonstrated 
here for the absorption systems. ' It is desirable to develop an enthalpy- 
composition chart for the adsorbed system to facilitate calculations. 
Such a chart is shown in Fig, 62, page 300, for water vapor on silica gel. 
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Low-Temperature Liquefaction of Gases. It is frequently desired to 
liquefy gases such as air which are normally far above their critical tem- 
peratures. The object may be to separate components of a gaseous mix- 
ture by subsequent fractional distillation or to produce very low-tem- 
perature refrigeration, below the practical working ranges of the 
common refrigerants. 

In order to obtain liquefaction of such gases, combined cooling and 
compression must be produced. For example, air must be cooled to 
-t 140.7°C before it can be liquefied even at high pressures. When 
working with gases of very low critical temperatures, it may be necessary 



Fig. 133. Low-Temperature liquefaction of Gases. 

to precool by means of conventional refrigeration. The lower tempera- 
tures required for liquefaction are then produced by the self-cooling 
cycle shown diagrammatically in Fig. 133. 

’ The gas to be liquefied enters the system at temperature Ti and pres- 
sure Pi and is combined with recycled gas which drops the temperature 
slightly to T 2 . The gas is then compressed to pz with an increase in 
temperature. Multistage compression is generally employed with rejec- 
tion of heat — qi in the intercoolers. The compressed gas is cooled at the 
interstages with water or a cooling fluid circulated by a conventional 
refrigeration system. The compressed gas is passed to a heat exchanger 
where it is cooled by a return flow of the same gas after its expansion. 
The cold compressed gas is then expanded to a lower pressure with a 
corresponding drop in temperature. This expansion may be carried out 
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isentropically, and the power developed may be used in the compressor 
drive or for other purposes. This scheme is termed the Claude process. 
More commonly, however, the simple Linde process involving free 
expansion through a throttling valve is used, even though the tempera- 
ture drop is much less, and no work is recovered. The cold expanded 
mixture of liquid and gas passes to a separator where the liquid is 
collected and the uncondensed gas is returned to the heat exchanger and 
thence to the compressor inlet, completing the cycle. 

The design or performance of a gas-liquefaction plant may be devel- 
oi)ed without difficulty from principles already demonstrated. With 
reference to the stream numbers of Fig. 1,33, it is desirable to base the 
design on specified values of pi, pz, ps, Ti, Tz, and T 7 . Energy balances 
involving a;, the fraction of the compressed stream which is liquefied, 
may then be established. Thus, if free expansion is used and changes of 
kinetic and potential energy and the exchange of heat with the surroimd- 
ings are neglected, 

Hz = xHz + (1 - x)H 7 (86) 

Since Hz is fixed by the saturation conditions at pz, Equation (86) 
may be solved directly for x. Evaluation of x permits establishment of a 
complete material balance to correspond to the specified rate of produc- 
tion of liquid. The intermediate temperatures and the heat-transfer and 
compression duties are then readily calculated. If absorption of heat 
from the surroundings is appreciable, these items should be included in 
the energy balance. 

It is evident that the Linde process is applicable only to gases which 
cool in free expansion. With reference to Fig. 105, it is seen that free 
expansion cooling is not obtained at reduced temperatures above 6. 
Hence, for example, in order to liquefy hydrogen, it is necessary to pre- 
cool to 100°K before the Linde process may be employed. 

VAPOR-RECOUflPRESSION EVAPORATION 

The evaporation of water from nonvolatile solutes or suspensions is 
generally accomplished by multiple-effect evaporators, such as illus- 
trated in Fig. 29, page 180. In this scheme several poxmds of water may 
be evaporated by the use of 1 lb of heating steam, depending upon the 
number of effects used. A somewhat similar result can be produced in 
more compact and simple equipment by the use of the vapor-recom- 
pression cycle, as shown diagrammatically in Fig. 134. 

A dilute solution at a temperature Ti is charged to the .evaporator con- 
taining the boiling concentrated solution at temperature T 2 and pressure 
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P 2 . As a result of the elevation of the boiling point of the solution over 
that of pure water, the vapors evolved are superheated. ' These vapors 
are isentropically compressed to p 4 , the pressure of the fresh steam 
supply, and combined with this supply to the evaporator. Condensate 
is withdrawn substantially at the satmation temperature of the heating 
steam. Concentrated 'solution is continuously withdrawn from the 
bottom of the evaporator to maintain a constant liquid level and con- 
centration. 

By this method it is possible to evaporate several pounds of water per 
pound of steam supply through the addition of a relatively small amoimt 



Fig. 134. Vapor Recompressaon Evaporation. 


of energy as shaft work in the compressor. However, the cost per unit of 
energy as shaft work is much higher than as heat. The following equa- 
tion expresses the energy balance of an evaporator in which mi is the feed 
rate in ik>unds per hour, m 2 is the rate of evaporation, and ms is the irate of 
supply of fresh steam. 

mjffi ■+■ msffs == (^2 + + (mi — (87) 

where the H values reprint enthalpies per pound corresponding to 
the designations on Fig. 134. For specified values of mi, m 2 , P 2 and p 4 , 
the work done on the vapors in the compressor is calculated by the 
methods previously demonstrated. The heating steam requirements ms 
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is then obtained directly from Equation (87) and the ratio of evaporation 
to steam m^lmh may be calculated. 

This scheme of evaporation is of interest where power costs are low and 
fuel costs high. Such a situation might exist in the vicinity of large 
hydroelectric-power developments. 

PROBLEMS 

1 . Calculate from the changes in the energy functions, the work done, the heat 
.added, and the changes in T, v, s, u, h, a, and G in the reversible expansion to 
1 atm by each of the following methods of 1 lb-mole of chlorine originally at an abso- 
lute pressure of 500 lb per sq in. and 250°F. The initial absolute entropy of chlorine 
is 48.76 Btu /(lb-mole) (°R). Carry out these calculations (I) assuming ideal behav- 
ior, (II) taking into account deviations from ideal behavior by the generalized correla- 
tion. Express work in foot-pounds and the energy functions in Btu. 

(а) . Nonflow isothermal. 

(б) Plow isothermal. 

(c) Nonflow isentropic. 

(d) Flow isentropic. 

(c) Maxwell expansion. 

(/) Joule-Thomson expansion. 

The physical properties of chlorine are as follows: 

c% = 8J28 -h 0.00031 r Btu/ab-mole)(°R)6 [T = ®R] 

Normal boiling point = 430®R 

X — 8780 Btu per lb-mole at 430®R 
Te — 750°R; pc — 76.1 atm 

Molecular weight = 70.9; Pl = 1.56 g per cc at 430°R 

2. Repeat the calculations of parts all and 6II of problem 1 by graphical integra- 
tion of the pV changes based on the generalized compressibility-factor correlation. 

3. Propane at an absolute pressure of 200 lb per sq in. and 120°F is expanded 
through a valve to an absolute pressure of 39 lb per sq in. Using the generalized 
thermodynamic correlations and the vapor-pressure equation from Table Ila, page 73, 
calculate the temperature on the downstream side of the valve and the quality or 
degrees of superheat of the vapor above saturation before and after expansion. 

4. The expansion- referred to in problem 3 might also be carried out isentropicaUy 
in an engine. Calculate the temperatme and degrees of superheat or quality after 
expansion in this manner and the ideal work performed per pound-mole. 

‘6. A Rankine-cycle power plant generates dry saturated steam at a gauge pressure 
of 400 lb per sq in. which is isentropicaUy expanded through engines to an exhaust 
gauge pressure of 10 lb per sq in. for use in process heating. It may be assumed that 
the condensate is returned to the boilers at its saturation temperature under the 
exhaust pressure by an isentropic pump. 

(a) By means of the data of the steam tables, determine the number of pounds of 
dry saturated low-pressure steam available for process heating per 100 lb of high- 
pressure steam generated. 


K. K. KeUey, U. S. Bur, Mines. Bull, 371 (1934). 
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(6) Calculate the ideal thennodyiiamic eflSciency of the cycle. Compare this 
result to the Carnot efficiency. 

(c) Calculate the ideal water rate of the engine. 

6. Determine the effect on the results of problem 5 of superheating the steam 100®F. 

7. A pump is driven by a steam engine which delivers 20 hp and operates on dry 
saturated steam at 400 lb gauge pressure and exhausts at an absolute pressure of 
2.0 lb per sq in. The engine efficiency is 70 per cent. Using data from the steam 
tables, calculate the pounds per hour of steam required and the heat-transfer duty of 
the condenser in Btu per hr. Compare the ideal steam rate of the engine with that of 
problem 5c. 

8. A single-stage compressor is required to compress 450 cu ft per min of CO 2 
measured at 60°F and 14.5 lb per sq in. abs from an absolute pressure of 5 lb per sq in. 
and 80®F to an absolute pressure of 20 lb per sq in. Assuming isentropic compression, 
calculate the horsepower required to drive the compressor, the required piston dis- 
placement in cubic feet per minute and the discharge temperature, assuming a volu- 
metric efficiency of 77 per cent and a compression efficiency of 83 per cent. 

9. The compression duty of problem 8 might also be handled by a two-stage 
machine with intercooling to 80°F. Calculate the horsepower required to drive the 
compressor in this operation and the discharge temperature, assuming the efficiencies 
given in problem 8. 

10. Anhydrous HCl {Ib = — 85‘^C; te = 51.4°C,‘ pc = 81-6 atm) at an absolute 
pressure of 30 lb per sq in. and 80°F is to be compressed to 450 lb per sq in. abs at a 
rate of 100 cu ft per min measured at 60®F and 14.5 lb per sq in. A two-stage ma- 
chine is to be used with intercooling to 80°F. The compression efficiency based, on 
isentropic compression in each stage is 80 per cent and the volumetric efficiency 
65 per cent. The heat capacity of HCl in the ideal state is given in Table V. The 
intermediate suction pressure may be calculated from Equation (73). 

Assuming isentropic compression in each stage, calculate: 

(а) The horsepower required. 

(б) The required piston displacement, cubic feet per minute each stage. 

(c) The discharge temperature. 

11. A compressor having a 75 per tent mechanical efficiency is to compress 1.5 
lb-moles of ammonia per minute from an absolute pressure of 15 lb per sq in. and 
100°F to 200 lb per sq in. abs. The operation is to be in two stages, each of which 
may be assumed to be isentropic with intercooling to 115°F. By use of Figs. 116-119 
calculate the power required to drive the compressor when designed for the optimum 
intermediate pressure. Calculate the discharge temperature from each stage and the 
heat-transfer duty of the intercooler, and compare the optimum intermediate pressure 
with that calculated from Equation (73). 

12(a). The refrigeration duty of lUustrarion 8 is to be performed by a plant using 
ammonia as .the refrigerant, and with the same temperature levels. Assuming the 
same compressor efficiencies, calculate the power input, piston displacement, coeffi- 
cient of performance, and heat input to the condenser for the ammonia machine. 
Compare these values and also the operating temperatures and pressures with those 
of the propane system. 

(6) Repeat the design for an evaporator temperature of 0®F. 

13. Design an ammonia-water absorption refrigeration plant for the conditions 
specified in Illustration 9 except that the evaporator temperature is to be maintained 
at 0°r and the reflux ratio increased to 0.9 because of the more dilute solutions 
handled. Compare the heat-transfer duties, circulation rates, and steam requirement 
with those of Illustration 9. 
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14. It is desired to design a plant for the liquefaction at atmospheric pressure of 
2000 lb per day of ethylene. The ethylene is available at a pressure of 1 atm and 
90®F. Develop a process design for the plant on the basis of compression to 50 atm 
in a four-stage compressor with intercooling to 90®F’. The compressed ethylene is 
cooled to 90®F, and the recycle gas is heated to 70®F in the heat exchanger. Gain 
or loss of heat by the equipment may be neglected and isentropic compression assumed 
in each stage of compression. Equation (75) may be used to establish the inter- 
mediate pressures in multistage compression. 

Calculate: 

(а) The fraction of the compressor discharge which is liquefied. 

(б) The temperatures at aU points of the cycle. 

(c) The horsepower input to the gas in each stage of the compressor. * 

(d) The heat-transfer duties of the cooler and heat exchanger in Btu per hour. 

15 . It is desired to concentrate continuously 1000 lb per hr of a 10 per cent calcium 
chloride solution in a vapor-recompression evaporator to 40 per cent concentration. 
The dilute solution enters at 100°F. The evaporator is operated at an absolute 
pressure of 3.0 lb per sq in. Dry saturated heating steam is supplied at an absolute 
pressure of 20 lb per sq in. 

Calculate: 

(а) The steam required from outside the cycle in pounds per hour. 

(б) The pounds of water evaporated per pound of outside steam. 

(c) The horsepower input to the compressor at 75 per cent compression eflBiciency. 

In solving this problem the enthalpy-concentration chart for the calcium-chloride- 
water ^tem. Fig. .54, page 281, may be used. 



CHAPTER XIV 

THERMODYNAMICS OF SOLUTIONS 


The thermodynamic principles which are developed in previous chap- 
ters are applied in Chapters XII and XIII to problems involving essen- 
tially pure substances. The general relations of Chapter XI are in no 
way restricted to pure substances and may be validly applied to solu- 
tions and mixtures of all types. Such applications are complicated by 
the introduction of composition as an added variable. 


COMPRESSIBILITy OF GASEOUS MIXTURES 

The laws of additive pressures and of additive volumes discussed in 
Chapter II, page 37, when considered separately, do not necessary 
imply ideal gases. In general, these laws apply with much greater ac- 
curacy than the ideal-gas law and are reasonably satisfactory even where 
pressures are moderately high. As previously pointed out, either Dal- 
ton's or Amagat's law may hold for actual gases, but together they hold 
rigidly only for ide^ gases. Which of these laws gives the better ap- 
proximation depends upon the conditions and the nature of the gaseous 
mixture. For example, for mixtures of argon and ethylene Dalton's law 
of additive pressures is the more nearly accurate; for mixtures of nitro- 
gen and hydrogen the law of additive volumes holds better. 

Mean Compressibility Factors. A simple empirical equation of state 
for a mixture of gases may be written in a form similar to Equa- 
tion (XII-3), thus, 

, pV = Zr^tRT ' (1) 

where 

p = total pressure of mixture 
V = total volume of mixture 
Zm = mean compressibility factor of mixture 
nt = total number of moles of gases in mixture 

Equation (1) permits calculation of the pressure, temperature, and vol- 
ume relationships of gaseous mixtures of known compositions if the mean 
compressibility factors are known. The mean compressibility factor is 

595 



596 


THERMODYNAMICS OF SOLUTIONS 


[Chap. XIV 


a function of the pressure, temperature, and composition of the mixture. 
By the same methods which were described for a pure gas, the compressi- 
bility factors of a mixture of fixed composition may be determined and 
expressed graphically as a function of pressure, temperature, or molal 
volume. In order to obtain complete information regarding a particular 
system, these measurements must be repeated with mixtures of different 
compositions. Because of the great amount of experimental work in- 
volved, only a few simple systems of binary gaseous mixtures have been 
investigated and these only over relatively narrow ranges of conditions..^ 



Fig. 135. Compressibility Factors of Mixtures of Hydrogen and Nitrogen at O^C. 

Bartlett^ has carried out a series of careful determinations for mixtures 
of hydrogen and nitrogen at a temperature of 0°C. The results of this 
investigation are shown graphically in Figs. 135 and 136. In Fig. 135 
is shown the variation of the mean compressibility factor with pressure 
for mixtures of various molal compositions. In Fig. 136 is shown the 
variation of the compressibility factor with the composition of the mix- 
ture at various pressures. If Amagat's law is assumed to apply, an ex- 

1 '' International Critical Tables/’ m, 17. 

2E. P. Bartlett, J, Am, Chem. 'Soc,, 49, 687-701, 1955-1958 (1927). 
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pression for the mean compressibility factor follows: 

ZAnA + zbUb + zcfric 

Zm — * ( 2 ) 

nt 

where 

za = compressibility factor of component A at the temperature 
and total pressure of the mixture 

This equation permits the approximate calculation of the mean com- 
pressibility factor of a mixture, at any conditions of temperature and 
pressure, from the compressibility factors of the component gases at the 



Fig. 136. Compressibility Factors of Mixtures of Hydrogen and Nitrogen at 0®C. 

same conditions. The dotted lines on Fig. 136 represent the results ob- 
tained by the application of Equation (2) to the mixtures of hydrogen 
and nitrogen at the conditions investigated. It may be noted that for 
this system the validity of Amagat^s law is satisfactory, the maximum 
error being of the order of 2.5 per cent. 

Equations (1) and (2) may be used in conjunction with compressibility 
data on the pure components obtained either by direct measurement or 
from Fig. 103. This procedure yields fairly satisfactory results where 
the compressibility factor of none of the individual components is smaller 
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than 0.5. Serious errors result if the conditions of the mixture are close 
to the critical points of any of the components. This method involves 
questionable extrapolations of Fig. 103 for components whose liquid- 
vapor pressure at the temperature of the mixture is less than the total 
pressure of the mixture. 

Illustration 1. A gaseous mixture containing 6 lb of methane and 4 lb of ethylene 
is compressed to 30 atm at 100°F. Calculate the volume occupied by the compressed 


Basis: 10 lb of mixture: 


Pound-moles of gas 
Critical temperature, °R 
Critical pressure, atm 
Reduced temperature 
Reduced pressure 
Compressibility factor (Fig. 103) 

Mean compressibility factor of mixture = 


Methane 

0.374 

343 

45.8 

660/343 - 1.63 
30/45.8 = 0.654 
0.95 


Ethylene 

0.143 

510 

50.9 

560/510- 1.10 
30/50.9 - 0.59 
0.83 


(0.95) (0.374) + (0.83) (0.143) 
0.517 


- 0.916 


7.(0.™K0.617)(35.)Q(i) 


— 6.46 cu ft 


Beattie-Bridgman Equation for Mixtures. Where a high order of 
precision is required in dealing with a gaseous mixture, the Beattie- 
Bridgman Equation (XII-2) may be applied to the entire mixture using 
the following average constants derived from the individual constants of 
the components as proposed by Beattie.® 

vXI = 'snVAo 

dm = 'ENa 
= ZNBo 
= XNh 
= me 

where 

Aomj Cbm, etc. = average constants for the mixture 

ZAtVaI, may etc. == summations of the products of the mole fractions 
times the mdicated functions of the constants 
of each of the component gases 

Beattie found' that equations with average constants derived in this 
manner were in good agreement with experimental data on the com- 
pressibihty of mixtures. For the systems investigated the 
error encoxmtered was 0.55 per cent. 

3 J. A. Beattie, J, Am, Chem. Soc.j 51, 19 (1929). 
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This method requires a knowledge of the Beattie-Bridgman constants 
of each component gas and is of limited utility for that reason. 

Critical Phenomena of Gaseous Mixtures. The behavior of a mixture 
in the region of the critical point is best understood by reference to the 
pressure-temperature diagram of Fig. 137. 

Curve AC' represents the vapor-pressure of a pure compound having 
the critical temperature and pressure corresponding to point C'. For a 
single-component system the area to the left of this curve represents the 
region of the liquid phase, and the area below it is the region of the 
vapor phase. 



Fig. 137. Critical Phenomena of Mixtures. 

The sloping straight lines on Fig. 137 are lines of constant volume 
for the single-component system and are termed isockors or isometrics. 
It has been found that for most substances the isometrics are approxi- 
mately straight, represented by the equation, 

p = mT — 6 (3) 

where m and 6 are constants dependent on the volume and the substance 
under consideration. 

Curve BDSCFGJ? repre^ts what is termed the border curve of a mix- 
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ture having the same average volatility as that of the pure compound 
represented by line AC\ but made up of two or more substances of dif- 
ferent volatilities. The area enclosed by the border curve represents a 
two-phase region in which both liquid and vapor are present in equilib- 
rium. Line BDE represents conditions of initial vaporization, to the 
left of which is the region of complete liquefaction termed the bubble- 
foird Hue. Line HGF termed the dew-point line represents conditions 
of initial condensation below which is a region of complete vaporization. 

Point C represents the critical point of the mixture. This critical 
point does not necessarily correspond to a maximum temperature at 
which the liquid phase can exist as in the case with a pure component, 
but rather the particular point on the border-line curve where the vapor 
and liquid phases become indistinguishable, or where the bubble-point 
and dew-point lines meet. In general, both the critical temperature and 
the critical pressure of a mixture are higher than those of a pure com- 
pound having the same average volatility. 

It may be noted that the dew-point Une passes through a maximum 
temperature at F. Thus, in the case of a mixture, liquid may exist at a 
temperature higher than the critical temperature. This maximum tem- 
perature F on the border curve is termed the critical-condensation tem- 
perature. Similarly, in the case of many noixtures the bubble-point 
line passes through a point of maximum pressure E, higher than the 
critical pressure. The areas FJCM and EKCL represent regions of 
retrograde condensation. If the mixture at the condition of pomt 1 is 
compressed at constant temperature, a more dense phase appears at 
point G on the dew-point line. As the pressure is further increased, the 
quantity of this more dense phase increases to a maximum at point J 
and then diminishes, disappearing entirely when point M is reached. 
This type of retrograde condensation occurring in area FJCM is called 
the first type. If the liquid mixture at conditions of point 3 is heated 
at constant pressure, a less dense phase appears at point D on the bubble- 
point line, reaches a maxnnum at point K, and then diminishes, disap- 
pearing entirely at point L. The type of retrograde condensation which 
occurs in area EKCL is called the second type. 

The entire area outside the border curve is a region of homogeneous 
fluid in which no phase separations occur. Moving clockwise in the 
region about the border curve, the liquid phase merges imperceptibly 
into the vapor phase. 

Retrograde condensation is of particular interest in petroleum pro- 
duction. When natural gas is withdrawn from high-pressure weUs, liq- 
uid gasoline condenses upon release of pressure. The residual gas may 
then be recompressed and recycled to the underground oil-bearing for- 
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mation where it again reaches equilibrium with the liquid oil. As a 
result low-boiling fractions of oil enter the gas phase and are subsequently- 
recovered by the retrograde condensation accompanying the expansion 
step. A full discussion of this operation is given by Katz and Kurata.^ 
It may be noted from Fig. 137 that retrograde condensation of the 
first type occurs when a constant-temperature line twice crosses the dew- 
point line (broken line), and retrograde condensation of the second type 



Fig. 138, Pressure— Temperature Diagrams for Mixtures of Ethane and rir-Heptane 
at Various Compositions. 

occurs when a constant-pressure line twice crosses the bubble-point line 
(solid line). Both types of retrograde condensation occur in a given 
mixture when the critical point C lies on the border curve between the 
TnflviTmiTn pressure E and the maximum temperature F. When the 
border curves of a binary system are obtained for the entire range of 
compositions, it is found that the critical temperatures occur at different 
points on the border-line curves relative to E and F, 

These effects are illustrated in Fig. 138 showing the border curves 
of various mixtures of e-fchane and heptane as de-termined by Kay.® 

* D. L. Blatz and F. Kurata, Ind. Eng, Chem.j 32, 817 (1940). 

5 W. B. Kay, Ind, Eng, Chem., 30, 459 (1938), reprinted with permission. 
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line ACa is the vapor-pressure curve of pure ethane, and point Ca is 
its critical point’ Line BCh has the same significance for pure heptane. 
The lines 2-6 are. the border curves for five different mixtures conta in ing 
the indicated mole percentages of ethane. The corresponding critical 
points of the mixtures are designated as respectively, the corre- 
sponding maximum pressure as and the maximum temperatures 

as FttFh, It may be noted that for compositions 2 and 3 only retro- 
grade condensation of the first type can occur, whereas for compositions 5 
and 6 both types can occur. Line CJC!^ • • • C%Ch represents the envelope 
of all critical points for all possible mixtures of ethane and heptane. 
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Fig. 139. Temperature-Composition Diagrams for Mixtures of Ethane and 
n-Heptane at Various Pressures, ' 

If the envelope curve were of such shape that it approached point Ch 
with a positive slope, it would indicate the existence of mixtures having 
critical temperatures higher than that of the higher boiling component. 
These mixtures would have critical points lying in a clockwise direction 
beyond the corresponding points E and F, both of which would be oh 
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the bubble-point line. Such mixtures could exhibit only retrograde 
condensation of the second type. This situation is possible but unusual. 



Liquid, Mole Per Cent Ethane 

Fig. 140. Vapor-Liquid Mole Fraction Relations for Ethane-n-Heptane at Various 

Pressures. 

Isobaric boiling-point curves and liquid-vapor composition curves of 
the ethane-heptane system® at different pressures are plotted in Figs. 139 
and 140. 

Each envelope on Fig. 139 corresponds to the indicated constant pres- 
sure. The upper curve relates temperature to vapor composition and 
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the lower to liquid composition. Thus, at a pressure of 100 lb per sq in. 
and a temperature of 190°F liquid of the composition corresponding to 
point 1 is in equilibrium with vapor of the composition of point 2. It 
may be noted that as the pressure is increased the range of the two- 
phase region is reduced. This behavior is of great importance in the 
design of distillation equipment. At pressures higher than 396 lb per 
sq in. pure heptane cannot exist in the liquid phase in contact with 
ethane gas, and this represents the highest pressure at which pure hep- 
tane can be separated by distillation. At pressures between 396 and 
712 lb per sq in., distillation can theoretically separate mixtures into 
pure ethane and liquid solutions of ethane in heptane. At pressures 
above 712 lb per sq in. pure ethane cannot be separated, and distillation 
can produce separation only into two mixtures, one rich and one poor 
in ethane. The maximum pressure at which a two-phase system can 
exist is 1263 lb per sq in., the maximum of the envelope curve of Fig. 138. 
This is the maximum pressure at which any type of distillation of the 
system can be conducted. 

Pseudocritical Point. It was shown by Kay^ that the pVT data of a 
gaseous mixture may be satisfactorily correlated by the generalized com- 
pressibUity-factor curves of Fig. 103 if pseudocritical temperature and 
pressure are used for the calculation of reduced temperatures and pres- 
sures. For all except pure compounds or mixtures of compounds differ- 
ing little in physical properties, the pseudocritical temperature and pres- 
sure are less than the true critical temperature and pressure. 

It was found that the pseudocritical properties are approximately 
equal to the molal averages of the critical properties of the components. 
Thus, the pseudocritical temperature Tc of a mixture is approximately 
the molal average of the critical temperatures of the components, and 
the pseudocritical pressure pc is approximately the molal average of the 
component critical pressures. 

Kay's measurements indicated some differences between correct 
pseudocritical properties and the molal averages of the properties of 
the components, but an improved general method of estimating pseudo- 
critical properties has not yet been developed. Kay® and later Smith 
and Watson^ proposed more accurate methods for use with hydrocarbon 
mixtures. 

Once the pseudocritical point is established, pVT calculations on a 
mixture are carried out exactly as for a pure compound, the average 
molecular weight of the mixture being used. Compressibility factors 
are determined from Fig. 103, the pseudoreduced temperature and pres- 

8 W. B. Kay, Ind. Eng. Chem.j 28, 1014 (1936). 

7R. L. Smith and K. M. Watson, Ind. Eng. Chem., 29, 1408 (1937). 
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sure being used. However, it must be emphasized that this method ap- 
plies only to the vapor phase and breaks down at conditions within the 
border curve of the mixture. The pseudocritical point itself is located 
in this region. 

Illustration 2. Calculate the volume occupied by 1 lb of a mixture of 59.9 mole 
per cent ethylene and 40.1 per cent argon at a temperature of 25®C and a pressure 
of 100 atm. 



Ethylene 

Argon 

Critical temperature, 

9.7 

-122 

Critical pressure, atm 

50.9 

48 

Molecular weight 

28 

39.9 


Pseudocritical temperature Tc = (0.599) (283) + (0.401) (151) = 230°K 
Pseudocritical pressure = (0.599) (50.9) -h (0.401) (48) - 49.7 atm 
Average molecular weight = (0.599) (28) + 0.401 (39.9) = 32.7 

Pseudoreduced temperature Tr = 298/230 = 1.3 

Pseudoreduced pressure pr — 100/49.7 = 2.01 

Compressibility factor (I^g. 103) = 0.69 

= 


The experimental measurements of Masson and Dolley indicated a 
compressibility factor of 0.712 as compared to the value of 0.69 de- 
rived from Fig. 103 and the pseudocritical point in the preceding il- 
lustration. 

It is believed that use of the pseudocritical point together with re- 
duced compressibility factors is the most satisfactory generalized method 
for handling pVT calculations on gaseous mixtures, particularly at con- 
ditions near the critical. In this region it is more reliable than either 
Dalton’s or Amagat’s laws. 


COMPRESSIBILITY OF LIQUID SOLUTIONS 

When two miscible liquids at the same temperature are mixed together, 
the resulting solution may exhibit ideal behavior, that is, possess prop- 
erties which are additive fxmctions of the properties of the pure compo- 
nents. Thus, the volume and enthalpy of the solution may be the exact 
sum of the volumes and enthalpies of the components. In this case the 
density of the solution is the sum of the products of the densities of the 
components multiplied by their respective volumetric fractions, and the 
specific heat of the solution is the sum of the products of the specific 
heats of the components multiplied by their respective weight fractions. 
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Nearly ideal solutions are formed by closely related homologs of a 
series of organic compounds such as heptane and octane or benzene and 
toluene at atmospheric temperatures. However, if the temperature is 
increased and the liquids are maintained at saturation, the deviations 
from ideal behavior increase. Finally, conditions are reached at which 
the more volatile component is above its critical temperature, and large 
deviations from additivity of volumes result, depending upon the pres- 
sure under which this component is confined. Thus, even adjacent 
homologs form ideal liquid solutions only at low temperatures corre- 
sponding to low vapor pressures for both the solution and the individual 
components. 

Ideal Systems. An ideal system is defined^ as a group of components 
which tend to form ideal liquid solutions at low temperatures where the 
saturated vapor of each component behaves as an ideal gas. A nonideal 
system does not show ideal behavior as a hquid in any temperature 
range. For example, chemically dissimilar materials such as alcohol and 
benzene never form ideal liquid solutions. Chemical homologs generally 
behave as approximately ideal systems but do not form ideal solutions 
at all conditions. Thus, solutions Pf liquid ethane and heptane at at- 
mospheric temperatures depart widely from ideal behavior but at lower 
temperatures approach ideality. Many somewhat dissimilar materials 
but of low polarity may be treated as ideal systems with accuracy satis- 
factory for many purposes. The greatest deviations from the behavior 
of the ideal system are encountered with highly polar compounds such as 
water, ammonia, the lower alcohols, and ketones. 

Density of Liquid Solutions. It was found by Gamson and Watson^ 
that the empirical correlation of Fig. 109 may be applied to solutions in 
ideal systems through the use of pseudoreduced temperatures and pres- 
sures. If components A, H, (7, • • » may be considered as an ideal sys- 
tem, at some low temperature To they will form an ideal liquid solution 
in which the volumes of the components are additive. Thus, 


Fo=7^o + Fbo + 7c,- •• = — + — + — + ■ 


PA 


PB 


PC 


(4) 


Combining (4) with Equation (XII-38), page 502, gives 

CiiAimA , O^BiinB , C0ClW^<7 

K 0 = 1 I ' * • 

PAiO)Ao PBi<^Bq PCiO^Co 



8 B. W. Gamson and K. M. Watson, NatL Petroleum News, Tech. Sec., 36, 12554 
(Aug. 2, 1944), Also ” Process Engineering Data," National Petroleum Publishing 
Company, Cleveland (1944). 
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where Fo ='total volume of solution at the low temperature Tq for 
the respective pure components: 

Vao, Fbo, Fco = volume at temperature To 
me = masses 

PAoj P5o, Pco == densities at temperature To 
PAi, PBi, PCi = densities at reference conditions 
oiAo, o)3oj wco = expansion factors at temperature To 
o^Ai} c*?ci = expansion factors at the reference conditions of tempera- 
ture Ti and pressure pi where the density is pi 

The value of c^ai is determined from Fig. 109 by expressing Tai and 
Pai in reduced terms based on the critical properties of component A. 
It is evident from consideration of Fig. 109 that as To is decreased o)ao, 

* * • approach equality and it is reasonable to assume that if the 
relationship were extrapolated to the absolute zero the values of o> for 
all compounds would become equal to If T© is taken as the ab- 
solute zero, 

V — ^ _[_ ^cimc 

6Jo\ PAi pBi PCi 

The volume V' of the solution at any temperature T and pressure p is 
obtained by appl3dng Equation (XII-38) to the entire mixture and com- 
bining it with (6), 

V' = = 1 r mj. + ms + (-) H 1 (7) 

" " L\Pl/^ \Pl/B \pi/o J 

where V' = volume of liquid solution of mass + ms + me — - at 

temperature T arid pressure p 
co' = expansion factor for entire mixture at T and p 

The expansion factor co' of the solution is derived from Fig. 109 by ex- 
pressing T and p in pseudoreduced units based on the pseudocritical 
properties of the mixture. 

Similarly, in mol^ units, 

^ ^ ^ ^ iv^cc^)BNB + MoNo + • • •] ( 8 ) 

CO CO 

where v' == volume per mole of mixture 

Via etc. = molal volume of. component A at the reference condition lA 
601 A == expansion factor of component A at the reference condition lA 
Na == niole fraction of component A 

By means of Equations (7) and (8) it is possible to calculate the volume 
of an ideal liquid system^ at any temperature and pressure within the 
range of Fi^.^109, even though some of the components may be above 
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their critical temperatures. Care must be exercised that this equation is 
applied only to the liquid state. Where vaporization occurs, the vol- 
umes of the liquid and vapor phases must be considered separately by 
methods developed in later sections. 

Gamson and Watson® also developed methods for calculating partial 
molal volumes of the components of solutions if ideal systems in both 
the gaseous and liquid states prevail over the wide ranges of conditions. 

Hlustratioii 3. The reflux to a fractionating column, which is depropanizing nat- 
ural gasoline has the following composition in mole per cent: 


Methane 

1.5 

Ethane 

12.0 

Propane 

86.5 


100.0 


To serve as a basis for the design of the pump, meter, valves, and pipe line for this 
stream, it is desired to calculate the density in pounds per cubic foot of this liquid 
solution at 100®F and an absolute pressure of 300 lb per sq in. 

From Table XXVIII, page 507: 


N 

Tc 

NTc 

Pc 

Npc 


N{Vioai) 

M 

NM 


"R 


lb per 

lb per 

cc per 

CC per 




’ 

sqin. 

sqin. 

g-mole 

g-mole 



CH 4 0.015 

343 

5.1 

673 

10.6 

4.36 

0.07 

16.04 

0.24 

C,H« 0.120 

550 

66.0 

717 

86.1 

6.81 

0.82 

30.07 

3.60 

CjHs 0.865 

666 

576.1 

642 

555.3 

9.18 

7.96 

44.09 

38.06 



647.2 

II 

652.0 

(VlWl)' 

= 8.85 

MtiVg 

= 41.90 


At 100®F and 300 lb per sq in. 

Tr - 560/647.2 - 0.865 
p; = 300/652 = 0.460 
(Fig. 109) = 0.096 

From Equation (8), 

V = = 92.0 cc per g-mole 

0.096 



Nonideal Systems. Many solutions, particularly those involving 
highly polar components, deviate widely from Equations (7) and (8) and 
at low temperature have volumes either greater or less than the sum of 
the volumes of the pure components. Direct ejqjerimental data are 
necessary in order to determine the behavior of such systems. Gener- 
ally densities or specific volumes of the solutions are determined and em- 
pirically expressed as functions of composition at a constant temperature 
where the vapor pressures are less than 1 atm. Pressure variations in 
this range have a negligible effect on the volume of liquid solutions. 
The partial volume of each component may be derived from such data 
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by the methods developed in Chapter VIII, page 287, and individually 
expressed as a function of composition. 

The deviations from ideal solution behavior which are exhibited by 
ideal systems may be designated as deviations due to differences in 
molecular size. Nonideal systems show this same type of deviation 
and in addition deviations due to differences in molecular type or chem- 
ical dissi m i l arity which characterize the behavior of such systems at 
low temperatures. In general, it is observed that deviations from ideal 
behavior which are due to chemical dissimilarity decrease with increased 
temperature, whereas deviations due to differences in molecular size in- 
crease as the temperature is increased. The opposite temperature ef- 
fects result in a temperature range of minimum deviation from the laws 
of ideal solutions for some nonideal systems. At low temperatures large 
deviations due to chemical dissimilarity are encountered which are re- 
duced as the temperature is increased. StiU further increase in temper- 
ature leads to important deviations due to dissimilarity in size. It is 
possible that Equation (7) is applicable without serious errors to non- 
ideal systems in this higher-temperature range where deviations due to 
chemical dissimilarity are negligible in comparison to those due to dif- 
ferences in molecular size. 

ENTHALPIES OF SOLUTIONS 

Where an ideal solution is formed, the enthalpy of the solution is equal 
to the sum of the enthalpies of the components at the existing tempera- 
ture and pressure. In the general case of a nonideal solution in either 
an ideal or nonideal system, a heat of mixing is involved in the formation 
of the solution, as discussed in Chapter VIII. The magnitude of the 
heat of mixing is a measure of the extent of the deviation from ideal 
behavior. 

Enthalpies of Gaseous Mixtures. Under conditions of nonideal gas 
behavior the enthalpy of a gaseous mixture is best determined by first 
obtaining its enthalpy in the ideal state at the existing temperature and 
applying an isothermal correction for the effect of pressure on the en- 
thalpy of the entire mixture based upon its pseudocritical properties. 

This procedure is straightforward where only the gaseous state is in- 
volved. The enthalpy of the mixture at zero pressure is obtained as the 
sum of the enthalpies of the components at the existing temperature and 
zero pressure. The pseudoreduced conditions of the mixture are then 

— H 

calculated and the corresponding value bf for the mixture is 

determined directly from Figs. 105 or 106. 
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Entiialpies of Liquid Solutions. In* dealing with solutions of liquids 
in an ideal system under such conditions that no component is at a re- 
duced temperature above 0.9, it is generally satisfactory to assume that 
the enthalpy of the mixture is equal to the sum of the enthalpies of the 
components at the temperature and pressure of the mixture. For non- 
ideal systems the heat of mixing must be added, as discussed in Chap- 
ter VIII. If some components of the liquid are at reduced temperatures 
above 0.9, a more nearly accurate procedure is to calculate the enthalpy 
of the liquid from the enthalpy of the ideal-gas mixture at the existing 
temperature. It is assumed that the liquid is formed by compressing 
the gas to the pseudo-vapor pressure of the mixture which may be con- 
sidei-ed as the vapor pressure of the equivalent pure compound whose 
critical properties, liquid density, and heat of vaporization are equal to 
the corresponding pseudo properties of the mixture. Condensation to 
the liquid state is considered as occurring at this constant pressure ac- 
companied by what may be termed a pseudo heat of condensation^ —X'. 
The liquid is then compressed to the pressure of the mixture. Actually 
condensation occurs over a range of pressures. 

At low temperatures where the saturated vapor of each component 
behaves as an ideal gas and the enthalpy of the vapors is independent 
of pressure, the heat of vaporization of a mixture of an ideal system at 
a temperature t is equal to the sum of the heats of vaporization of the 
individual components at this same temperature. Thus, the pseudo heat 
of vaporization of a mixture may be estimated by assuming that at the 
absolute zero the heats of vaporization of the components are additive. 
This value of Aj is corrected to any desired finite pseudoreduced tem- 
perature by Equation (VII-32), page 233. Thus for a mixture of 
ns^nc ' ’ • moles of components A, £,(?••• 
















Xbc 


s] W 


where A' = pseudo heat of vaporization of the mixture at pseudore- 
duced temperature T'r 

XftA, XbB = molal heats of vaporization of components A, J?, • • • at their 
normal boiling points 

= reduced temperatures of the normal boiling points of com- 
ponents A, Bj based on their individual true critical 
. temperatures 

Tr == pseudoreduced temperature of the mixture 


In view of the other approximations involved, it is generally satisfac- 
tory to assume, for the calculation of liquid enthalpies, that the pseudo- 
reduced vapor pressure at which condensation of the mixture is assumed 
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to occur is a unique functiqn of pseudoreduced temperature. This 
assumption is not accurate and should not be used for other purposes 
but leads to little error in calculating enthalpies. Such pseudoreduced 
vapor pressures based on the data for n-pentane are given in Table XXIX. 


On the basis of this assumption unique values of 


T* — H, 


for the gas- 


Tc /T 

eous state and for the liquid state have been calculated for saturation 
conditions as functions of reduced temperatures only and are plotted in 
Fig. 141. 



Fig. 141. Enthalpy and Entropy Corrections of Gases and Liquids for Saturation 
at Various Reduced Temperatures. 


The enthalpy Hl of the liquid mixture comprising nt moles at tempera- 
ture t and pressure p is then 


— A' + nip'e (viui) ' (V',' — ^0 (10) 
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where ff* = enthalpy of mixture as an ideal gas at temperature t 


ar* — 1 


Tc 


== enthalpy correction due to nonideal behavior of gas from 
Fig. 141 corresponding to the pseudoreduced tempera- 
ture of the mixture 

A' = pseudo heat of vaporization at temperature t 

= enthalpy correction for liquid from Fig. 141 corresponding 
to the pseudoreduced temperature of the mixture at 
saturation 

(viwi)' = defined by Equation (8) 

= value from Fig. 110 corresponding to the final pseudore- 
duced temperature and pressure of the liquid 

Care must be taken that consistent units are used in Equation (10). 


TABLE, XXIX 


PSEUDOBEDUCED VaPOR PRESSURES 


T' 


t; 

Vr 

t; 

Vt 

aeo 

0.0110 

0.85 

0.310 

0.96 

0.759 

0.65 

0.027 

0.90 

0.478 

0.97 

0.815 

0.70 

0.057 

0.92 

0.561 

0.98 

0.873 

0.75 

0.109 

0.94 

0.655 

0.99 

0.935 

0.80 

0.189 

0.95 

0.699 

0.995 

1.000 

0.990 

1.000 


As previously pointed out, it is possible for liquids to exist at tem- 
peratures above the pseudocritical temperature of the mixture. Where 
only a single phase is present, such liquids may be treated as a highly 
compressed gas to which Fig. 106 is applicable. The enthalpy of the 
liquid is then 

= (where T'r > 1.0) (11) 

where 
H* "" H 

— — — = value from Fig. 106 corresponding to the pseudoreduced tem- 
® perature and pressure of the mixture 

Equations (10) and (11) are applicable only to single-phase conditions. 
Where two phases exist the enthalpy of each must be considered sep- 
arately. 

Ulustratioii 4. Calculate the enthalpy of the mixture of Illustration 3 when com- 
pletely vaporized (a) at a pressure of 175 lb per sq in. and 100°F and (b) when ex- 
isting as a liquid at 100®F and 300 lb per sq in; Express the enthalpies in Btu per 
pound relative to the ideal gaseous state at 60°F. 
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Basis: 1 lb-mole of mixture = 41.9 Ib 
Enthalpies: Ideal gas at 100 ®F 

The enthalpy of the mixture in the ideal gaseous state at 100®F is calculated from 
the heat-capacity equations of Table XXI, page 336. Over the small temperature 
range involved it may be assumed that the mean heat capacities are the values at 
the mean temperature of 80°F or 540®R. 

CH 4 - 40 [3.42 -f- (9.91) (0.540) ~ (1.28) (5.40) ^(lO’*) ] (0.015) = 5.0 Btu 

CjHs = 40 [1.38 -I- (23.25) (0.540) - (4.27) (5.40)2(10-2) ] (0.120) = 60.9 Btu 
C 3 H 8 = 40 [0.41 -I- (35.95) (0.540) - (6.97) (5.40) 2(10“*) ] (0.865) = 615.5 Btu 

Total enthalpy = 681.4 Btu per lb-mole 

(a) In the gaseous state at 100 °F and 175 lb per sq in., use of the pseudocritical 
•pressure of 652 lb per sq in. from Illustration 3 gives, 

p; = 175/652 = 0.268; ^ = 0.865 

647.2 

From Fig. 106, 

. (H* - h)/T; - 1.25 

H = 681.4 - (1.25) (647.2) = -127.6 Btu per lb-mole 
Or, since the average molecular weight of the mixture is 41.9, 

H = -127.6/41.9 - -3.05 Btu per lb 


( 6 ) In the liquid state at 100®F and 300 lb per sq in., from Illustration 3, 
T'r = 0.865; p; = 0.460 


The following heats of vaporization at the normal boiling points are recommended 
by Doss.® 


X&coZ 

per 



N 

g-mole , 


rcR 

CH. 

0.015 

2,218 

201.2 

343 

CiHs 

0.12Q 

3,515 

331.8 

550 

C,H 8 

0.865 

4,493 

416.2 

666 




X 6 

N\, 

Tr^ 

1-Ta 

(1 - Tr^y-^ (1 


0.587 

0.413 

3,100 

46.5 

0.603 

0.397 

5,000 

600 

0.625 

0.375 

6,530 

5650 


xj 

cal per g-mole = 

6,296 


By using the pseudoreduced -temperature of 0.865 calculated in Illustration 3 the 
foregoing data may be substituted in Equation (9) and the pseudoheat of vaporiza- 
tion at 100®F calculated: 

X' = (1 - 0.865)®-38(6,296) = 2,940 cal per g-mole 
From Fig. 110, = —1.5 

From Fig. 141, = -2.2; (h* - = 1.75 ' 

In Illustration 3 (vitaiY was found to be 8.85 cc per g-mole, which is equal to 
(8.85) (454) /28, 320 — 0.1417 cu ft per lb-mole. Subkitution in Equation (10), for 
1 lb-mole, gives 

H - 681.4 - 647.2(1.75) - (2,940,(1.8)+ (TOa«)(0.M7)(-2.2 + 1.5) 

7/0 

= 681.4 - 1132 — 5,290 - 12 = —5,753 Btu per lb-mole or —5,753/41.9 
= —137 Btu per lb 

® M. P. Doss, Physical Constants of the Principal Hydrocarbons, ” 3d Ed., Texas 
Company, New York (1942). 
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ENTROPIES OF SOLUTIONS 

ProblaDos involving the expansion or compression of a mixture may be 
handled directly by the methods developed in Chapter XIII if the ther- 
modynamic properties of the mixture can be calculated. Volumes and 
enthalpies may be obtained by the methods demonstrated in the pre- 
ceding sections and entropies are calculated by a procedure parallel to 
that developed for enthalpies. If pseudoreduced terms are employed, 
Figs. 107 and 111 are applicable to mixtures. Thus, the entropy of a 
gaseous mixture is obtained by subtracting the correction of Fig. 107 
from the ^tropy which it would possess were it an ideal gas at the tem- 
perature and pressure of the mixture. Similarly, the entropy of -a 
paeudosaturated liquid mixture is obtained by subtracting a pseudo 
entropy of vaporization from the entropy of the pseudosaturated vapor. 

On the assumption of a pseudoreduced vapor pressure corresponding 
to a given pseudoreduced temperature as given in Table XXIX, unique 

rp 

values of for the gaseous state and ~ — (Scp-Ss)r for the 

Vo 

liquid state have been calculated and are plotted in Fig. 141. The 
values of for the gaseous state give the corrections in entropy 

per mole in going from ideal conditions to conditions of the pseudosatu- 
rated vapor at the same temperature and pressure. 

Because of the entropy changes which accompany the formation of 
even ideal solutions, entropies of mixtures of fixed composition are most 
conveniently expressed relative to the mixture at some reference state 
rather than relative to the pure components. 

CRITERIA OF COMPLEX EQUILIBRIA 

The discussion on page 449 of equilibrium in a closed system is restricted 
to consideration of the conditions attained by the system considered as 
a whole. However, for complete equilibrium it is necessary that equilib- 
rium also be maintained between all parts within the system. In the 
example discussed, two phases, liquid ether and a gaseous mixture of 
ether and nitrogen, are present, and together constitute a closed system 
in which the phases must reach complete equilibrium with each other. 
However, each individual phase considered by itself constitutes an open 
system which can undergo changes in composition and mass.^ For this 
reason the criteria of equilibrium must be extended to include" the effects 
of these variables in dealing with such systems. 

Chemical Potentials. In order to define a single-phase open system, 
it is necessary to specify mass and, composition and two independent 
variables such as temperature, pressure, volume, and entropy; for a 
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system of given m^s and composition specification of two of the last 
four variables serves to fix the other two. Any infinitesimal change tak- 
ing place in such a system can be mathematically expressed in terms of 
all the infinitesimal changes in its independent properties in accordance 
with the properties of a continuous function represented by Equa- 
tion (XI-31), page 455. Thus for an infinitesimal change in internal 
energy, if volume, entropy, and composition are selected as the independ- 
ent variables, the general differential equation is as follows: 


dS “h i 

V, ni,n2... 


dV+' 

S, ni, n2... 






where the subscripts 1, 2, • • • refer to the individual components of the 
phase which undergo change in mass. 

Where composition is constant, all except the first three terms of Equa- 
tion (12) become zero and in accordance with the equation 

dU^ TdS-pdV, 


= — p and 


= T when reversible 


it is evident that = — p and = T when reversible 

\o V Js, ni, n 2 \ 00 /f, ni,n% 

changes are under consideration. The^ differential coefficients of mass 
are designated by the symbol ii. Thus, 


\CWl/ F, S, « 2 ... \an 2 / F, S, ni... 


and Equation (12) may be written for reversible changes as 

dU = T dS — p dV 4" (mi) v, s dui 4- s du^ 4 - * • • (14) 

It may be noted from Equation (14) that a change in the total internal 
energy of a system is the sum of the changes of a numlter of energy 
terms, each of which comprises an intensive and an extensive factor. 
Thus, for mechanical work of expansion pressure is the intensive and 
volume the extensive factor. Si m ilarly temperature is the intensive 
factor of heat energy and entropy the extensive factor. Since ni and 
are extensive factors, it follows that (mi)f, s and (m 2 )f. s represent in- 
tensive factors of energy associated with the masses of components 1, 
2 • • • in solution and hence, like temperature and pressure, may be desig- 
nated as potentials. 

Expressions similar to Equation (14) may be developed for the other 
three energy functions. Thus, for reversible changes 

(iff = T dfif-b ^ dp 4“ (Mi)s,i>dni4” (m2)s, pdn2+ • • • (15) 

dA = — jS dT — p dV 4" (Au)r, v dni + (^2)^, f dn2 4- • • * (16) 

dG — “aS dT 4" V dp 4* (mOt, p dni 4“ 0^2)r, p dfiz 4~ * • * (17) 
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From the definitions of the energy functions, ^ 

U = H-pV==A+TS = G+TS-pV (18) 

Differentiation yields 

dU^dH-'pdV-Vdp = dA + TdS + SdT 

= d(?+ TdS + SdT-pdV-Vdp (19) 

Adding (— !rdS+ p dV) to each of the equalities, gives 

dU-TdS+pdV = dH-TdS-Vdp = dA + pdV+SdT 

= dG + SdT-Vdp (20) 

If Equation (20) is compared with Equations (14-17) it is evident that 
(jii)v,s = ( mi ) s,p = (^ 1 ) 2 *,^ = Mt.p = fll ( 21 ) 



As previously pointed out fii is the intensive factor of the internal en- 
eigy associated with the mass of component 1, but it may be defined in 
terms of any of the energy functions by Equation (22). This intensive 
property is designated as the chemical potential. From the definition of 
partial molal quantities (page 285) and Equation (22), it is evident that 
the chemical potential of a component is equal to its partial molal free energy. 
The other partial derivatives in Equation (22) are equal to the chemical 
potential but are not partial molal quantities in the restriction of con- 
stant temperature and pressure. 

If a closed system consisting of several phases, each of which is an 
open system, is at equilibrium, its properties as a whole must satisfy the 
criteria established on page 449. Thus, if the conditions of restraint are 
constant temperature and pressure, at equilibrium, d(? = 0, if no means 
of performing useful work is present. Also, any change in the free energy 
of the system must equal the sum of the corresponding changes of its 
parts. If the properties of the different individual phases of the system 
are identified by prime markings and the different components of the 
various phases by subscripts, from Equation (17), 

dG = ( — S' dT + V' dp + dn'i + jitJ dn2 “h • * *) 

+ (-S" df+V" dp + ii{' dn[' +// dni' +...) 

+ (-S'" dT+ V'" dp + Mi" dn[" + Mi" dni" + ...) + •• • (23) 
At equilibrium under conditions of constant temperature and pressure 
dG = 0)dT - 0 , dp = 0 , and 

(Ui dn{ + Mi' dni' +Mi" dni" + • • •) 

+ (Mi dni + M 2 ' dni' + Mi" dni" + ...) + ••• = 0 


(24) 
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If the total number of moles of each component in the system remains 
constant, 

dn[ + dui + dui ' + * * * = 0 and dnj + dn^ + dn^* ^ = 0 etc. (2S) 

From comparison of Equations (24) and (25), it is evident that those 
two equalities are satisfied only if 


= Ml' = Ml" ==•••] 
M2 = M2 = M2 = • • • J 


(26) 


• In the development of Equation (26) it was assumed that the total 
number of moles of each component in the system remains constant. 
This is true in the case of a system in physical equilibrium not involving 
chemical reactions. Where chemical reactions take place, the total num- 
ber of moles of a component in the system may vary as a result of certain 
types of possible changes. However, the system must be in equilibrium 
with respect to all possible changes, both physical changes involving no 
change in the number of moles of the components as well as chemical 
changes. Therefore, Equation (25) represents one type of change which 
must be considered, and for this type Equation (24) is satisfied only if 
(26) is true. Thus, in a system at equilzbrium the chemical potentials of 
any component must he equal in all phases in which it can be present. 

This criterion is of far-reaching significance and applies to equilibria 
imder any conditions of restraint. For example, instead of considering 
a system restrained to constant temperature and pressure, the foregoing 
analysis may be applied to a system at constant volume and tempera- 
ture. Such a system might be achieved by means of a container of rigid 
conducting walls in contact with a constant-temperature heat reservoir 
and divided intp two parts by a semipermeable membrane. In one com- 
partment might be placed a solvent to which the membrane is permeable 
and in the other compartment a solution in this solvent of a solute to 
which the membrane is not permeable. If the compartments are ini- 
tially filled at constant pressure, solvent will diffuse into the compart- 
ment containing the solution kid increase its pressure until an equilib- 
rium is reached with different pressures in the two compartments but 
with equal values for the chemical potential of the solvent. This fol- 
lows from Equation (XI-19) which states that the criterion of equilibrium 
in a systerfi at constant temperature and volume is that <L1 = 0. On 
this basis an expression for dA analogous to Equation (23) may be writ- 
ten, and Equation (26) may be derived by the same procedure as before. 
Systems involving other conditions of restraint- are more difficult to 
visualize but are subject to the same criteria regarding equilibrium be- 
tween phases. 
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Gibbs Phase Rtile. In any system comprising several phases existing 
at equilibrium there is a limited number of intensive properties which 
can he freely varied without causing a change in the number of phases 
or the number of components in some phase. For example, in a system 
comprising a pure liquid and its pure vapor at equilibria, temperature 
can be varied over a wide range without affecting the number of phases. 
However, it is impossible to vary both temperature and pressure freely 
williout causing the disappearance of one phase or the other. The num- 
ber of intensive properties which can be varied without changing the 
number of phases or the number of components in any phase is termed 
tifee number of degrees of freedom of the system. 

Since in addition to temperature and pressure the chemical potential 
of each component is an intensive property, the total number of intensive 
properties subject to variation in a single phase containing C components 
is (7+ 2. If this phase is a part of a system in equilibrium at constant 
temperature and pressure, a differential expression for the free-energy 
change, which is the criterion of equilibrium, may be written in the form 
of Equation (23). Thus, for each phase, 

Ai, iU2,..-)=o 

Etc. 

trfiere the functions/', /", /'" are characteristic of the respective phases. 
In this manner, if 4> phases are ‘present, simultaneous equations may be 
written in terms of C + 2 variables. Since for determination of the 
variables in simultaneous equations one equation is required for each 
variable, it follows that the number of variables not fixed by the equa^ 
tions is-C + 2 — > or 

, - (27) 

where ’ 

F = degriees of freedom 
C = number of components 
<^ .= number of phases 

Equation (27) is the famous phase rule of Gibbe, developed in 1875. 
The foregoing derivation follows that-presented by Keenan^®: 

As an example of the application of the rule, the equilibrium among 
the liquid, vapor, and solid states may be considered. Thus, if only a 
pure liquid, for example water, is in equilibrium with its vapor, (7=1, 
^ = 2, and F = 1 ; one intensive property, either temperature or pressure, 

J. H, Keenan, ^‘Thermodynamics,” John Wiley & Sons, New York ( 1941 ). 
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but not both may be freely varied. If, however, ice is also present in 
the system, C = 1, 0 = 3, and F = 0. Under such conditions no condi- 
tions can be varied and the specification of three phases fixes both tem- 
perature and pressure. If instead of pure water a binary solution of 
water and alcohol is in equilibrium with its vapor, (7 = 2, — and 

F = 2. Thus, two properties may be freely varied in such a system. 
For example, both temperature and pressure may be varied freely over 
restricted ranges with corresponding changes in composition of the 
phases, but all three variables cannot be independently varied. A speci- 
fied composition and temperature fixes the corresponding pressure. 

When used in connection with the phase rule, the number of compo- 
nents is the least number of independently variable chemical substances 
from which the system in all its variations can be produced. Elsewhere 
in this text the term component is not used in this restricted sense. 

FUGACITY 

The concept of the chemical potential is of value in establishing the 
fundamental thermodynamic requirements which must be satisfied by 
a complex system when equilibrium is reached. Since at equilibrium 
the chemical potentials of a component must be equal in all phases in 
which it can occur, differences in the chemical potentials must be equal- 
ized by redistribution of the component as a system approaches equilib- 
rium. n the chemical potential is high in one phase and low in another 
material escapes from the first to the second phase until equality is 
reached. Thus, the chemical potential may be considered as a measure 
of what may be termed the es(^ping .tendenxyy. 

Since the chemical potential is a measure of the escaping tendency, 
it follows that any other property which is a unique function of the chem- 
ical potential is also a measure of the escaping tendency. Such a function, 
termed the fugacity, was so defined by Lewis^^ as to simplify the 
mathematical relationships of the equilibrium. By definition, 

(dfij, = da A = RT d In (28) 

where 

/a = fugacity of component A at temperature T 
II A = chemical potential of component A at temperature T 
= partial molal free enei^ of component A at temperature T 

From this definition it follows that in any system which is restrained to 
d constant temperature at equilibrium the fugadties of any component must 
he equal m all phases in which it appears. For a pure component the par- 

^ G. N. Lewis, Proc. Am. Acad. Arts^ Sci., 37, 49 (1901). 
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tial molal free energy Gi is equal to the molal free energy g and Equa- 
tion (28) reduces to 

idG^RTdhif)T (29) 

Equations (28) and (29) do not serve to define the numerical values of/ 
but do establish the changes in / which correspond to specified changes 
in (r or G at constant temperature. 

From Equation (k), Table XXIV, page 472, 

\dp/T 

Combining this with Equation (29) gives 



In appl 3 nng Equation (30) to a gas v may be replaced by zRT/p. 

(aln/ = 25lnp)T (31) 

From Equation (31) it is evident that for an ideal gas, where z — 1.0 
the fugacity is proportional to the pressure. The definition of fugacity 
is completed, and numerical values are assigned to it by arbitrarily set- 
ting the fugacity of an ideal gas equal to its pressure. Thus fugacity 
has the units of pressure and is numerically equal to pressure in the ideal 
gaseous state. Under other conditions pressures and fugacities are not 
equal, and fugacity is sometimes referred to as a corrected or thermo- 
d 3 mamic pressure. However, from the definition it is evident that the 
corrections involved are a fimction of free-energy changes and the fu- 
gacity is useful only for equilibrium calculations where free-energy 
changes are the criterion. 

Fugacities of Pure Gases. An expression for the fugacity of a gas at 
any conditions is obtained by rearranging Equation (31) in terms of the 
ratio of fugacity to pressure f/p which by definition is equal to 1.0 at 
zero procure where ideal behavior is realized. Thus 

d In f/p = zdlnp — dlnp = (z—l) dhnp (32) 

Integration from p = 0 to p gives 



Equation (33) may be integrated graphically for any substance for which 
compressibility data are available. The integration is more accurately 
carried out by analytical methods if an equation of state is evaluated. 

On the basis of the theorem of corresponding states a generalized in- 
tegration of Equation (33) is obtained from the compressibility-factor 
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relationship of Fig. 103. Various investigators have carried out this in- 
tegration which is conveniently presented by plotting the ratio of fu- 
gacity to pressure (f/p) against reduced temperature and pressure. This 
ratio f/p = V will be termed the fugadty coefficient and is equal to unity 
where the ideal-gas law is valid. This ratio is frequently termed the 
''activity coefficient/’ but it is believed preferable to reserve this latter 
term for expressing relationships between fugacities and composition in 
solutions. 

Average values of the fugacity coefficients of gases are plotted in 
Fig. 142.^ This chart was derived from the same data on which 
Fig. 103 was based. For many purposes these charts may be taken as 
applicable to all gases. The errors involved are generally less than 
10 per cent. 

The fugacity of any gas or vapor at specified conditions is readily ob- 
tained when its critical temperature and pressure are known. 

Illustration 6. Calculate the fugacity of methane at 122°F and 1000 lb per 
sq in. abs. 

From Table XXVHI, Tc = 343°R and pc = 673 lb per sq in. 

Reduced temperature 1.70 

343 

Reduced pressure = = 1.49 

Fugacity coefficient (Fig. 142) = 0.94 

Fugacity = (1000) (0.94) = 940 lb per sq in. 

Fugacities of Pure Liquids and Solids. From the basic concept of 
fugacity as a measure of escaping tendency, it follows that the fugacity 
of a hquid or solid must be equal to that of its vapor in equilibrium with 
it. Thus, when a liquid is in equilibrium with its pure vapor, the fugac- 
ity of the liquid is determined by calculating the fugacity of the vapor 
at the equilibrium temperature and pressure. 

Ultistration 6. Calculate the fugacity of liquid benzene in equilibrium with its 
pure vapor, at a temperature of 428°F. The critical temperature of benzene is 550®F, 
and its critical pressure is 700 lb per sq in. The vapor pressure at 428°F is 281 lb 
per sq in. 

428 + 460 

Reduced temperature — — = 0.88 

^ 550 + 460 

Reduced pressure = 281/700 = 0.40 

Fugacity coefficient (Fig. 142) = 0.79 

Fugacity of vapor = fugacity of liquid ~ (281) (0.79) = 222 lb per sq in. 

The fugacity of the liquid state is a function of total pressure as expressed 
by Equation (30). This equation may be integrated by expressing v as 

^ B. W. Gamson and K. M. Watson, NcUl, Petroleum NewSf Tech. Sec., 36, R623 
(September 6, 1944). Also '^Proc^ Fkgineering Data,” National Petroleum Pub- 
lishing Company, Cleveland (1944), 
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a function of pressure by means of Fig. 109. Since the volume of a Kquid 
is little affected by pressure at reduced temperatures below 0.9, an ap- 
proximate integration assuming v constant at an average value is gen- 
erally satisfactory in this range. Thus, 


where 



Vm{Tr — P) 
RT 


/tt = fugacity at total pressure tt 

/p = fugacity at normal vapor pressure P 


(34) 


Equation (30) permits calculation of the fugacities of liquids at any 
total pressure but the integrated form, Equation (34), is useful only at 
reduced temperatures below 0.9. 


Illustration 7. Calculate the fugacity of liquid benzene at 428®F if the liquid is 
in an atmosphere of hydrogen such that the total gauge pressure is 2000 lb per sq in. 
The average density of liquid benzene at these conditions is 0.63 g per cc. 


78 

(0.63) (62.4) 


1.98 cu ft per lb-mole 


Substitution in Equation (34), gives 
222 (10.71) (428 + 460) 

log/„/222 = (0.361) (0.434) = 0.157 or /./222 = 1.43 

= the fugacity at 2015 lb per sq in. = (1.43) (222) = 318 lb per sq in, 


Effect of Temperature on Fugacity. The following equation is derived 
by the method of Lewis and Randall^^ to relate fugacity to temperature. 
A substance in a given state at temperature T, pressure p, molal free 
energy g, fugacity/, and molal enthalpy h is compared to the same sub- 
stance at the same temperature but at a low pressure where the free 
energy is g**^, and the fugacity /* is equal to the pressure. Under these 
conditions the enthalpy h* is independent of pressure. From Equa- 
tion (29), 

-e*-^G = 2i>r(ln/*-ln/) ' (36) 

By differentiation with respect to temperature at constant pressure, 

Since/* is equal to pressure, 



“Lewis and Randall, 'Thennod 3 aiamics,” McGraw-Hill Book Company, New 
York (1923). 
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Combining (35) and (36) results in 

(m 

CJombining (37) with Equation (XI-4) and (1) of Table XXIV, gives 



where 

H = molaJ enthalpy at an elevated pressure p and temperature T 
H* — moM enthalpy at the same temperature T but at a pressure suffi- 
ciently low so that the gas behaves ideally 

The quantity h* — h may be obtained from the generalized correlation 
of Pig. 105 or may be calculated from compressibility data by the meth- 
ods developed m Chapter XII. Charts such as Figs. 117 or 120 or 
thermodynamic tables permit direct evaluation of h* — h for either the 
liquid or vapor state as a function of temperature and pressure. 

Fugacities in Solutions. The partial molal extensive thermodynamic 
properties of a component in solution are related to each other by expres- 
sions parallel to those developed for pure substances in Chapter XI. 
For example, by Equation (XI-4), page 446, for any system, 

G^H-TS (39) 


By differentiation of this equation with respect to the number of moles 
of component 2, all other conditions being held constant, there results 

p, m... \dTl2/ T, p, ni... \dn2 

Each of the derivatives of Equation (40) represents a partial molal quan- 
tity. Therefore, 

G2 = H2— TS2 (41) 




T, p, ni... 


(40) 



Equation (41) is entirely parallel in significance to (39). In a «iTr»ilfl.r 
manner it may be shown that the other relationships of Chapter XI 
which involve extensive properties are valid for partial molal quantities. 
On this basis, from Table XXIV, Equation (k), 



(42) 


from Equation (1), 



Gs — H2 


T 


(43) 
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Combimng (28) with (42) gives 



Combining (28) and (43) in the manner used in developing (38), gives 



In using Equation (45) care must be taken that the partial molaJ en- 
thalpy H 2 is expressed with respect to the same reference state as the 
molal enthalpy of the ideal gas, h*. 

Equations (28), (44), and (45) permit calculations of the fugacities of 
components in solutions from a variety of data such as vaporization, 
solubility, or distribution equilibrium measurements. For example, 
the fugacity of a pure solid at a specified temperature may be deter- 
mined from its vapor pressure, and this value is equal to the fugacity 
of the solid as a solute in any saturated solution at this same temperature. 
The variation with temperature and pressure of the fugacity in solution 
can then be calculated by means of Equations (44) and (45), if partial 
volume and enthalpy data are available. 

If Equation VIII-34 is written for free energies, at constant tempera- 
ture and pressure, 

ni doi + ^2 doz + nz doa “1 = 0 (46) 


or, considering 1 mole of solution, at constant temperature and pressure, 
iVi dGi + iV2 dG2 + iVa d 03 + • • • = 0 ■ (47) 


Equation (47) may be written as partial derivatives with respect to the 
mole fraction of any selected component, temperature and pressure being 
kept constant 



Combining (28) and (48) gives 

,P \ /IT, p 

If Equation (49) is applied to a binary elution, = — diV 2 and 


H 

\ dNi /T,p \ /t,p V Ji,p 


+ ••• = 0 


HWr.rHW., 


(49) 


(50) 


This important relation between the fugacities of the components of a 
solution is termed tiie Gibbs-Duhem equation. 
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Fugacities in Ideal Solutions. In an ideal solution, either gaseous or 
liquid, the fugacity of a component is proportional to its mole fraction. 

(51) 


where 

fs = fugacity of component 2 in the solution 

fz = fugacity of pure component 2 at the temperature and pressure of 
the solution 

Nt = mole fraction of component 2 

Lewis and RandalU* define the ideal solution solely by Equation (51) 
and point out that all other properties attributed to ideal solutions such 
as additivity of volumes and enthalpies follow from this definition. 

For gaseous mixtures at low pressures Equation (51) is equivalent to 
Dalton’s law while for liquid solutions whose vapors are ideal gases it is 
equivalent to Raoult’s law. However, at conditions resulting in large 
deviations from ideal-gas behavior, fugacities are not equal to partial 
, pressures, and Equation (51) may be looked upon as an improved state- 
ment of Dalton’s and Raoult’s laws which is generally applicable over 
a much wider range of conditions. 

The assumption that gases form ideal solutions is of a much higher 
order of accuracy than the ideal-gas law and may be applied with accu- 
racy satisfactory for many purposes to gaseous mixtures at pseudore- 
duced pressures less than 0.8. If the pseudorediiced temperature is low, 
of the order of 1.0 or less, difficulty is encountered in handling the high- 
boiling components of the mixture, which, if they existed alone at the 
temperature and pressure of the mixture, would be liquefied. In such 
cases the term /'a of Equation (39) may be estimated from the broken- 
line extrapolations of the curves of Pig. 142 into the two-phase region. 
Thus, hypothetical fugacity coefficients for the pure gases at pressures 
above their vapor pressures are obtained. This procedure is not satis- 
f^tory where extended extrapolation is required. For mixtures at 
higher temperatures, above the critical temperatures of all components, 
the assumption of ideal solutions is more satisfactory and may be ex- 
tended to higher pressure ranges. 

Bhistratioii 8 . A mixture of gases has the foUowing composition expressed in 
moJe per cent: 

Methane 17 

Ethane 35 

Propane 48 

100 

AssuBdng an ideal gaseous solution, calculate from, Kg. 142 the fugadty of each 
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component when the mixture is at an absolute pressure of 300 lb per sq in. and a 
temperature of 100°F. 


Solution: 

Methane 

Ethane 

Propane 

T:r (Table XXVII) 

343 

550 

666 

Pc lb per sq in. (Table XXVII) 

673 

717 

642 

Tr 

1.63 

1.02 

0.84 

Vr 

0.446 

0.418 

0.466 

V (Fig. 142) 

0.98 

0.87 

0.73 

/' = 300 1. 

294 

261 

219 


50.0 

91.5 

105 


AcnviTy 

For treatment of problems involving solutions and chemical equilibria 
it is convenient to define another thermodynamic property which is di- 
rectly related to fugacity and hence also to free energy and the chemical 
potential. This property, called o, is defined as the ratio of the 

fugacity of a component in a given state to its fugacity in an arbitrarily 
defined standard state at the same temperature. Thus, 



where 

a = activity 

/ == fugacity in the. given state 
= fugacity in the standard state at the same temperature 

Combining Equations (28) and (52) giv^ 

RT In a =>= G — G® (53) 

where 

G = partial molal free energy in given state at temperature T 
,G° = partial moM free energy m the standard s^te at the same 
temperature T 

The concept of activity is particularly useful in dealing with liquid 
solutions. For example, if the standard state of a component which is 
in solution is taken as the pure component at the temperature and pres- 
sure of the solution, the activity becomes a function of the concentration 
or fraction of the component in the solution. Thus, the activity provides 
a basis for the thermodynamic expression of concentrations or composi- 
tions in terms directly related to fr^ energy by Equation (53). 

Standard States. . The choice of the standard state necessary to com- 
plete the definition of activity is arbitrary since it affects only the nu- 
merical magnitude of the function and not its relationship to other prop 
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erties. It is, however, desirable to select standard states such that the 
resulting numerical scales will be convenient and correspond to common 
expressions of composition in ideal systems. Different standard states 
may be selected for the same substance for use in different types of re- 
lationships, the choice being dictated by convenience. It is important 
however that the standard state of each component be kept the same 
throughout any one series of relationships or calculations. It is evident 
that the nurnerical value of activity is without significance unless the stand- 
ard state is s^pedficd. 

The following standard states have been found convenient for certain 
types of calculations and are in more or less general use. 

Components of Gaseous Mixtures, (a) It is frequently convenient to 
define the standard state as the state of unit fugacity, or/® = 1.0. With 
this choice of standard state the activity of a gaseous component is equal 
to its fugacity and has the dimensions of pressure. In mixtures of 
ideal gases the activity of each component is equal to its partial pressure. 

(b) In other cases it is more convenient to define the standard state 
as the pure component at the temperature and the pressure of the mix- 
ture. With this choice of standard state the activities become equal to 
the mole fractions in mixtures which form ideal solutions. It may be 
noted that with this de^tion the standard state changes with change 
in pressure whereas standard state (a) is independent of the pressxire of 
the system. 

Pure Liquids and Solids, When a liquid or solid is involved in a 
process in its pure state, it is customary to designate its activity as 
unity imder a specified pressure. Three choices have been used in the 
specification of the pressure of the standard state. 

(a) The pure component under a pressure of 1.0 atm is widely used 
as the standard state for nonvolatile substances. 

Q>) For volatile substances whose vapor pressures exceed 1.0 atm it 
is convenient to define the standard state as the pure substance under 
its own vapor pressure. 

(c) In certain calculations it is convenient to define the standard state 
as the pure substance under the pressure of the system. With this 
definition the standard state varies with change in pressure whereas 
states (a) and (6) are independent of pressure. 

Components in Nonelectrolytic Solutions, The standard state for either 
a solid or liquid component in a nonelectrolytic solution may be taken 
as the pure component in either the solid or liquid state imder one of the 
three pressure designations enumerated in the preceding paragraph. 
Pressure designations {a) and (b) have the advantage of defining the 
standard state independent of pressure. Use of designation (c) leads 
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to the convenient relationship that activities are equal to mole fractions 
in ideal solutions under constant pressure. 

An alternate standard state which is sometimes desirable for sparingly 
soluble materials is so defined that the mole fraction is equal to the ac- 
tivity as the mole fraction approaches zero. Thus, 


Tim = 1.0 


(54) 


It may be experimentally demonstrated that as infinite dilution is ap- 
proached the fugacity of a solute becomes proportional to its mole 
fraction, 

f 2 == 102^2 as N 2 — ^0 or =*2 (55) 

\diV2/v2=o 


Combining (52), (54), and (55) for an infinitely dilute solution gives 


or 


K2 

f2'=K 


h. 

/ o/ 
2 


(56) 


Thus, the standard state, according to the definition of Equation (56), 
is a hypothetical state m which the fugacity is equal to fcg? the factor re- 
lating fugacity to mole fraction at infinite dilution. It should be noted 
that the standard state is not the state of infinite dilution but is defined 
by reference to this state. A standard state defined in this manner^will 
be termed a standard state referred to infinite dilution. The pressure at 
which such a standard state is defined may be either (a) 1 atm, (6) the 
vapor pressure of the solvent, or (c) the pressure of the system. If desig- 
nation (c) is employed the activity is equal to the mole fraction at all 
concentrations in an ideal solution at constant pressure exactly as when 
the pure component is chosen as the standard state. 

It is important to recognize that the standard state referred to infinite 
dilution is a hypothetical pure state of unit activity derived by linear 
extrapolation of the ideal fugacity-composition relationship at infinite 
dilution. This may be obtained by drawing a tangent to the fugacity- 
mole-fraction plot at zero mole fraction of solute. The intersection of 
this tangent with the abscissa of unit mole fraction N 2 = 1*0 gives the 
fugacity fl' of the standard state. Since partial molal volumes, en- 
thalpies, and heat capacities are independent of composition in an ideal 
solution, it follows that these 'properties of the hypothetical reference state 
are equal to the corresponding actual 'partial 'pro'perties of the solute in in-- 
finite dilution, . 

An alternate standard state referred to infinite dilution is so defined 
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that molality is equal to activity as the molality approaches zero. Thus, 


Lim — = 1.0 as W 2 — 0 (57) 

m2 

As infinite dilution is approached the fugacity becomes proportional 
to molality, or 


ft = as m — 0 or 


(?) 
\ani2/ma = 0 


Combining (62), (57), and (58) for an infinitely dilute solution gives 

a''=ms = A = A or = (59) 

^2 J2 


The hypothetical standard state can be obtained by drawing a tangent 
to the fugacity-molality plot at zero molality of solute. The intersection 
of this tangent with the abscissa of unit molality m 2 = 1 gives the fu- 
gacity of the standard state. 

Gasee in Liquid Solutions, The activity of a gas dissolved in a liquid 
may be referred to a standard state of unit fugacity, making activities 
equal to fugacities. More frequently it is desirable to refer the activities 
to infinite dilution so that the activity equals the mole fraction as they 
both approach zero. The pressure of the standard state may be desig- 
nated by any of the conventions discussed in the preceding paragraphs. 

For gases below or not greatly above their critical points a special 
standard state is useful in which the standard state of the gas in the 
liquid solution is taken as the hypothetical pure component in the liquid 
state at the temperature and pressure of the solution. The fugacity of 
such a hypothetical reference state may be estimated by extrapolation 
of the vapor-pressure curve if the temperature is above the critical. 
This standard state is extensively used for vaporization equilibrium 
calculations. 

As previously mentioned, the choice of the standard state is based on 
convenience and does not affect the relationships involved. However, 
it is important that the selected standard state be clearly defined and 
consistently adhered to in any specific problem. The concept of the 
activity tends to be confusing, and its value and use will be better under- 
stood as the applications of the following sections are developed. 

Activily Coefficients. The concept of the activity is useful because it 
provides a thermodynamically defined quantity which with proper choice 
of standard state is a simple measure of composition in ideal solutions. 
Because of its thermodynamic definition it is possible to develop exact 
relationships between the activities of components in complex systems 
at equilibrium under varying conditions. Where ideal solutions are in- 
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volved or approximated, these relationships between activities are di- 
rectly translatable into ordinary compositions. If ideal behavior cannot 
be assumed, it is necessary to introduce an empirical factor which relates 
activity to composition. This factor is termed the activity coefficient y, 
which is the ratio of activity to a numerical expression of composition. 
The numerical value of the activity coeflBicient is dependent both upon 
the standard state of the activity and upon the units of expression of 
composition. Both of these factors may be arbitrarily selected, and the 
activity coefficient has no significance unless both are specified. 

The most commonly used activity coefficients relate activities to mole 
fractions or molalities. The following symbols are used for the three 
coefficients of most importance in dealing with systems at low pressures. 

T2 = 0 , 2 ! N 2 (60) 

y2 = ayN2 (61) 

(62) 

where 

02 = activity of component 2 referred to the pure component 
^2 = activity of component 2 referred to infinite dilution where 
aj = iV'2 

02 ~ activity of component 2 referred to infinite dilution where 
02 = rn 2 

The activity coefficient of a component in a nonideal solution is a 
function of composition, temperature, and pressure, which ordinarily 
must be derived from direct experimental data on the specific system. 
A variety of data on systems at equHibrimn may be used for this pur- 
pose. For example, the composition of the vapor in equilibrium with a 
liquid solution may be determined. The fugacities of the components 
in the liquid solution are then equal to those of the same components 
in the gaseous phase and may be calculated by the methods of the pre- 
ceding sections. By determining such vapor-liquid equilibrium data 
over a range of compositions the fugacities of the liquid components 
may be evaluated. The activities and activity coefficients are then cal- 
culated from the fugacities of the standard states. In such investiga- 
tions it is necessary to evaluate experimentally the fugacities of all but 
one component. The fugacity of the remaining component can then be 
calculate by Equation (49) or (50) if a single known value is available 
in the range of concentrations covered by the data. 

If the unknown component is a nonvolatile material of unknown fu- 
gacity or if it is desired to express activities in terms referred to infinite 
dilutiOT, it is more convenient to rewrite Equations (49) and (50) in 
terms of activities or activity coefficients. The limits of integration of 
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these expressions are fixed by the concentration of the state of unit ac- 
tivity or of unit activity coeflScient, respectively, even though the fugacity 
is unknown. Since a = Equation (47) may be written for changes 
in activity due to changes in composition at constant temperature and 
pressure. 

Nid\nai + N2d]Rai + Nzdhiaz+^ • * = 0 (63) 

or integration, for a binary solution, gives 

lno2 = - r^’^^dlnai (64) 

JnI 2V2 

where 

Nl = mole fraction of the standard state where as = 1.0 

Equations (63) and (64) are convenient where the pure liquid or solid 
component 2 is chosen as the reference state. Since as = iYsys Equa- 
tion (63) may also be written in terms of activity coefficients. Thus, 

NidlaNi + Nidliiyi+N2dlnN2+N2dlny2+ • • • = 0 (65) 

also dN 1 -f- dN s *4" dN 3 -f- • • • = 0 

Then since Nid In Ni = dNij it follows that 

Nid]xiNi + N2dlnN2 + NzdljiNz+* ---0 ( 66 ) 

and Nl d]xiyi + N 2 d]ny 2 + Nzdln.y3+ • • • = 0 (67) 

Integration of (67) for a binary solution gives 

lnT2=/ ^dlnyi+C (68) 

t/jyr' N2 

where C is the value of In 72 at iYJ. 

Equation (67) may also be written in the form of (50) for binary 
solutions: 



Equations (63) through (67) may also be written in terms of common 
logarithms and then integrated graphically by plotting log ai, or log 71, 
against iVi/iVs. The equations in terms- of the activity coefficients are 
preferable for graphical manipulation, because in general the coefficient 
varies less with change in composition than does the activity. 

For solutions of more than two components the procedure is more 
complicated since an additional integral is introduced for each additional 
component. Such integrations are best carried out with respect to a 
constant number of moles of all components other than the one imder 
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consideration. Thus, 

— Ina2= r — dlnai+ r —dlnasH (70) 

where ni, ns, * • • are Constant- 

Equations (63-70) are rigorous thermodynamic relations which are 
valid for conditions of constant temperature. They are of great value 

of a system and for detecting inconsistent or erroneous measurements. 

Where activities are referred to molalities at infinite dilution the "ac- 
tivity, coefiScients 7" are not constant or equal to unity, even in ideal 
solutions except in the dilute range. Their principal value is in dealing 
with dilute aqueous solutions in which ionization occurs. Equations (69) 
and (70) are not applicable to activity coeflGicients defined in this manner. 

From the definition of activity it is evident that the activities of a 
solute when expressed on the basis of the three different'standard states 
used in Equations (60), (61), and (62) must be related to each other 
by constant factors, independent of concentration. Thus, 

f2 = a^l = a'2fV (71) 

The conversion of activities from one standard state to another for a 
given system is obtained by rearranging Equation (71) to give 

It is thus evident that the ratio of activities relative to different stand- 
ard states is given by the ratio of the fugacities of the standard states 
according to Equation (72) and that these conversion factors are con- 
stant over the entire range of concentrations. 

A further relation between activities in aqueous solutions results from 
consideration of the infinitely dilute solution where, since 1000 g of 
water is equivalent to 55.6l g-moles, it follows that, 

1712 — 55.51 N 2 or dm 2 = 55.51 dN 2 as m 2 — 0 (73) 

and where, from Equations (55, 56), 

and where, from Equations (58, 59), 



Combining (73-75) gives ft' = 55,51 /J" (76) 
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Combining (72) and (76) gives 

c4' = 55,51 ai (77) 

A comparison of activities and of activity coefficients referred to the 
three different standard states is illustrated diagrammatically in Fig. 143 
in which fugacities, activities, and activity coefficients of a solute in a 
nonideal solution are plotted against mole fraction. In this example, 
ft = 0.5 and as- LO at N 2 = 1.0. The value of ft' is obtained by 
drawing a tangent to the fugacity curve at zero mole fraction and ex- 
tending it to iV2 = 1.0 where ft' = 1.3. The value of ft" is obtained 
by constructing a tangent to a fugacity-molality curve at zero molality 

1.3 

and extending it to m2 = 1.0, or from Equation (76), /J" = = 0.0234. 

The ratios of activities referred to the different standard states are given 
by Equation (72) as 

^ (51) 

For mole fractions of zero and unity the following values are obtained; 


at 

AtiV 3 = 0 

0 

At Nt = 1.0(m — 00 ) 
1.0 

oit 

0 

0.384 

< 4 ' 

0 

21.35 

72 

2.60 

1.0 

72 

1.0 

0.384 

72' 

1.0 

0 


Where fugacities of component 2 are unknown the ratio of standard 
fugacities in Equation (72) can be obtained from the activity coefficient 
of component 2 at infinite dilution (72)0* By combination of Equations 
(52) and (60) and Equations (61), (57), and (73), and, since at infinite 
dilution 72 and 7^' are each equal to unity, Equation (72) becomes 

CI2 ~ (72)0 ~ (72)0 <3^2^/55.51 (77a) 

lUtistration 9. Prom the data for the vapor pressure of water above sugar 
(CisHaaOii) solutions taken from the International Critical Tables and summarized 
in Table XX^, calculate the corresponding 

(а) Fugacities of the water in solution. 

( б ) Activities and activity coefficients 71 of the water referred to pure liquid water. 

(c) Activities and activity coefficient 72 of the sugar referred to the pure solid. 

(d) Activities oj and activity coefficients yt of the sugar referred to mole fractions 
at infinite dilution. 

(e) Activities and activity coefficients 72 ' of the sugar referred to molality 
at infinite dilution. 



JL.4 


£>0 



Figs, 143a and h. Ccnnpanson of Activities and Activity Coefficients for Different 

Standard States. 
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TABLE XXX 


A oi'i v iiT OF Wateb in Sttgab Solutions at 25®C 
Vapor 

McHe FractionB pressure 


MoUdiinf 
m Nt 

H*0 

Ni 

mm Eg 
Pi 


yi 

log 71 

Ni/N^ 

0 

0 

1.0 

23.756 

1.0 

1.0 

0 

00 

0.1 

0.00180 

0.99820 

23.714 

0.99823 

1.0000 

0.0000 

554.56 

0.4 

0.00715 

0.99285 

23.585 

0.99280 

0.99995 

-0.00002 

138.86 

1.0 

0.01770 

0.98230 

23.302 

0.98089 

0.99856 

-0.00063 

55.497 

2.0 

0.03478 

0.96522 

22.762 

0.95816 

0.99269 

-0.00319 

27.752 

3.0 

0.05127 

0.94873 

22.166 

0.93307 

0.98349 

-0.00723 

18.505 

4.0 

0.06722 

0.93278 

21.521 

0.90592 

0.97120 

-0.01269 

13.877 

5.0 

0.08263 

0.91737 

20.846 

0.87750 

0.95654 

-0.01930 

11.102 

6.0 

0.09755 

0.90245 

20.20 

0.85031 

0.94222 

-0.02585 

9.251 

6.18 (Sat) 0.10018 

0.89982 

20.08 

0.84526 

0,93937 

-0.02716 

8.9820 


SdiUion: (a) At the low pressures involved it may be assumed that the fugacities 
of the water vapor /i are equal to partial pressures pi. 

(jb) The activities ai of the water 
in the solution are obtained by di- 
viding Pi by 23.756 the vapor pres- 
sure and fugacity of the pure water 
at 25®C which is chosen as the 
standard state. At the low pressures 
involved the pressure designation of 
the standard state is of no conse- 
quence since pressures of this order 
have a negligible effect on the fugac- 
ity of the liquid. The activity co- 
efficients 71 are equal to ai/Ni. 

(c) The activity coefficients of 
the sugar 72 are determined by 
graphical integration of Equation 
(68). Values of —log 71 and N 1 /N 2 
from Table XXX are plotted in Pig. 
144. Since the fugacity of the sugar 
in the saturated solution is equal to 
that of the pure solid, the activity 
az of the sugar in the saturated so- 
lution is 1.0 referred to the pure solid. The corresponding activity coefficient '72 = 
1.0 /N 2 — 9.9820 where Ni/N 2 = 8.9820. These values fix the lower limit of the inte- 
gral which may be written 

- rNx/N2 Ni 

log 7* = - d log 71 + log 9.9820 

The incremental evaluation of the mtegral is indicated in Fig. 144, and the resultant 
values of 72 are given in Table XXXI. Corresponding values of a2 are obtained by 
multiplying iV2 by 72. 

(d) In Fig. 145 values of 72 are plotted as ordinates on a logarithmic scale against 
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Fig. 144. Evaluation of the Activity Coeffi- 
cients of Sucrose 
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Ni and the resulting curve extrapolated to iV 2 = 0. Values of ai and ai' are then 
calculated from Equation (72). The corresponding activity coefficients are by defi- 
nition and /m. These results are summarized in Table XXXI 

and Fig. 145. 


TABLE XXXI 

AcraviTiBS OP Sugar in Aqueous Solutions at 25®C 


771 

^2 

73 

‘ at 

02 

yi 

ci' 

73 

0 

0 

3.2800 

0 

0 

1.000 

0 

1.000 

0.1 

0.00180 

3.2899 

0.00592 

0.00180 

1.000 

0.1000 

1.000 

0.4 

0.00715 

3.3696 

0.02409 

0.00734 

1.027 

0.4074 

1.019 

1.0 

0.01770 

3.8539 

0.06821 

0.02080 

1.175 

1.155 

1.155 

2.0 

0.03478 

4.7222 

0.16424 

0.0501 

1.400 

2.779 

1.390 

3.0 

0.05127 

5.7860 

0.29665 

0.0904 

1.764 

5.020 

1.673 

4.0 

0.06722 

7.0175 

0.47172 

0.1438 

2.139 

7.983 

1.996 

5.0 

0.08263 

8.3880 

0.69310 

0.2113 

2.557 

11.730 

2.346 

6.0 

0.09755 

9.7225 

0.94843 

0.2899 

2.964 

16.05 

2.675 

6.18 

0.10018 

9.9820 

1.00000 

0.3049 

3.043 

16.92 

2.738 


From inspection of Fig. 145 it is evident that the activity coefficients y% and yi 
are widely different in numerical value but are related by a constant factor. The 
coefficient y^' approaches 72 at low 
concentrations but is not related to 
the other two coefficients by a con- 
stant factor. 

It may be noted that the graphical 
integration shown in^Fig. 144 be- 
comes uncertain at low concentra- 
tions .where Ni/Nt approaches 
infinity. Special graphical methods 72 
have been developed by Lewis and 
BandaU^® to circumvent this diffi- 
culty and permit accurate integra- 
tions with zero concentration as one 
limit. 

Although determination of 
activities and activity coeffi- 
dents from vapor-pressT^ data Activity Coeffieieiits of Sucrose 

is most direct, in principle the in Aqueous Solutions at 25°C. 

results are frequently less accu-^ 

rate than those obtained by other methods involving different types of 
equilibrium. 

Lewis and Randall^^ discus in detail the evaluation of activity coeffi- 
cients from data on solubilities, distribution coefficients, freezing points, 
boiling points, and electromotive-force measurements. 

Ionic Activities. The expression of activities in solution of electrolytes 
is complicated by the dissociation of the components into ions. This 
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effect may be disregarded, and the appareTd inolecular activity , frequently 
'termed the activity of the undissociated electrolyte, may be determined 
from vapor-pressure data by the procedure of Illustration 9. For ex- 
ample, the molecular activities of sodium chloride in water may be de- 
termined in this manner from data in the literature. It is found, how- 
ever, that the molecular-activity coefficient 72 = CL 2 /N 2 varies widely 
with concentration and approaches zero instead of a constant value at 
zero concentration. This behavior results from the fact that the effec- 
tive mole fraction of the binary solute is increased by dissociation of 
one molecule into two ions, each of which behaves as a solute, and the 
actual molal concentration of the solute approaches twice the stoichio- 
metric value based on the imdissociated salt. Thus, for determining 
molecular activities in a binary solution Equation (64) may be written 

Ui 55 51 

.dloga2 = dlogai = ^ — dlogai ( 78 ) 

rii nii 

Actually, however, the number of moles of effective solute is equal to 
«*(>'- + v+) or nsv* where v- and y+ are the numbers of negative and 
positive ions formed by the dissociation of one molecule of the solute 
and = j»_ + j>+. On this basis an expression may be written for what 
is termed the mean ionic activity a± 2 . 


,, j, 65.51 ,, 

d log 0*2 d log Oi = d log oi 

By combination of Equations (78) and (79) it follows that 


02 = kia^y* 


oy-ai- 

K 


(79) 

(80) 


where i<_ = number of positive and negative ions, respectively, 
formed from the dissociation of one molecule, 

+ v_ 

E = the equilibrium constant of ionic dissociation 
k — a proportionality factor, the value of which is deter- 
mined by the standard states chosen for 02 and 0*2 
Eearrangement of Equation (80) gives, 

k J- 

o* = ;^(a;+ol-)-'- (80a). 


The standard state of ionic activity is conventionally based upon the 
mean ionic molcdiiy which takes the same form as Equation (80a) ; thus : 

2. 

m*2 = »»2(«’!Jj'>’Ir)’'* 


( 81 ) 
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where = stoichiometric molality 

For example, calcium chloride dissociates into one positive and two nega- 
tive ions or v+ = 1, = 2, = 3, and m*2 = 

The standard state for the expression of the activities of electrolytes 
is so chosen that a±2 == w±2 as infinite dilution is approached. Thus, 


1 


Lim a*2 = ^?i±2 = 

m*3s=0 


The mean ionic-activity coefficient ^±2 is defined by 


(82) 


. Ctdb2 
7*2= 

m*2 


(83) 


It is evident that 7^,2 = 1.0 at zero concentration. 

For the expression of the apparent molecular activities of electrolytes, 
a special standard state is commonly selected in order that the following 
relationship shall be valid. 


_/ // 
0>2 


. ' = (84) 

where aj'' = the apparent molecular activity referred to what may be 
termed the electrolytic standard state having a fugacity 
^2 = the apparent molecular activity referred to the pure component 
having a fugacity /?. The apparent molecular activity coefficient 72'' 
may be defined as follows: 


Triz 


(85) 


It should be noted that this definition of standard state does not require 
that 7^'^ be unity at infinite dilution. 

By combination of Equations (81), (82), and (84) mean ionic activities 
may be determined from vapor-pressure measurements which permit 
calculation of the apparent molecular activity az referred to the pure 
component or some other convenient state. Thus, 


1 


, («*)'* 

»27*2 — 

m2 

(86) 

1 


, (yl*vL-y- 

— X 

(87) 




Values of ^27*2 from Equation (86) are plotted against m2 and extrapo- 
lated to zero molality where by definition 7*2 = 1.0. This intercept is 
equal to from which values of 7^2 a»t all concentrations may be cal- 
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culated by Equation ( 86 ). Corresponding values of and are 
then obtained from Equations (83) and (84). 

It is of interest to develop the relationship between ^*2 and the ap- 
parent molecular-activity coefficients ^ 0 !%' I and 


10 

8 

6 

5 

4 




0.08 


0.06 

0.06 

0.04. 

0.03 


0.02 


0.01 


3 4 6 6 ^ 

Molality, 


Fia. 146. Activity Coefficients of Aqueous Sodium Chloride Solutions at 25®C. 


By combination of Equations (81), (82), and (84) with the equations 
of definitions of the coefficients: 


7 ^' = 

' mn/fi") 


( 88 ) 

(89) 


It is evident from Equations ( 88 ) and (89) that both 72 'and 72 must 
approach zero at zero concentration where 7*2 = 1*0 and m 2 = 0 . The 
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relationship between the various activity coefficients is shown graphi- 
cally in Fig. 146 for NaCl in water at 100 °C. Values of a% and 72 re- 
ferred to pure NaCl(s) may be calculated from vapor-pressure data by 
the method of Illustration 9 . In accordance with Equation (86) the 
quantity V^/m2 is plotted against and extrapolated to m2=0. 
The value of ^2 is equal to this intercept, since 7*2 = 1.0. The corre- 
sponding values of 72" are obtained from Equation (88). This method 
is presented to clarify the relationships between the various standard 
states and activity coefficients. Actually it is not a practical means of 
evaluating activity coefficients with a high degree of accuracy because 
of the difficulty of obtaining precise vapor-pressure data for very dilute 
solutions. More accurate experimental methods are discussed in detail 
by Lewis and Randall.^* 

PROBLEMS 

1. A mixture of hydrocsarbon gases has the followiag composition in mole per cent: 


CH 4 

38.38 

CaHe 

7.56 

CsHs 

7.05 

nCJHio 

11.29 

nC5Hi2 

35.72 


100.00 


Calculate the density of this mixture in pounds per cubic foot in the gaseous state 
at a temperature of 200°F and an absolute pressure of 400 lb per sq in. 

2. Calculate the density in grams per cubic centimeter of the mixture of prob- 
lem 1 in the liquid state at a temperature of 100®F and an absolute pressure of 
1300 lb per sq in. 

3. Calculate the enthalpy in Btu per pound of the mixture of problem 1 in the 
gaseous state at the specified conditions. As the reference state of zero enthalpy 
use the ideal gaseous state at 60°F for the propane and lighter constituents. For 
butane and the heavier constituents use the saturated liquid state at 60®F as the 
reference. It may be assumed that the enthalpies of the components are additive 
imder these reference conditions. Heats of vaporization of the three light gases are 
given in Illustration 4. Doss® recommends the following values in calories per gram 
at the normal boiling point: n-butane 92.0; n-pentane 85.5. 

4. Calculate the enthalpy in Btu per pound of the mixture in the liquid state 
at the conditions of problem 2, using the reference states specified in problem 3. 

6. From the data of Table XXVII and Fig. 142 calculate the fugacity in pounds 
per square inch of pure ethane gas at a temperature of 200®F and an absolute pressure 
of 1500 lb per sq in. 

6. Calculate the fugacities of the following gases; 

(a) Air at 60®F and 100 atm. 

(b) Ammonia at 80‘^C and 40 atm. 

(c) Carbon dioxide at 150°F and a gauge pressure of 2,000 lb per sq in. 

7. Calculate the fugacity of the liquid ethylene in contact with its saturated 
vapor at 0°C and 40.6 atm. 
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8. Calculate the fugacily of liquid chlorme in contact with a mixture of hydrogen 
and its own vapors at a temperature of 122®F and an absolute pressure of 1,000 lb 
per sq in. The vapor pressure of liquid chlorine at this temperature is 14.1 atm, and 
its density is 1.557 g per cc at -33.6®C. 

9. Assuming that an ideal solution is formed, calculate the fugacities of the com- 
ponents of the mixtxire of problem 1 under the specified conditions. 

10. The gas from the converter of a synthetic ammonia plant has the following 
composition in mole per cent: 

N, = 20.2 
H, = 60.8 
NHs = 19.0 


Calculate the fugacity of each component of the mixture at 800®F and an absolute 
pressure of 4,500 lb per sq in., assuming that an ideal solution is formed. 

11. The International Critical Tables give the following data for the lowering of 
the vapor pressure of water at 0®C by urea [CO(NH 2 ) 2 ] : 

m 100 R 

1 1.52 

2 1.49 

4 1.46 

6 1.45 

10 1.43 

where m » molality; Po = vapor pressure of the pure water; p = vapor pressure of 
HiO above the solution. The solubility of urea at 0°C is 67.1 g per 100 g of H 2 O, 

Calculate and plot as functions of molality the activity of the water ai and of the 
urea at referred to the solid at 0®C, and estimate the activities of the urea ai and ai' 
referred to infinite dilution. Also calculate and plot the corresponding activity co- 
efScients, yi, yt, yi, and yi', 

12. The following data on the vapor-pressure lowering of aqueous Nal solutions 
at lOO'^C are expressed in the terms defined in problem 11: 


m 

loop 

m 

loop 

0.7 

3.25 

7 

4.91 

1.5 

3.62 

9 

5.00 

4.0 

4.46 

11 

4.89 

5.0 

4.67 

17 

4.25 

6.0 

4.82 

20 

3.85 


The solubility of Nal at 100®C is 20.24 moles per 1000 g of H 2 O, 

Calculate and plot as functions of the molality: ai; yi; at (referred to solid Nal) ; 
72 ; 0 * 2 ,’ 7 ± 2 ; ai"’j y't, 

13. The following data from the International Critical Tables show the partial 
pressures in millimeters of Hg of toluene and acetic acid in solutions at a tempera- 
ture of 69.94*^C; 


JhzA 

mPo 
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mole per cent toluene 

Pi (toluene) 

P2 (acetic acid) 

0 

0 

136 

12.50 

54.8 

120.5 

23.10 

84.8 

110.8 

31.21 

101.9 

103.0 

40.19 

117.8 

95.7 

48.60 

130.7 

88.2 

53.49 

137.6 

83.7 

59.12 

145.2 

78.2 

66.20 

155.7 

69.3 

75.97 

167.3 

57.8 

82.89 

176.2 

46.5 

90.58 

186.1 

30.5 

95.65 

193.5 

17.2 

100 

202 

0 


Calculate the activity coeflScients 71, from these data. Plot the activity coeffi- 
cients as ordinates on a logarithmic scale against the mole per cent toluene on a 
uniform scale and check these curves for consistency with the Gibbs-Duhem equation 
at compositions of 10, 30, 50, 70, and 90 per cent toluene. 



CHAPTER XV 


PHYSICAL EQUILIBRIUM 


The concepts of fugacity and activity are of particular value in prob- 
lems of equilibrium in both physical and chemical processes. Where 
only pure components or ideal solutions are involved, such problems are 
readily solved by applications of the principles developed in the preced- 
ing chapters. If a system under consideration involves a nonideal solu- 
tion, the evaluation of the activity coefficients of the components is 
frequently the most difficult problem. Some direct experimental data 
combined with empirical or semiempirical relationships afe generally 
necessary. 

VAPOR-LIQUID EQUILIBRnTM 

The evaluation of activity coefficients m solutions of miscible liquids 
is of particular importance for correcting data on vapor-liquid equilib- 
lium. In working with such mixtures it is convenient to choose the 
pure components at the pressure of the solution as the standard states. 
With this convention activity is equal to mole fraction in an ideal solu- 
tion at constant temperature and pressure. Then, 


_ 


where 

yi = activity coefficient of component 1 
Cl = activity of component 1 in solution referred to the pure 
component 

/i = fugacity of component 1 in solution 
fl = fugacity of pure component 1 at the temperature and pres- 
sure of the solution 


( 1 ) 


If it is assumed that the vapors form an ideal solution, the fugacity fi 
of Equation (1) is readily calculated as in Illustration 8 (Chapter XIV) 
from the composition, temperature, and pressure of the vapor in equilib- 
rium with the solution. The fugacity of the standard state is calculated 
from the vapor pressure of the pure compound and the total pressure 
of the solution, by the method of Illustration 7, page 623. In this man- 
ner/if sufficient data are available, activity coefficients may be evaluated 
in any given system as a function of composition, temperature, and total 
pressure. The results may be verified for thermodynamic consistency 
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by means of the Gibbs-Duhem Equation (XIV-67). This equation 
must be satisfied by activity coeflicients at a constant temperature and 
pressure. 

Application of these methods to binary solutions is complicated by 
the fact that when a vapor phase is present such a system possesses only 
two degrees of freedom and it is not possible to vary composition at con- 
stant temperature and pressure. For rigorous application of the Gibbs- 
Duhem equation, fugacities/i determined at a constant temperature and 
varying total pressures should be corrected to a constant-pressure basis 
by means of Equation (XIV-45). However, this correction is small for 
moderate pressure changes and generally may be neglected except when 
one is working with solutions near their critical points where partial 
molal volumes and pressures are both high. Similarly, at moderate 
pressures and small liquid volumes the effect of pressure on the fugacity 
of the liquid is negligible, and/J may be taken as the fugacity of the 
liquid under its own vapor pressure. Under conditions such that the 
vapors may be treated as ideal gases still further simplification is possible 
and Equation (1) may be written: 


where 



XiPl 


( 2 ) 


Xi = mole fraction of component 1 in the liquid phase 
yi = mole fraction of component 1 in the vapor phase 
pi = partial pressure of component 1 in vapor 
PJ = vapor pressure of pure component 1 at the temperature 
of the solution 

T* = total pressure of the system 

Component 1 is usually taken as the component which in the pure state 
has the lower boUing point. 

In Fig. 147 are plotted the activity coefficients of benzene and toluene 
(system I) of water and n-butanol (system II) of isopropyl ether and 
isopropyl alcohol (system III) and of acetone and chloroform (system IV) 
all at 760 mm of Hg. For the nearly ideal benzene-toluene system, the 
activity coefficients of both components are the same and equal to 1.0. , 
The corresponding vapor-liquid composition curves of these four systems 
are plotted in Fig. 148 and the boiling-point curves m Fig. 149. 

It should be noted that the activity coefficients of Fig. 147 are re- 
stricted to a constant total pressure and therefore correspond to vary- 
ing temperatures. Similar curves for the same midrange conditions 

♦Indicates a range of pressures sufficiently low so that the ideal-gas law is 
applicable. 
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might be plotted for activity coefficients at constant temperature and 
varying pressure. In general, the differences between such plots are 
negligible for systems whose boiling points vary only a few degrees with 
change in composition. The constant pressure plots are in general more 
useful because most vaporization operations are conducted at substan- 



tially constant pressure. On the other hand, activity coefficients at 
constant temperature are more accurately rationalized by the Gibbs- 
Duhem equation. 

From Pig. 149 it may be noted that the isopropyl alcohol-isopropyl 
ether system forms a solution having a miniTYmm boiling point at 78 per 
cent ether, whereas the acetone-chloroform system forms a solution 
having a maximu m boiling point at 40 per cent acetone, and the water- 
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butanol system has a minimum boiling point at 75 per cent water. 
Such solutions which have maximum or minimum boiling points and 
which evolve vapors of the same composition as the liquid are termed 
azeotropic solutions or azeotropes. By comparison of Figs. 149 and 147 
it is seen that for a system forming an azeotrope of minimum boiling 
point the activity coefficients of the separate components are each 
greater than unity over the entire range of compositions, whereas for 



Fio. 148. Vapor-liquid Equilibria of Typical Binary 

the system forming an azeotrope of maximum boiling point the activity 
coefficients are less than unity. This behavior is general for many non- 
ideal systems. Activity coefficients greater than 1.0 are much the more 
common. 

If the effects of the small variations in temperature are neglected, the 
slopes of the curves of Fig. 147 for any system at constant temperature 
and low pressure are related to each other by Equation (XIV-69), and 
if one curve is known the other is readily calculated. For the prediction 
of both activity curves from a minimum of experimental data a general 
relation between activity coefficients and mole fraction is necessary. 

Free Energy of Mixing. Thermodynamically consistent expressions 
for the activity coefficients of components in solutions are most con- 
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veniently derived by consideration of the free-energy changes accom- 
panying the formation of a solution from its components in their stand- 
ard states. This free-energy change of mixing is given by the 
following general equation where the standard state is taken as the pure 



rc=Mole Fraction of Lower Boiling Component (*) 
in Liquid Phase 

Fig. 149- Saturation Temperatures of Typical Binary Systems at 1.0 Atm Pressure, 
components at the pressure and temperature of the system: 

^Gm — SrtfGi — SritG?, (3) 

where 

'LUiGi = ?2iGi -|- W2G2 n^G^ -f- • • • = G 
2)?2-iG? = TZ-iGi + n^G^ “h 

Combining (3), (XIV-53) and (XIV-60) and using Xi iov mole fraction 
instead of Ni for the liquid phase gives 

Aff jif = RT'Eui In x* + RTXui In ji 
nilna^i = 7iilna:i + n2lnx2 + ^3hia:8+* • • 


where 


( 4 ) 
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For an ideal solution all activity coefficients are equal to unity and the 
term RTXrii In ji reduces to zero. This term is designated by Scatchard 
and Hamer^ as the excess free energy of the solution. Thus, the free 
energy G of any solution may be written as 


G = ZniGi + RT'ZUi la Xi+G^ (5) 

where 


G^ = RTZUi In yi = the excess free energy 

The chemical potential of any component is obtained by differentiating 
Equation (5), thus for component 1, 


= Gi = Gi -j- RT 


dZui In Xi 
dui 


BG^ 

dn\ 


( 6 ) 


The expansion of the second term combined with the principle of 
Equation (XIV-66) gives 


RT 


B^Ui In X. 


Bni 


'^RT ] 


_ , d In BlaXi 

\axi-\-ni— \-n2- 


Bni 


Bni 


Then,.. 




/.ti = Gi == Gx ”f" RT In xi -j- 


BG^ 

Bn\ 


RT In Xi (7) 

( 8 ) 


By comparison of Equations (8) and (XIV-53) it may be seen that 


Similarly, 


jffiTln 7 i — 


BG^ 




RT In 72 = 


BG^ 

Bn'2 


(9) 

( 10 ) 


Equations (9) and (10) permit derivation of thermodynamically consistent 
expr^Mohs for the activity coefficients of all components of a solution 
froniian empirical expression r^ating the excess free energy to the com- 
position of the solution. * . r : 

It was pointed out by WphP that the empirical equations which have 
been commonly used for correlation of activity ' coefficients’ represent 
special cases of the following general equation for the excess free energy: 


• ■ G^. 

RT(XqiXi) 
where 




Xi = mole fraction of component i 

Qi = effective molal volume of component i 

Zi = effective volume fraction of component i 


1 G. Scatchard and W. J. Hamer, J. Am, Chem. Soc., 67, 1805 (1935): 
2 K. Wohl, Trans, Am, Inst, Chem, Engrs. 42, 215-250 (1946). 
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Subscripts i, ft, Z each may correspond to any component of the mix- 
ture in the terms of the indicated summations. 

Gih etc. = empirical constants corresponding to the indicated groups 
of components in the summations. 

Equation (11) is designated si, four-^suffix empirical equation as charac- 
terized by the last term. The first summation term may be considered 
as indicating the effect on the excess free energy of the interactions be- 
tween unlike molecules of the components in pairs. The second term 
indicates the contributions from interactions of groups of three mole- 
cules while the third takes into account interactions of groups of; four. 
If the last summation is omitted the remainder is a three-suffix eqiwiion^ 
whereas if the last two terms are omitted it becomes a two-sufl5x equa- 
tion. Each additional summation introduces added constants to permit 
improved representation of increasingly complex relationships. 

Each su mm ation in Equation (11) represents the sum of aU possible 
combinations of molecules in unlike groups of the indicated size. Thus, 
in a mixture of components 1 , 2 , 3 , • • •, component 1 is first taken as 
and all possible groups are expanded by successively designating each 
component of the mixture as ft, and Z. For example, for a temaiy 
system the second summation is expanded to 24 terms as follows for aU 
possible triple combinations among two and three unlike species. 

= ^i2iZ2aii2 + ziz^iaui + Z1Z2Z2U122 

+ Ziz^^uz + ZiZ^iaizi + ZiZzZiP^izz + ZiZ^zP'Uz + ^^22^12^10211 

+ Z22iZ20212 + Z^iZ^aiU 4 * + Z^a^zaziz + ZsZzZiazzi 

+ Z^zZ2P^2Z2 + 2223230288 + ZzZlZiazil + ZzZlZ2(lzi2 + 282iZ808i3 
+ Z32221O321 + 232222O322 + 2322230828 + ZzZzZiazzi + ZzZzZ 2 azz 2 ( 12 ) 

Since the order of multiplication is immaterial, terms such as zlz2an2 
and 2 iZ22iOi2i are identical and may be grouped together. Thus, Equa- 
tion (12) reduces to seven terms: 

^ik^iZhZjCiihj = ZizSciiu 4 “ zJzsSoiia ZizfSoiaa 4 “ 21^22360123 

+ 2 i 3 | 30 i 83 4 - 2 |Z 83 a 223 + 222|30288 ( 13 ) 

The other s umm ations may be expanded in a similar manner for any 
system of any number of components. 

The effective molal volume q in Equation (11) serves to relate the 
effective volume fractions z to the mole fractions x. Thus, 


Xi 


, 9^2 . qz 

^14" X2 4 3^3 4“ ' 

9 i 


2 i = 


(14) 



Chap. XV] ACTIVITY COEFFICIENTS IN BINARY SYSTEMS 


651 


and 


Zi ■■ 


2/2 ““ 
Qi 


Xx+—X2+-Xz+' 

Qi 


(15) 


Activily Coefficients in Binary Systems. For a binary system of 
components 1 and 2 , a three-suffix equation of the form of ( 11 ) may be 
expanded as follows: 


qB 

RT(qiXi + q^i) 


= + 2|z23aii2 + Sizi3ai82 


(16) 


or, since zj + 22 == 1.0, 


G® r 1 

— = I xi + — a:2jziZ2[2igi(2oi2 + 3ou2) + Zsai(2ai2 + 80122 )] (17) 

This equation may be written with the following abbreviations: 


Then 


A = gi( 2 oi 2 + 80122) 

B = 32(2012 + 80112) 

= [a,, + I a:2]2l«2[2l(|)B + Z 2 I] 


(18) 

(19) 

( 20 ) 


The term In 71 may be evaluated by partial differentiation of Equa- 
tion (20) with respect to in accordance with the relationship of Equa- 
tion (9). This is done by first replacing x and 2 ? by n by means of the 
following relations: 


xi = 


ni 


Til + 72-2 


X2 == 


712 


ni + n2 


«1 = 


7hl 


Til + — 7^2 


22 = - 


9^1 


7^2 — 

Qi 

711+^712 
2 l. 


( 21 ) 


Xx"\-X2= 1 . 0 ; + 02 = 1.0 


Also on the molal basis, 


QE 

Til 712 


= G® 


By substitution in Equation (20), 

niTiJB + 7 ^l 7^2 ^ A 

RT / , g2 V 

+ — 712 J 


( 22 ) 
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Upon differentiation with respect to ni, 


dG^ 


■ = log n = ■ 


”^( 1 ) [-”■'* +^-^ 0 + ] 


(». + n.|J 


2.ZQ&dni{RT) 

Replacing values of z\ and Zi gives 

log 71 = + 2^R ^ 


Similarly, 


log 72 = 2 ? [^5 + 2 - 5^32 J 


(23) 

(24) 

(25) 


These general equations developed by Wohl^ involve three constants; 
A, B, and ^ 1 /^ 2 , which must be empirically determined for each system 
under consideration. By the use of various assumptions regarding the 
ratio of the effective molal volumes q%/q\ the number of empirical con- 
stants may be reduced to two. 

Margules® in effect assumed that q^/qi = 1.0. With this assumption 
Equations (24) and (25) reduce to the familiar Margules equations as 
modified by Carlson and Colburn.^ 

log Ti =^xliA + 2(B - A)it{] = (2B ~ A)zl + 2(.4 - B)xl (26) 
log 72 = xllB + 2(A - B)x 2 '] = (2A - B)xl + 2(5 - A)xl (27) 

Scatchard® and co-workers^®»^) took the effective molal volumes as equal 
to the actual molal volumes of the pure components. On this basis 
q^/Qi = y 2 /Vi, and Equations (24) and (25) reduce to what is termed 
the Scatchard-Hamer equations. Thus, 


log 7i = si + ^{b ^ 

(28) 

log 72 = sf j^R + 2^4 - 5 ^ 22 ] 

(29) 


In these equations z reprteents the volume fraction based on the vol- 
umes of the pure components and is the true volume fraction if volume 
changes in mixing are negligible. 

If it is assumed that qi/q 2 = A/B Equations (24) and (25) reduce to 

® M. Margules, Sitter. Akad, Wiss. Wien. Math, naturw. Klasse, IT, 104, 1243- 
78 (1895). 

^ H. C. Carlson and A. P. Colburn, Ind. Eng. Chem., 34t, 581 (1942). 

® G. Scatchard, Chem. Rev., 8, 321 (1931). 

® G. Scatchard and S. S. Prentiss, J. Am. Chem. Soc., 66, 1486 (1934). 

^ G. Scatchard and W. J. Hamer, J. Am. Chem. Soc., 67, 1805 (1935). 
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the form developed by van Laar^»® as rearranged by Carlson and 
Colburn.^ 


log Ti = ^4 



(30) 


log 72 == Bzl 



(31) 


Differentiation proves that Equations (24-31) satisfy the general rela- 
tion of Equation (XIV-69). The constants A and B are characteristic 
of each particular system. In the van Laar equations (30) and (31) 
it is evident that A is the terminal value of log 71, where Xi = 0, and B 
is the terminal value of log 72, where = 0. 

Equations (24-31) are basically restricted to conditions of constant 
temperature. However, as previously pointed out, little error is gen- 
erally encountered in applying them to activity coefficients at constant 
pressu];e in close boiling systems. 

If the validity of the van Laar Equations (30) and (31) is accepted, 
determination of 71 and 72 at a single known composition permits evalu- 
ation of A and B and calculation of the complete 7 cxrrves. Measure- 
ment of a single set of equilibrium liquid and vapor compositions, to- 
gether with knowledge of the vapor pressures of the pure components, 
suffices for calculation of 71 and 72 from Equation (2). AVhere an azeo- 
trope is formed the composition of only one phase need be measured 
since the liquid and vapor compositions are the same. By rearrange- 
ment of Equations (30) and (31) the constants A and B are obtainec? 
(ffirectly. 

A ^ fi I ^2 log 72 

A = log 71 1 d 

L log 71. 


(32) 


B = log 72 1 + 


Xi log 7l 1 ^ 
X 2 log 72_ 


Illustration 1. The azeotrope of the ethanol-benzene system has a composition 
of 44.8 mole per cent ethanol with a boiling point of 68.24°C at 760 mm Hg. At 
68.24®C the vapor pressure of pure benzene is 517 mm Hg, and that of ethanol is 
506 mm Hg. Calculate the van Laar constants for the system, and evaluate the 
activity coefficients for a solution containing 10 mole per cent ethanol. 

Solution: Ethanol is designated as component 1. At the azeotropic composition, 
from Equation (32), since y = x, 

71 = = 1.502; log 71 = 0.177 

-ya = = 1.47; log 72 = 0.167 

® J. J. van Laar, Z. phys, Chem., 72, 723 (1910). 

® J. J. van Laar, Z. phys, Chem., 186, 35 (1929). 
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From Equation (32), 

^ = 0.830 

L ^ (0.448) (0.177) J 

Similarly, from Equation (33), 

B = 0.577 

For a solution containing 10 per cent ethanol, from Equations (30) and (31), 

(0.830) (0.90)» 


r(0 j3OK0.l0) gp-i 

L 0.577 J 

log yj 0.0109; 72 = 1.026 


; = 0.6168; 71 - 4.14 


By this procedure the activity coefficients of the entire range of compositions noay 
be calculated. 


It was pointed out by Carlson and Colburn^ that the van Laar con- 
stants may be evaluated without any liquid-vapor equilibrium composi- 
tion data if a series of isothermal vapor-pressure or isobaric boiling-point 
measurements are available for solutions of known composition over the 
entire composition range. It is frequently desirable to work from such 
data because of the difficulty of securing a reliable analysis of^ vapor 
mixtures and the ease of making up liquid solutions of a desired com- 
position. Since, in Equation (2), 


Pi = — 2>2 = — 72iJ?2P2 

( 34 ) 

as x% approaches 1.0 and 72 is approximately 1 . 0 , 


TT* — 0 : 2^2 

aa = 0 Xiri 

( 35 ) 

Similarly, 


Lim 72 = — 

® 2 = 0 2 / 2 * 2 

( 36 ) 


In working from isothermal total vapor-pressure data the observed 
values of x* are substituted in Equation (35) with the corresponding 
mole fractions, and vapor pressures and apparent values of 71 are cal- 
culated. By plotting log 71 against xi and extrapolating to = 0 the 
value of A is determined. Similarly, when working from isobaric boiling- 
point data, values of the vapor pressures of the pure components at the 
observed temperatures are substituted in Equation (35) with the cor- 
responding total pressure and mole fractions. The calculated apparent 
values of 71 are extrapolated to == 0 as before. This latter procedure 
involves the assumption that the activity coefficients are independent 
of temperature over the range covered. 

Illustration 2. In Table XXXII are data ‘for the boiling points of ethanol- 
benzene solutions at 750 mm Hg and the vapor pressures of pure ethanol and ben- 
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zene at these temperatures. Calculate the van Laar constants from these data, 
assuming the activity coefficients to be independent of temperature. 

Solution: The values of apparent 71 and 72 shown in Table XXXII are calculated 
from Equations (35) and (36) and plotted in Fig. 150 against Xi. Extrapolating the 

71 curve to aji = 0 gives the value of 71 = 5.7 or A = log 71 = 0.756. Similarly, 

72 is determined to be 4.06 by extrapolating the 72 curve to Xi = 1.0 and B = log 72 
=* 0.608. These constants are in fair agreement with those derived from the 
azeotrope composition. 

TABLE XXXn 

Boiling Points of Ethanol-Benzene Solutions at 750 Mm Hg 
Boil- 




ing 

Vapor Pressure of 

Appar- 

Appar- 

True 

True 

Mole Fraction 

Point 

Pure Components 

ent 7 i 

ent 72 

Ti 

72 

Ethanol 

Benzene 


Mm of Hg at 





Xi 

X2 


Ethanol Pi 

Benzene P 2 





0.0 

1.0 

79.7 

804 mm 

750 mm 

— 

1.00 

5.70 

1.00 

0.04 

0.96 

75.2 

671 

648 

4.74 

1.16 

4.20 

1.00 

0.11 

0.89 

70.8 

560 

562 

4.07 

1.38 

3.66 

1.05 

0.28 

0.72 

68.3 

507 

518 

2.66 

1.63 

2.11 

1.16 

0.43 

0.57 

67.8 

497 

509 

•2.15 

1.84 

1.58 

1.34 

0.61 

0.39 

68.3 

507 

518 

1.77 

2.18 

1.22 

1.84 

0.80 

0.20 

70.1 

545 

549 

1.47 

2.86 

1.05 

2.64 

0.89 

0.11 

72.4 

598 

592 

1.285 

3.33 

1.02 

3.14 

0.94 

0.06 

74.4 

650 

632 

1.165 

3.64 

1.00 

3.58 

1.00 

0.0 

78.1 

750 

711 

1.00 

— 

1.00 

4.06 


Data from "International Critical Tables,” m, pp. 217-21, 313. 

Improved accuracy in the determination of van Laar constants from 
boUing-point or total-pressure data is obtained by first calculating the 
constants from Equations (34) and (35) as in Illustration 2. Values of 
72 are then calculated from the van Laar equation with these approxi- 
mate values of A and B substitutedg'into Equation (34) instead of 
72 = 1-0 being assumed as in the first approximation. Similarly, cal- 
culated values of 71 are substituted in Equation (35), and the extrapola- 
tion of the two equations to zero concentration is repeated to obtain 
second approximations of A and B, In the second approximation of 
Illustration 2 the same values of A and B were obtained. The corrected 
values of 71 and 72 are plotted in Fig. 150. 

The preferred method for evaluating the constants of the van Laar 
equation depends on the nature of the system and the data available. 
Reliable liquid-vapor composition data in the dilute ranges are most 
desirable. A generally applicable method for obtaining such data by 
equilibrium condensation has been developed by Colburn, Schoenbom, 
and Shilling.^^ Where such data are not available the composition of 

A. P. Colburn, E. M. Schoenbom, and G. D. Shilling, Ind, Eng, Chem., 36, 1250 
(1943). 
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the azeotrope generally furnishes the best basis if the azeotrope is in the 
middle of the composition range, between xi = 0.25 and xi — 0.75. If 
the azeotrope composition is outside this range, boiling-point or vapor- 
pressure data provide a better basis. 

Once the activity coefficients of a system are established Equation (2) 
permits calculation of equilibrium compositions and vapor-pressure and 



Fig. 150. Apparent and True Activity Coefficients of the Ethanol-Benzene 
System at 750 mm Hg. 

# 

boiling-point curves at low pressures where the ideal-gas law may be 
assumed. For a binary system of components 1 and 2, 

■^* = Pi + P2 = ynr* + ys^r* (37) 

Combining (2) and (37), since X 2 = 1.0 — xi, gives 

IT* = XiPlyi + (1 — (38) 

Combining (2) and (38) gives 


2/1 = 


xiPlyi 

o^iPlyi + (1 — Xi)Ply2 


Plyi ( xi \ 

<1 - Xi ) 


1-f 


Phi \l 

P*Ti / \ 

PJyAl-W 


(39) 


Equations (38) and (39) permit direct calculation of isothermal vapor- 
pressure and vapor-liquid composition curves. For deriving the more 
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valuable isobaric boiling-point curves and the corresponding isobaric 
liquid-vapor composition curves it is necessary that Pi and Pi be 
known as functions of temperature. Equation (39) may then be solved 
by a trial and error method for the boiling points and vapor compositions 
corresponding to selected liquid compositions. As a first approximation 
the boiling point is assumed; this fixes a trial value of the relative volatility 
Pl/Pl which is substituted in Equation (39), and a first approximation 
2/1 is calculated. Then, from Equation (2), Pi is equal to ync*/xiyi, 
and a corrected boiling point is obtained as the temperature correspond- 
ing to this value of Pj. Since Pl/Pl varies but little with tempera- 
ture, the value of y\ calculated from Equation (39) with the corrected 
temperature being used is generally satisfactory. 

Ulustration 3. From the van Laar constants of Illustration 1, calculate the boil- 
ing point at 750 mm Hg of a solution containing 28 mole per cent ethanol in ben- 
zene and the equilibrium composition of the vapor evolved. The vapor pressures of 
the pure components may be estimated from the data of Illustration 2. 

Solution: As a first approximation assume is = 70®C. Then, 


n 

p? 


^ = 0.99 
648 


From Equations (30) and (31), the values of A and B from Illustration (1) give 

7i = 2.19; 72 = 1.18 

By substitution in Equation (39), a first approximation of yi is obtained: 


2/1 = 




1.715 


,416 


Substitution of this value in Equation (2) gives 


Pi * (2/i7r*)/a;m = 


(0.416) (750) , 


= 509 mm Hg 


(0.28) (2.19) 

This vapor pressure corresponds to a temperature of 68.4°C, the corrected boiling 
point. At this temperature P* == 520 mm: Pf/P? = — 0.978. Substitution in 

Equation (39) gives 


2/1 = 


0.706 
’ 1.706 


= 0.413 


In this manner complete boiling-point and liquid-vapor composition curves may be 
derived. The differences between the values calculated in this manner from the 
data of Table XXXII are attributable to the inadequacy of the van Laar equation 
and the uncertainty of experimental data of this type. 

Partially Miscible Liquids. As the chemical dissimilarity of the com- 
ponents of a solution increases, the deviations from unity of the activity 
coejB&cients increase until finally miscibility is incomplete and two liquid 
phases result. This behavior is illustrated by the aqueous solutions of 
the alcohols. The ethanol-water system shows considerable deviation 
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from ideal behavior with activity coeflEicients greater than 1.0. The 
water-fz-propanol system has higher activity coefficients but complete 
miscibility at its normal boiling points. The water-butanol system 
has still higher activity coefficients and is only partially miscible at its 
normal boiling temperatures. 

The properties of the water-butanol system at atmospheric pressure 
are shown in Figs. 147, 148, and 149. It may be noted that two liquid 
phases exist in the composition range from a to 6 corresponding to 66 
to 98 mole per cent water. Between these limits the fugacity of each 
component is constant and equal in the two phases. As a result the 
boiling point is constant, and the vapor evolved is of constant composi- 
tion c. The apparent activity coefficients in this range are inversely 
proportional to the mole fractions based on the combined phases. 
Although the vapor evolved from any liquid mixture of composition 
between a and h is of constant composition c, the liquid and vapor 
compositions are equal only at point c, which may be termed the het&ro^ 
azeotropic composition.' However, in each of the individual phases the 
activity and composition are constant as indicated in Fig. 147. Since 
the fugacities in the two phases are equal at equilibrium, in the region of 
the two liquid phases, 

ai/J = aifi' (40) 

where the primed quantities represent one liquid phase and the xmprimed 
the other. Since the standard state is the pure liquid component, 
iJ=/rand 

xiyi = xWi or ^ — (41) 

xi 7i 


The ratio xi/x[ is the distribution coefficient of component 1. 

Carlson and Colburn^ pointed out that Equation (41) permits evalua- 
tion of the constants of the van Laar equation for a binary system from 
liquid-liquid solubility data. By combining Equations (41) with (30) 
and (31), the following equations were developed which may be solved 
simultaneously for A and Bi 


A^ 


V2_*^^l0g X2/xy 


Xi J 

2xixi log xi/xi 

Xi ' x '2 

x^’i log X 2 /Xi 


log 3^ /Xi 

1 

1 




(42) 

(43) 



Chap. XVI 


TERNARY SYSTEMS 


659 


It was found that the van Laar equation with constants derived from 
Uquid-solubility data in this manner did not accurately represent activity 
coefficients in solutions far removed from the two-phase region. For 
example, for the water-n-butanol system the constant A based on liquid 
solubility was found to be 0.334, whereas that based on vapor-composition 
data in the dilute range is 0.61. Similarly, B is 1.60 from solubility and 
1.34 from vapor compositions. Equations (42) and (43) are useful prin- 
cipally as a means of obtaining rough approximations for activity co- 
efficients where no vapor-composition data are available. 

As the chemical dissimilarity of the components of a system increases, 
the deviation of the activity coefficients from unity increases and the 
range of mutual solubility decreases. This effect corresponds-to length- 
ening the horizontal portions between a and b on the curves of Figs. 147, 
148, and 149. As complete immiscibility is approached, point a ap- 
proaches zero, point h approaches 100 per cent composition, and the ac- 
tivity coefficients and van Laar constants become very large. To serve 
as a rough guide to the relative magnitudes of the activity coefficients 
corresponding to various degrees of miscibility Colburn^^ prepared 
Table XXXIII from Equations (42) and (43) for symmetrical systems 
in which the mutual solubilities of the two components are equal. 

TABLE XXXIII 

AcnviTT Coefficients at Various Mutual Solubilities in Symmetrical Systems 


Solubility Limits 

Van Laar Constants 

y at 

y at 

Xs Mole Fraction 

A and B 

a? = 0 

X — Xs 

0.5 

0.875 

7.5 

1.68 

0.2 

1.0 

10.0 

5.0 

-0.1 

1.2 

15.8 

9.8 

0.05 

1.43 

27 

20 

0.02 

1.77 

59 

50 

0.01 

2.03 

106 

94 


Ternary Systems. Few reliable data are available from which activity 
coefficients in ternary systems can be calculated. The general problem 
of the correlation of activity coefficients in such systems has been re- 
viewed by Wohl^ who has developed a series of equations analogous to 
those for binary systems which have already been discussed. The ac- 
curacy of any of these equations depends to a large extent on the number 
of experimentally determined constants involved. The most useful form 
requiring minimum data is probably the ternary van Laar equation 
which involves only six constants, all of which can be evaluated from 
data on the three individual binary systems. The ternary van Laar 

“ A. P. Colbum, private commumcation (1942). 
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equation for a system of components 1, 2 , and 3 was developed by Wohl 
by applying the van Laar type of relationship that gi/g 2 — 
to a two-suffix form of Equations (13-15). Thus, 


log 7 i = 


f , A 2-1 , 

Ixi + Xfi -j h Xz 1 

\ Ai ^2 Ai-zJ 


Xf^S- 


A I 

Ai_2 

Aj-xAi-x f 
Li_2-4i_8 \ 


Al 

Ai^2 + Al^Z '• 




Al. 


r:) 


( 


^4-2-1 , -^S-1 

Xi + X 2 -z h ^3 "7 

Ai-2 a 




(44) 


In equation (44) the constants A 1^2 and A 2-1 correspond to the van 
Laar constants A and B of the binary system of components 1 and 2. 
Similar equations for log 72 and log 73 are obtained by changing the sub- 
scripts on all terms in Equation (44) in accordance with the following 


schedule of rotation: 


Subscript in Equor 

tion (44) for 

Subscripts in Equation for 

log 71 

log 7i log 78 

1 

2 3 

2 

3 1 

3 

1 2 


Thus, in the equation for log 72 , Xi of Equation (44) becomes X 2 ; X 2 be- 
comes xz; xs becomes Xi; and A 1^2 becomes 42-3 etc. Similarly, in the 
equation for log 73 , 0:3 becomes X 2 , and 4 i _2 becomes 43 _i. 

By means of Equation (44) complete activity coefficient relationships 
may be estimated from the coefficients of the three binary systems which 
in turn may be approximated from the binary liquid-solubility data by 
Equations (42) and (43). Colburn^^ tested this general method on the 
methyl cyclohexane-n-heptane-aniline system and found good agree- 
ment with ternary solubility data. However, it is impossible to predict 
the errors which may be encountered in other systems. 

The most generalized equation for ternary systems recommended by 
Wohl is the four-suffix form and involves 14 constants, 11 of which may 
be evaluated from data on the three binary systems. 

Knowledge of the activity coefficients in a ternary system permits cal- 
culation of the distribution of any one of the components between the two 
liquid phases in a region of partial miscibility by means of Equation (41) 
which is valid for any component regardless of the number of others 
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present. These relationships are of fundamental importance in problems 
of solvent extraction and extractive or azeotropic distillation. 

Effect of Temperature on Activity, Coefficients. An equation for the 
variation of the activity coefficient with temperature at constant com- 
position results from combination of Equation (XIV-45) and (1) : 

/d In 7i\ _ /d In fi\ /d In fl\ 

V dT A V dr A V dr A 

= (hI - Hi) - (hI - hQ ^ (Hi-H?) 

RT2 Rf2 

The quantity Hi-hJ is the partial molal enthalpy relative to the pure 
components at the temperature of the solution or the differential heat 
of solution. If Hi-hJ is positive, y is reduced by an increase in tempera- 
ture. Carlson and Colburn^ observed that in general if the activity 
coefficients of a system are greater than 1.0 the heat of solution is nega- 
tive, whereas if the coefficients are less than 1.0 the heat of solution is 
positive. Thus, in either case increasing the temperature causes the 
activity coefficients to approach 1.0. Conversely, lowering the tem- 
perature tends to increase deviation from ideal behavior, and many sys- 
tems miscible at high temperatures separate into two phases at low 
temperatures. 

Use of Equation (45) for calculating the effects of temperature is com- 
plicated by the fact that values of (h — hJ) vary considerably with tem- 
perature and are rarely known over any extensive range. 

An approximate method for estimating the effect of temperature on 
activity coefficients is obtained by extension of a method suggested by 
Carlson and Colburn for estimating the effect of temperature on azeotrope 
composition. It is assumed that the ratio of the activity coefficients 
71/72 is independent of temperature at a given composition. It follows 
from Equation (2) that at the azeotropic composition where xi = yi, 



The variation of the azeotropic composition with pressure or temperature 
is estimated from Equation (46) by plotting 71/72 against Xi from the dkta 
at the known temperature. On the same scale the ratio of the vapor pres- 
sures Pl/P\ is plotted against temperature. The azeotropic composition 
at a selected temperature is then the composition at which 71/72 is equal 
to the value of PX/P\ at this temperature. This procedure is demon- 
strated in Fig. 151 developed by Carlson and Colburn^ for the ethyl 
acetate-ethyl alcohol system. The 71/72 curve was derived by evaluat- 
ing the van Laar equation from the composition of the azeotrope at 
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atmospheric pressure and 71.8®C. To estimate the composition of the 
azeotrope at 91.4°C the broken lines on the diagram are followed from 
this temperature vertically to the Pl/P\ curve, then horizontally to 
the 71/72 curve, and vertically to the composition axis giving a value of 


Fig. 151. 



Mole Per Cent Ethyl Acetate 


Effect of Temperature on the Composition of the Ethyl 
Acetate-Ethyl Alcohol Azeotrope. 


48 mole per cent ethyl acetate. In Table XXXIV are values estimated^ 
in this manner compared with the experimental measurements of 
Merriman.^^ 


The total pressures P* corresponding to the various azeotrope compo- 
sitions and temperatures may be approximated by the following em- 
pirical equation, 


where 


PzixxPi + xJ^z) 

{x{P{ + x^P',) 


(47) 


Pz, Pi, P 2 = vapor pressures of the azeotrope, component 1, and 
component 2 at temperature t 

P'zj Pi, Pi = vapor pressures of the azeotrope, component 1, and 
component 2 at the reference temperature f 
Xiy Xz == mole fractions of components 1 and 2 in the azeotrope 
at temperature t 

x'lj x '2 = mole fractions of components 1 and 2 in the azeotrope 
at ternperature t' 

From the azeotrope compositions and pressures calculated in this 
manner corresponding constants for the van Laar equation may be 
derived by means of Equations (32) and (33). In this manner complete 

^ R. W. Merriman, J. Chem. Soc,, 103, 1801-16 (1913). 
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activity coeflScient and vapor-liquid composition curves may be esti- 
mated over limited ranges of temperatures or pressures. This method 
has not been sufficiently explored to permit estimation of the errors 
which may be encountered. 


TABLE XXXIV 

Effect of Pbessubb on the Ethyl Acetate-Ethyl Alcohol Azeotrope* 


Tempera- 


Mole Fraction Ethyl Acetate 

Total Pressure 

ture, °C 

pypt 

Calculated 

Measured 

mm Hg 

18.7 

0.598 

0.787 

0.734 

77.4 

40.5 

0.725 

0.677 

0.660 

220 

56.3 

0.827 

0.602 

0.601 

423 

71.8 

0.921 

0.539 

0.539 

760 

83.1 

0.994 

0.498 

0.490 

1121 

91.4 

1.049 

0.480 

0.451 

1476 


HIGH-PRESSURE VAPOR-LIQUID EQUILIBRIUM 

It has been pointed out that in any heterogeneous system it is a gen- 
eral criterion of equilibrium that the chemical potential . /ii of any com- 
ponent must be equal in every phase in which it is present. For systems 
restricted to constant temperature this requirement of equality of chem- 
ical potential may be replaced by the requirement of equality of the more 
convenient function, fugacity. Since fugacity is equal to the product 
of activity times the fugacity of the standard state, the criterion of 
equilibrium at constant temperature is expressed by the following 
equation. 

(ai)L(/?)L = = (ai).(fi). = (ai).(fi),- (48) 

where 

(ai) L, etc. = activities of component L in the phases L, U, v, 

etc. = standard states for activity of component 1 in 
the phases L, L', v, s-- 


For a system comprising a single liquid phase L and a vapor phase v 
Equation (48) may be written 


(Ui)l (fl)v 


(49) 


where is termed the vaporization equilibrium constant of component 1. 

It is evident that the value of the equilibrium constant is determined 
by the definitions of the standard states for both phases. It is conven- 
ient to choose as the standard state for each component in the vapor 
phase the pure component in the gaseous state at the temperature and 
pressure of the system. Similarly, the standard state for each compo- 
nent in the liquid phase is chosen as the pure component in the liquid 
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state at the temperature and pressure of the system. These definitions 
of standard states have the advantage that where the liquid and vapor 
approximate ideal solutions activities are equal to mole fractions. It 
follows from these definitions of the standard states that iiTi is a function 
of both the temperature and pressure of the system as well as of the na- 
ture of the component. 

The vaporization equilibrium constant as defined by Equation (49) 
provides a thermodynamically rigorous relationship between the activ- 
ities of a compwDnent in vapor and liquid phases which are in equilibrium. 
However, before this relationship is useful it is necessary to relate ac- 
tivities to mole fractions through the introduction of activity coefficients. 
Thus, in the vapor phase, 

= (50) 

UlJv 

where 

(ai)v = activity of component 1 in the vapor phase 
yi ~ mole fraction of component 1 in the vapor phase 
<j>vi = activity coefficient of component 1 in the vapor phase 

The activity coefficient <l>v is dependent on the properties of both com- 
ponent 1 and the other components with which it is mixed and also upon 
the temperature and pressure. Under conditions of moderate pressures 
and elevated temperatures gaseous solutions tend to be ideal if the com- 
ponents are not too widely different in properties. In such cases 
may be taken as 1.0. Maximum deviations from 1.0 occur in the region 
of the critical point of the solution. 

In the liquid phase the relationship between activity and mole fraction 
is complicated by the two types of deviation from the laws of ideal solu- 
tions which are discussed on page 609. Because of the widely different 
contributing causes and relationships it is convenient to consider these 
two types of deviation separately and assign an activity coefficient to 
express each. Thus, 

(cI'i)l = <l>LiyiXi (51) 

where 

= activity of component 1 in the liquid phase 
4>li = activity coefficient of component 1 in the liquid phase which 
takes into accoxmt deviations from the laws of ideal solu- 
tions resulting from differences in molecular size or vola- 
tility 

yi = activity coefficient of component 1 in the liquid state which 
takes into account deviations from the laws of ideal solu- 
tions resulting from differences in molecular or chemical 
type 

‘xi — mole fraction of component 1 in the liquid phase 
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For ideal systems 71 = 1.0 at all conditions. For nonideal systems yi 
may be determined by the methods of the preceding sections which are 
applicable at low pressures where the effects of differences in molecular 
size or volatility are small and <I>li may be taken as 1.0. As the tempera- 
ture and pressure in such a system are increased 71 tends to approach 
1.0 while deviations of <f>Li from 1.0 tend to increase. 

Combining Equations (49), (50), and (51) gives 


h = tiLll Kx = K'x (62) 


It was suggested by Gamson and Watson^® that the ratio of the mole 
fractions in the vapor and liquid phases be termed the vaporization 
ratio K\ of component 1. It is evident from Equation (52) that the 
vaporization ratio is equal to the thermodynamic equilibrium constant 
only in ideal solutions where the activity coefficients are each equal 
to 1.0. 


Equation (52) provides a sound basis for calculations involving vapor- 
liquid equilibria. In many cases it is satisfactory to assume that the 
coefficients and <t>vi are unity, and, as previously pointed out, 
7i= 1.0 for all ideal systems. Under other conditions it is necessary 
to evaluate the coefficients as functions of the properties of the com- 
ponent and the system, either from experimental data or generalized 
methods of calculation. 

At low temperatures and pressures where Dalton’s law and the ideal- 
gas law are applicable <1>l and <pv become unity and Equation (52) re- 
duces to 


Xi TT* 


(53) 


where Pi is the vapor pressure of component 1 at the temperature of 
the system. 

Vaporization Equilibrium Constants. The definition of the standard 
states of unit activity which determine the value of the vaporization 
equilibrium constant is complicated by the fact that for a heavy com- 
ponent of a mixture the standard state for the vapor phase is a hypo- 
thetical state in which the pure component cannot actually exist as a 
gas. Similarly, for a light component the standard state for the liquid 
phase is a hypothetical state in which the pure component cannot actu- 
ally exist as a liquid. The fugacities of the standard states under these 
conditions must be arrived at by arbitrary extrapolation of the fugacities 


B. W. Gamson and K. M. Watson, Nat Petroleum News, Tech. Sec., 36, B623 
(Sept. 6, 1944). Also 'Trocess Engineering Data,” National Petroleum Publishing 
Company, Cleveland (1944). 



666 


PHYSICAL EQUILIBRIUM 


[Chap. XV 


of the pure components under real conditions. However, these arbitrary 
extrapolations in no way interfere with the fundamental validity of 
Equations (49) and (62). If the method of extrapolation is changed, 
the values of Ki are affected, but corresponding changes result in the 
activity coefficients so that it is only necessary that the values of <t>vi, 
4 >lu Yiy Q^d Ki all be referred to consistently defined standard states. 

The concept of the vaporization equilibrium constant was introduced 
by Souders, Selheimer and Brown^^ who expressed it by the following 
equation resulting from combination of Equations (XIV-34) and (49) 
with the definition of the fugacity coefficient: 




UDl 

(fl). 


PlVp^ 

TTVrri 


(54) 


Pi = normal vapor pressure of component 1 at the temperature T 
of the system 

= fugacity coefficient of the vapor of component 1 at pressure Pi 
and the temperature of the system'- 
TT = total pressure of the system 

Vm = mean molal volume of liquid component 1 between Pi and tt 
at the temperature of the system 

Vjrt = fugacity coefficient of component 1 in the vapor state at the 
temperature and pressure of the system 
In order to evaluate z's-i extrapolation in Fig. 142 is required where t 
is greater than Pi. 

As previously mentioned this extrapolation may be arbitrary, but it is 
desirable that it be so carried out that activities in the vapor phase are 
equal to mole fractions over as wide a range as possible. In the higher- 
pressure ranges where deviations from the laws of the ideal solution be- 
come large it is desirable that the extrapolation be such as to result in 
simple expressions for the activity coefficients. As a basis for such an 
extrapolation Gamson and Watson^® replotted the data of Fig. 142 in the 
form shown in Fig. 152 with flpo^vpr as ordinates. The lines corre- 
sponding to low reduced temperatures were extrapolated on the basis 
of the available experimental data on the fugacities of hydrocarbons in 
vapor phase mixtures in the region where the vapors form approximately 
ideal solutions. At higher pressures the extrapolations were extended to 
approach the horizontal. Actual fugacities of components under these 
conditions tend to reach a maximum with increase in pressure and then 
diminish as the pressure is further increased. However, for any compo- 

M. Souders, Jr., C. W. Selheimer, and G. G. Brown, Ind, Eng, Ch&m,, 24, 517 
(1932). 
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nent at a given temperature the pressure at which this maximum is 
reached and therv^ariation with pressures beyond that of the ma x i m u m 
fugacity are entirely dependent on the composition of the mixture in 
which the component is present. The horizontal extrapolations of 
Fig. 152 are believed desirable in order to simplify the relationships be- 
tween activities and mole fractions in this region of extreme departure 
from ideal solutions. The extrapolations at the higher reduced tem- 
peratures approaching 1.0 were carried out to yield a continuous rela- 
tionship between the extrapolated lines and the real values correspond- 
ing to reduced temperatures above 1.0. The broken lines on Fig. 142 
are derived from those of Fig. 152, and the two charts may be used to- 
gether to cover conveniently the entire range of conditions and thus 
define (/J)^ for any material under any conditions. 

The evaluation or definition of (JDl in Equation (54) is complicated 
by uncertainty as to the proper value of Vm^ At low temperatures where 
molal volumes are small and little affected by pressure Vm is taken as the 
actual molal volume of the liquid. At higher temperatures the molal 
volume of the liquid becomes highly dependent upon pressure and above 
the critical temperature of the component has no real significance. The 
vapor pressure of the liquid in this region offers a further problem. 
Because of these uncertainties Souders, Selheimer, and Brown calculated 
equilibrium constants by Equation (54) at low temperatures and pres- 
sures and then graphically extrapolated the constants into the high- 
temperature and pressure range to conform to experimental vapor- 
liquid equilibrium data. 

In order to be more specific, Gamson and Watson^^ proposed that the 
standard state of a component in the liquid phase be taken as a hypo- 
thetical incompressible liquid whose molal Volume is expressed as a func- 
tion of temperature by the following equation: 


Vm — (yici?i) (5.7 + 3.0Tt) (55) 

' V 

where (wiwi) is the product of the molal liquid volxime and w from Fig. 109 
at any selected conditions. By comparison of Equation (55) with 
(XII-39), page 502, it is seen that the term (5.7 + S.OTr) corresponds to 
l/oj for the h 3 q)othetical incompressible liquid reference state. This 
value is a linear extrapolation of 1/w from the absolute zero and thus 
defines the liquid standard state as having a constant volumetric coeffi- 
cient of expansion equal to that of the real liquid at the absolute zero. 
At low reduced temperatures values of Vm calculated from Equation (55) 
differ little from actual molal volumes. As the critical point is ap- 
proached Vm is smaller than the actual molal volume except at high 
pressures. 
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The definition of (/J)i at all conditions is completed by means of the 
vapor-pressure Equation (III-16), page 73, which extrapolates logically 
above the critical point. Thus, from (55) -and the numerator of (54), 


log (JDl = log (Pi) + log Pp, -f 


where 


(e;ia,i)(5.7-j-3.0n)(v-Pi) 

2.303i?r 


log Pi 

J- r 


(56) 

(57) 


Equations (54), (56), and (57) together with Figs. 142 and 152 completely 
define the fugacities of the liquid and vapor reference states and the 
equilibrium constant in an arbitrary but logical manner which is definite, 
reproducible, and applicable to any material at any conditions. 

Hlxistration 4. Calculate the vaporization equilibrium constant of methyl chlo- 
ride at 200°F and an absolute pressure of 600 lb per sq in. The density of liquid 
methyl chloride is 0.920 g per cc at 18°C, the critical temperature is 750®R, the 
critical pressure 967 lb per sq in., and the molecular weight 50.5. 

Solution: At 200° and 600 lb per sq in., Tr = 660/750 = 0.880; pr = 600/967 
= 0.620 

At 18°C (64,4°F), Tr - 524.4/750 « 0.699 

From Fig. 142, = 0.68; (f )„ * (0.68) (600) = 408 lb per sq in. 

From Fig. 109 at 18°C, <ai « 0.1146 

(vicoi) = (50.5) (0.1 146)/ (0.920) = 6.290 cc per g-mole = 0.1007 cu ft per lb-mole 

From Table Ila, page 73: 


logPi = - 


+ 7.4185 - c- 20(0.880 -0.052)3 

0.880 


-3.0903 + 7.4185 - 10-6-95 =4.3282 
Pi = 21,290 mm or 21,290/51,70 = 412 lb per sqin. 


At 412 lb per sq in., pr — 412/967 = 0.426 
From Fig. 142, Vp = 0.77 
Substitution in Equation (56) gives 


log (Hl - log 412 + log 0.77 + 


(0.1007) [5.7 + (3.0) (0.880)] [600 - 412] 


(2.303) (10.71) (660) 
- 2.6149 - 0.1135 -{- 0.0097 = 2.5111 


(/°)l = 324.4 lb per sq in. 


From Equation (54), 

K = 324.4/408 = 0.795 


In this manner charts may be developed which express the vaporiza- 
tion equilibrium constant of a specific compound as a function of tem- 
perature and pressure. Series of such charts have, been developed by 
several investigators for many of the lower-boiling hydrocarbons. An 
alternate method of graphical presentation which is convenient when 
working with mixtures of homologs of a single series is to restrict each 
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Normal Boiling Point, “F 


Pig. 153. Vaporization Equilibriiim Constants of Hydrocarbons. (Absolute Pres- 
sure n = 100 lb per square inch.) 


chart to a constant pressure and plot curves each of which^expresses the 
equilibrium constant of a particular compound as a function of tempera- 
ture at the pressure of the chart. With this scheme a series of charts 
each corresponding to a different pressure is required. 

Another method of presenting equilibrium-constant data for an ho- 


Chap. XV] VAPORIZATION EQUILIBRIUM CONSTANTS 


671 



Fig. 1S4. Vaporization Equilibrium Constants of Hydrocarbons. (Absolute Pres- 
sure n = 200 lb. per square inch.) 

mologous series is shown in Figs. 153 and 154 for the paraffin hydro- 
carbons. These charts were calculated by Equations (54) and (56) 
from the data of Table XXVIII. ' Although based on the data for paraf- 
fins they may be used for olefins with little error. The products of Kw 
in pounds per square inch are plotted as ordinates with the normal boil- 
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ing points of the homologs as abscissas. Each curve on the chart cor- 
responds to a constant temperature, and the chart is restricted to a 
constant total pressure tt. It will be noted that for the low-boiling com- 
pounds there is little difference between the values of Kt at 100 and 200 lb 
per sq in., from Figs. 153 and 154, respectively. For such compounds 
in the moderate-pressure range the problem of interpolating between 
charts to obtain values of K at some intermediate pressure is simplified 
by plotting Kt rather than K, In the high-pressure range or for high- 
boiling compounds Kt varies with pressure more than K, and it is prefer- 
able to plot K directly. The choice of the method of plotting is a matter 
of convenience dependent upon the type of problem. Kirkbride^® has 
developed a method of simplifying dew-point and bubble-point calcula- 
tions by plotting all equilibrium constants relative to those of ethane at 
the same temperature and pressure. Because of insensitivity of these 
relative equilibrium constants to temperature and pressure this method 
reduces the labor of trial-and-error calculations. 

Bubble-Point Equilibria. A liquid at its bubble point must be in 
equilibrium with the first trace of vapor formed. In a mixture of com- 
ponents 1, 2, 3 • • • the mole fractions in the combined phases of the total 
mixture are represented by Zi, Zz, Za, • ‘ •, respectively. The mole frac- 
tions in vapor phase are yi, y 2 , yz, • • and in the liquid phase Xi, X 2 , 


X 3 , • • •. Under all conditions 

-f ^2 + + * • • = 1«0 (58) 

yi+yz + ys-i = 1.0 (59) 

^1 + -|- • • • = 1.0 (60) 

■^en the mixture is at its bubble point xi = Zi, xs — Z 2 , etc. Also, by 
Equation (52), yi = K[xi, 2/2 = K 2 X 2 , etc. Combining these relation- 
ships with Equation (59), at the bubble point, ^ves 

K{z^ -1- K'^Z2 + K^zZz + . . . = 1.0 (61) 

or ^K^z = 1.0 and 1:,{K^tz)/t = 1.0 


If the vaporization coeflScients K' are known for all components as fimc- 
tions of temperature and pressure, Equation (61) permits complete cal- 
culation of bubble-point conditions by a trial-and-error procedure. 

If it is desired to calculate the bubble-point pressure of a mixture at a 
specified temperature, a pressure is assumed as a first approximation. 
Corresponding values of K{, and • • • or K'it, K^t, K'^t “ • are 
determined, and the left-hand side of Equation (61) is evaluated. If 
the summation equals 1.0 the assumed pressure is correct. If not, other 
values are assumed, and the corresponding summations are plotted as a 

« C. G. Kirkbride, Petroleum Refiner, 24, 99 (1945). 
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function of pressure. The pressure at which this curve crosses 1.0 is 
the correct solution. The vapor composition is then calculated from 
Equation (37), the equilibrium constants being used at the correct pres- 
sure. A similar procedure is followed for calculating the bubble-poiut 
temperature at a specified pressure. 

At low pressures Equations (53) and (61) may be combined to permit 
direct calculation of bubble-point pressures. 

+ yJPtzz + • • * = ^r* (62) 

Dew-Point Equilibria. A vapor at its dew point is in equilibrium 
with the incipient liquid having a composition aii, . Then, 

since yi = zi and Xi = yiJK'ij Equation (60) becomes 


or 


|; + ^+^+-- = 1.0 (63) 

ill ri2 n.3 


Dew-point conditions may be evaluated by a trial-and-error solution of 
Equation (63) by the same procedure described for bubble points. At 
low pressures Equations (53) and (63) may be combined to permit direct 
solution for dew-point pressures. 



22 23 

TiPi T 2 P 2 73P; 


(64) 


Partial Vaporization. If a solution comprising F moles is partially 
vaporized to form L moles of liquid and V moles of vapor, all components 
will be in equilibrium concentrations in the two phases, as required by 
Equation (52) . From an over-all material balance, following the method 
of Katz and Brown, there results 

7 + L = F (65) 


Similarly, for any component, 

Vyi + Lxi — Fzi 


( 66 ) 


where zi = mole fraction of component 1 in the F moles of total mixture. 
Combining (52) and (66) and solving for Xi yields 




Fzi 


VKi + L 



( 67 ) 


“ D. L. Katz and G. G. Brown, Ind, Eng. Chem., 26, 1373 (1933). 
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Since 


Xf\- X3-\- ■ • • = Sx = 1.0 

z V 

^ L~ F 
K'+Vr 


Similarly, solving (66) for gives 

Fzi F 
~V 


2/i = - 


V + 


and 




VK' 


( 68 ) 


/ \ 

(69) 

1 ^ 1 

rw 


_ V 


~ F- 

(70) 


Either Equation (68) or Equation (70) may be used in a trial-and-error 
solution to establish the relationship among temperature, pressure, and 
percentage vaporization. Values of the quantity sought are assumed, 
and the corresponding summations are evaluated. The correct value is 
that producing a summation equal, to V/F. The relationship between 
V/F and L/V is obtained by rearranging Equation (65): 


L 

V 



(71) 


If Equation (70) is used in the summation, values of 
are obtained directly; 


Vi 


{•A"M 


vapor compositions 


(72) 


Equation (72) may be used with little error even if the summation does 
not exactly equal V/F, Corresponding values of xi are then obtained 
from Equation (66). 


a:i = 


Fzi — Vyi 

L 



(73) 


If Equation (68) is used for the summation, values of x are obtained di- 
rectly by an expression similar to Equatiojn (72). It is evident that in a 
partially vaporized mixture at equilibrium the vapor phase exists at its 
dew point while the liquid phase exists at its bubble point. 

Illustration 6. A hydrocarbon mixture contains 25 mole per cent propane, 40 per 
cent n-butane, and 35 per cent w-pentane. Calculate the bubble-point temperature, 
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the dew-point temperature, and the temperature of 45 mole per cent vaporization 
at an absolute pressure of 200 lb per sq in. Also, calculate the compositions of the 
vapor formed at the bubble point, of the liquid formed at the dew point, and of the 
liquid and vapor resulting from 45 mole per cent vaporization. It may be assumed 
that ideal solutions are formed. 

Solution: (a) Bubble-Point Temperature and Vapor Composition. Values of X, 
which are assumed equal to X', are obtained from Fig. 154 for substitution in Equa- 
tion (61). 


Assumed Tern- 


perature, 


180®F 



200®F 


220°F 



Component 

z 

XV 

X' 

X'z 

XV 

X' X'z 

X'x 

X' 

X'z 

y 

CaHs 

0.25 

364 

1.87 

0.468 

420 

2.10 0.525 

462 

2.31 

0.578 

0.496 

C 4 H 10 

0.40 

164 

0.82 

0.328 

196 

0.98 0.392 

226 

1.13 

0.452 

0.359 

CsHij 

0.35 

1.00 

74 

0.37 

0.130 

0.926 

92 

0.46 0.161 

1.078 

110 

0.55 

0.193 

1.223 

0.145 

1.000 


By graphical interpolation the temperature where SX'z = 1.0 is found to be 190°F. 
For a rigorous calculation of vapor compositions y the equilibrium constants should 
be evaluated at this temperature. A good appro^dmation is obtained by calculating 
XJzi/SX'z at 180® and 200 ® and interpolating linearly. 

( 6 ) Dew-point Temperature and Liquid Composition. Substitution in Equation (63), 
give^ 


Assumed Temperature, °F 220 
Component z X'x X' 

z/X' 

X'x 

240 

X' 

z/X' 

X'x 

260 

X' 

z/X' 

X 

CaHa 

0.25 

462 2.31 

0.108 

510 

2.50 

0.100 

546 

2.72 

0.092 

0.104 

C 4 H 10 

0.40 

226 1.13 

0.354 

254 

1.27 

0.315 

290 

1.45 

0.276 

0.329 

CaHij 

0.35 

110 0.55 

0,637 

132 

0.66 

0.531 

156 

0.78 

0.449 

0.567 

2 

1.00 


1.099 



0.946 



0.817 

1.000 


Graphical interpolation fixes the temperature at which SX/z = 1.0 at 233®F. A good 
approximation to the liquid composition is obtained by calculating (^i/XJ) /Sz/X' at 
230® and 240® and interpolating. 

(c) Temperature and Composition of 45 Per Cent Vaporimtion. 

V IF ^0.45 


From Equation (71), L/V = 1/0.45 — 1.0 = 1.22 
or y/L = 0.82 

Equation (70) is used for the trial summations. 


Assumed Temperature, 200®F 


220 ®P 

240°F 

Com-- 


z 


z 



ponent z 

K' 1+L/VK' 

1+L/VK> 

K' : 

l-\-L/VK' 1+L/VK' 

K' 1+LJVK' 

l+L/VK' 

CjHs 0.25 

2.10 1.581 

0.158 

2.31 

1.528 0.164 

2.50 1.488 

0.168 

C 4 H 10 0.40 

0.98 2.245 

0.178 

1.13 

2.080 0.192 

1.27 1.961 

0.204 

CeHu 0 ^ 

0.46 3.655 

0.096 

0.55 

3.220 0.109 

0.66 2.850 

0.123 

S 1.00 


0.432 


0.465 


0.495 


By graphical interpolation the temperature at which Sz /(1 + L/VXO = 0.45 is 
determined as 211®F. Satisfactory values of y are obtained by interpolating between 
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values calculated from Equation (72) at 200 and 220°F. Corresponding values of x 
are calculated from Equation (73). 

Component z y 1.822 0 . 822 / x 

CaHs 0.25 0.358 0.455 0.294 0.161 

C4Hio 0.40 0.413 0.728 0.339 0.389 

CfiHia 0^ 0.229 0.637 0.187 0.450 

LOO 1.000 1.000 


Activily CoeflSicients. In Illustration 5 it is assumed that all activity 
coeflScients are equal to 1.0 and that the vaporization coefficients are 
equal to the equilibrium constants. This assumption is satisfactory for 
many calculations for ideal systems at moderate pressures if the com- 
ponents are not widely different in properties. In working with nonideal 
systems under similar conditions it is satisfactory to assume that and 
are unity. Values of y may be derived by the methods described in 
the preceding sections. At elevated pressures where the ideal-gas law 
is not valid, the following relation is used in preference to Equation (2), 


At high pressures, approaching the critical of the mixture, the assump- 
tion that 0L and <pv are unity is unsatisfactory for both ideal and nonideal 
systems. Serious errors are also encountered at moderate pressures for 
components widely different in volatility from the average of the mix- 
ture. An example is methane dissolved at moderate pressure in ab- 
sorption oil. Much effort has been directed toward the evaluation of 
these corrections, but no entirely satisfactory and general method has 
yet been developed. 

On the basis of the pseudocritical concept Gamson and Watson^* de- 
veloped general methods for calculating fugacities in both the liquid and 
vapor states at all conditions. The accuracy of these methods is limited 
by the lack of sound definitions of the pseudocritical properties and by 
the inaccuracies inherent in the generalized compressibility-factor re- 
lationship. These difficulties require the introduction of empirical cor- 
rection factors which bring the calculated results into fair agreement with 
the available data over wide ranges of conditions. The method of cal- 
culation is too tedioixs to be of practical value in the direct calculation 
of vapor-liquid equilibria but may be used to derive values of <I>l and 
from Equations (50) and (51) which for a particular system can be re- 
lated graphically to the properties and conditions of the respective phases. 

Graphical correlation of <I>l and (jy^j either from experimental data or 
from the generalized method of calculation of Gamson and Watson, is 
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complicated by the large number of variables entering into the relation- 
ships. The most important are: 

(а) Toi/Tc == the ratio of the critical temperature of the component to 

the pseudocritical temperature of the phase under con- 
sideration 

(б) Pr = the pseudoreduced pressure of the phase under consider- 

ation 

(c) ri — the pseudoreduced temperature of the phase under con- 
sideration 

For a system composed of homologs, <j>v and (t>L may be expressed in terms 
of only these three variables over limited ranges of variation of the aver- 
age properties of the mixtures. In order to obtain more general rela- 
tionships additional variables must be considered, even when dealing 
with homologs. 

Consideration of the activity coefficients considerably complicates 
vaporization calculations. Since the activity coefficients are functions 
of the properties of the individual phases, it is necessary to assume trial 
phase compositions, and then evaluate approximate activity coefficients 
and vaporization coefficients. The phase compositions are then cal- 
culated and corrected by a repetition of the procedure. 


SOLUBILITY 


The distribution of a component among the phases of any system at 
equilibrium under a constant temperature is expressed by Equation (48); 
As -has been pointed out, this general relationship may be used to esti- 
mate activity coefficients and vapor-liquid equilibria from solubility or 
distribution data. Conversely, these same methods may be used to 
estimate distribution and solubility data from vapor pressure or vapor- 
liquid equilibrium measurements. 

Solids and Liquids. For solutions of nonelectrolytes Hildebrand^* 
recommends that the activity in the liquid phase of a solid solute be 
referred to the pure solute in a hypothetical liquid state at the tempera- 
ture and pressure of the system. The activity in the solid state is taken 
as unity for the pure solid at the temperature and pressure of the sys- 
tem. With these conventions Equation (48) for the solubility of a solid 
reduces to 


^2y2L _ (fDs _ ^ 

S272. (/?)l ^ 


(75) 


J. H. Hildebrand, ^^Solubility of Non-Electrolytes,” Reinhold Publishing Cor- 
poration, 1936. 
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where 

S 2 , 72 s = the mole fraction and activity coefficient of component 2 
in the solid phase 

^ 2 , 72 l = the mole fraction and activity coefficient of component 2 
in the liquid phase 

(Jl)^ = fugacity of component 2 in the solid state at the tempera- 
ture and pressure of the system 

(Jl) L = fugacity of component 2 in the hypothetical liquid state at 
the temperature and pressure of the system 
K 2 = solubility constant of component 2, referred to the pure 
component 

An expression for the solubility constant as a function of temperature 
is obtained by combining Equations (XIV-38) and (76) : 


/din XaX _ Hfx,— H|s 
V bT )p~ RT^ 


(76) 


where and hJ, are the molal enthalpies of pure component 2 in the 
hypothetical liquid and solid states, respectively, at the temperature 
and pressure of the system. If it is assumed that the heat of fusion is 
independent of temperature hJl — h?* may be taken as the normal heat 
of fusion and Equation (76) integrated with K 2 — 1.0 at the melting 
point Tm where (JDl- Then^’^ 


where 



\f(Tm T) 
RTTm 


Xy = molal heat of fusion of component 2 
T — temperature of the system 
Tm = melting point of component ? 


(77) 


Similarly, the effect of pressure upon the solubility equilibrium con- 
stant is obtained by combining Equations (XIV-30) and (75) to give 

/d]^\ (vh-vU) 

\ dp )t RT 

or (79) 

where 

Vs 2 = molal volume of the pure solid solute at the temperature and 
pressure of the system 

viz = molal volume of the hypothetical liquid solute at the tempera- 
ture and pressure of the system 
Pm = equilibrium pressure corresponding to melting point T 
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It may be noted from Equations (77-79) that for an ideal solution 
where K 2 = the solubility of a solid decreases with increase in molal 
heat of fusion, increases when the solid contracts upon melting, and when 
expressed as mole fraction is independent of the nature of the solvent; 
on a weight basis the solubility decreases with* increase in molecular 
weight of the solvent for ideal solutions. 

Equation (75) furnishes a sound basis for the evaluation of the cor- 
responding activity coefficients. These coefficients approach unity in 
systems which do not involve polar components, large differences in 
molecular size, or large differences between Tm and T, If the activity 
coefficients are assumed to be unity, the ideal solubility^'^ of a pure solid 
is equal to or X 2 = K^. 

Equation (77) may be used for predicting the solubility of a solid from 
its melting-point and heat-of-fusion data or conversely for calculating 
heats of fusion from solubility data where conditions are such that ideal 
solutions are approximated. The usefulness of Equation (75) is re- 
stricted by the extensive experimental data required for evaluation of 
the activity coefficients. 


Illustration 6. From Fig. 10, page 113, it may be seen that the solubility of 
naphthalene in benzene is 60 per cent by weight at 45°C and 21 per cent at 0°C. 
Assuming the solution to be ideal, calculate heats of fusion of naphthalene from these 
two solubility values. The melting point of naphthalene is 80.1®C. 


Solution: 

Basis: 100 g of solution (component 2 is naphthalene). 





O^C 


45®C 


Molecular 


Mole 



Mole 


Weight 

g 

g-moles Fraction 

g 

g-moles Fraction 

Naphthalene 

128 

21 

0.164 0.14 

60 

0.469 

0.478 

Benzene 

78 

79 

1.013 0.86 

40 

0.512 

0.522 



100 

1.177 1.00 

100 

0.981 

1.000 

Log K 2 = 

loga;2 


-0.854 


-0.321 



At 0®C, X/ = 


at45'’C, X/ = 


(2.303) (0.854) (1.99) (273.1) (353.2) 
(353.2 - 273.1) 

(2.303) (0.321)(1.99) (318.1) (353.2) 
(353.2 - 273.1) 


— 4710 cal per g-mole 
= 4710 cal per g-mole 


These results are in fair agreement with the observed value of 4,550. 

The fair agreement between the heats of fusion calculated at the two 
temperatures of Illustration 6 indicates that the solutions of benzene in 
naphthalene closely approximate ideal behavior. In other systems in- 
volving less similar components much larger discrepancies can be ex- 
pected and the activity coefficients of Equation (75) must be evaluated 
for satisfactory results. These deviations in a number of systems are 
discussed by Hildebrand. 
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For solutes having melting points far removed from the temperature 
of the system or for electrolytes which dissociate into ions in solution, 
it is not advantageous to use the hypothetical standard state of Equa- 
tion (75) for the liquid phase. A more convenient convention is to ex- 
press the activity of the solute in the liquid referred to the infinitely 
dilute solution at the pressure of the system. As is mentioned on page 629 
this convention corresponds to the selection of a hypothetical standard 
state the fugacity of which is the value which would exist if the solution 
behaved ideally at unit mole fraction (or unit molality) as it does at zero 
concentration. The enthalpy and volume of this hypothetical standard 
state are therefore equal to the partial molal enthalpy and volume, re- 
spectively, at zero concentration. The activities in the solid phase are 
best referred to the pure solid at the pressure of the system as the stand- 
ard state. On this basis the solubility of a solid is expressed by 


«2L _ fls __ ^2T2X _ 

777 — A 2 (80) 

0>2a J 2L ^2728 

where 

s. 2 f 728 = mole fraction and activity coefficient of component 2 in 
the solid phase 

^ 2 f 72 l = fraction and activity coefficient of component 2 in 
the given solution 

fit = fugacity of the pure solid at the temperature and pressure 
of the system 

= fugacity of the hypothetical standard state for the liquid 
phase referred to infinite dilution 
== solubility equilibrium constant of component 2 referred to 
infinite dilution 


The efifect of temperature on the solubility constant is given by an 
equation expressing the effect of temperature on the fugacities of the 
standard states. From Equations (XIV-45) and (80), 

/ajn^X (h 2^-H2%) 

\ dT /p RT^ 

partial molal enthalpy of component 2 at infinite dilution at 
the temperature and pressure of the system 
molal enthalpy of component 2 in the solid state at the tem- 
perature and pressure of the system 

The quantity hJx — Hg* is the differential heat of solution at infinite 
dilution. 

Similarly, by combining Equations (XIV-44) and (80) the effect of 
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pressure on solubility is derived, 



where 

"^II — partial molal volume at infinite dilution at the temperature 
and pressure of the solution 

= molal volume of the pure solid at the temperature and pres- 
sure of the system 

It may be noted from Equation (81) that the solubility of a solid is 
increased by increased temperature if its differential heat of solution is 
positive, corresponding to absorption of heat in dissolution. Similarly, 
the solubility is increased by increase in' pressure if the partial molal 
volume in dilute solution is less than the volume of the solid. 

The practical value of Equations (80-82) is restricted by the great 
variations with concentration of the activity coeflicients in liquid solu- 
tions. Except in dilute solutions these coefficients must be evaluated 
from empirical data which are seldom available. 

Equations (80-82) are directly applicable to electrol 3 rtes with activi- 
ties expressed in either molecular or ionic terms. However, the use of 
mean ionic activities and molalities for these materials has the advantage 
that the activity coefficients approach unity in dilute solutions, as dem- 
onstrated in Fig. 145, whereas the molecular activity coefficients ap- 
proach zero. 

Solubility of Gases. The solubility in a liquid of a gas, either in the 
pure state or from a mixture, is expressed thermodynamically by Equa- 
tion (49) . If the temperature of the system is below or not greatly above 
the critical temperature of the gas, the standard state for the gaseous 
component ia the liquid phase is conveniently taken as the pure com- 
ponent in a hypothetical incompressible liquid state at the temperature 
and pressure of the system, exactly as described for . handling vapor- 
liquid equilibria. If it is assmned that ideal solutions , are fo^ed in the 
gaseous phase and the standard state for the gaseous phase is taken as 
the state of unit fugacity, Equation (49) combined with (51) reduces to. 


where 


y2T^V2Tr 

X2y2fl>2L 


= {JDl = K2 


(83) 


TT = total pressure of the system 
v%n = fugacity coefficient of pure gaseous component 2 at the 
temperature and pressure of the system 


72 , <t>2L = activity coefficients in the liquid state as defined by Equa- 


tion (51), page 664 
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Comparison of Equation (83) with (V-5), page 147, in which the par- 
tial pressure p 2 is equal to results in a thermodynamic expression for 
Henry’s constant Hz. Thus 

= — (84) 


P2ir 


Equations (83) and (84) may be used to predict what may be termed 
ideal solubilities if 72 and <I> 2 l are assumed to be unity; P 2 ir is derived 
from Fig. 142, and (ft)L is calculated from Equation (56). Ais pointed 
out by Hildebrand, this method gives fair results in systems not in- 
volving highly polar materials if the temperature is below the critical 
temperature of the gas. At higher temperatures the calculation of (fl)L 
becomes imcertain. Arbitrary specification of (^)l in such ranges re- 
quires consideration of corresponding values of (^zl which must be based 
on experimental data. Such data are necessary in any case for the pre- 
diction of 72 in systems involving high polarity or chemical reaction and 
association. 


Illustration 7. Calculate the ideal solubility of chlorine in carbon tetrachloride at 
a pressure of 1.0 atm and a temperature of 0®C. The density of liquid chlorine is 
1.561 g per cc at ~-34.6°C. The vapor pressure at 0®C is 3.66 atm. To is 417®K and 
Po is 76.1 atm. 

JSduMon: At -34.6®C, Tr = 238.6/417 = 0.571 


Prom Fig. 109, wi = 0.1266 


(vim) - (71)(0.1266)/(1.561) = 5.758 cc per g-mole 


At O^’C and 3.65 atm, Tr = 0.655 and pr = 3.65/76.1 = 0.048. 
Then, from Fig. 142, vp = 0.95. 

From Equation (56), at 0®C, 


log = log 3.65 + log 0.95 + 


6.758[5.7 +.(3.0) (.655)] (1.0 - 3.65) 
(2.303) (82.06) (273.2) 


= 0.5623 - 0.0223 - 0.0023 = 0.5377 


(/Sn — Kz — 3.45 


From Equation (83), neglecting vir at the low pressure involved and assuming that 
72 and are unity, we have 

* Xi= (1.0) (1.0)/(3.46) = 0.290 

The experimentally determined value is 0.298. “ 


It may be noted that with this definition of the standard state in the 
liquid-phase gas solubility calculations are identical with the vapor- 
liquid equilibrium calculation demonstrated in preceding sections. 

For systems involving gases far above their critical temperatures or 
where dissociation or chemical reaction is involved, the standard state 
used in Equation (83) for the liquid phase loses its advantage. It is 
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frequently more convenient to express the activities of the solute gas 
referred to infinite dilution. With this convention Equation (83) 
becomes 

=(SV)l = K'^ (86) 


where y^z,, {fV)L and aU correspona to activities referred to infinite 
dilution. For such systems the single coeflBcient ( 72 ) l may be used to 
take into account all types of deviation from ideality. In dilute solu- 
tions or when dealing with nonpolar nonreacting solutes it is frequently 
satisfactory to assume that is unity. With this assumption a 
single experimental solubility value serves to determine The varia- 
tion of the solubility constant with temperature is derived from Equa- 
tion (XIV-45) 

BT^ 

where 

B.lo = enthalpy of component 2 in the ideal gaseous state at tem- 
perature T 

H 2 L = partial molal enthalpy of component 2 in solution at infinite 
dilution at the temperature and pressure of the system 

The effect of pressure on K 2 is derived from Equation (XIV-44), 


/ alnX^X 

\ dp )t . 


where 

vIl = partial molal volume of component 2 in the liquid phase at 
infinite dilution 


Equation ( 86 ) may be used to calculate the effect of temperature on 
solubility from heat-of-dissolution data or conversely to calculate the 
differential heat of dissolution at infinite dilution — (h 2 <?~H 2 l) from 
solubility data at two temperatures if the ideal solution behavior is 
approximated. 

Illustration 8. At a partial pressure of 1.0 atm pure CO 2 is in equilibrium with 
aqueous solutions containing 0.096 mole per cent CO 2 at 10°C and 0.0294 mole per 
cent CO 2 at 60°C. 

(а) Assuming the solution to behave ideally, calculate the mole fraction of CO 2 in 
an aqueous solution saturated with CO 2 at 60°C and 100 atm. The effect of pressure 
on Ki may be neglected. 

(б) Calculate the average differential heat of dissolution of CO 2 in water at infinite 
dilution in the range of 10-60°C. 

Solution: 

(a) Foi; CO 2 , Tc = 304.3®K; pe - 73.0 atm 
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At 60®C, 1 atm, Tr =1.10; Pr = 0.014 

From Fig. 142, vv = 0.995 

Substitution in Equation (85), if it is assumed that — 1.0, gives 
Xi = (1.0)(0.995)/(0.000294) = 3380 
At 60®C, 100 atm, Tr = 1.10; Vr - 1.37; = 0.63 

From Equation (85) » 

X 2 = (100) (0.63) /3380 = 0.0186 or 1.86 per cent 
(6) At 10®C, and 1.0 atm, Tr - 0.93; fr = 0.014; v = 0.995 
Xi = (1.0)(0.995)/(0.00096) = 1036 
Substitution in Equation (86), after integration, gives 

(^^-3.) = - [(i.99)(2.303)Iog||]/' = 4,431 calperg-raole 

The differential heat of dissolution of the ideal gas at infinite dilution is therefore 
—4,431 cal per g-mole. 

The experimentally observed mole percentage of CO 2 in water at 60° and 100 atm 
is approximately 1.8 per cent.^® Assumption of Henryks law in this case would pre- 
dict a value of 2.94 per cent, an error of over 60 per cent as compared to an error 
of less thfl-n 5 per cent for Equation (85). The good agreement with Equation (85) 
indicates that the activity coefficients in the liquid phase are substantially unity 
as assumed, in spite of the chemical reaction occurring between carbon dioxide and 
water and the accompanying ionization. This may be interpreted as indicating that 
only a small fraction of the dissolved CO 2 reacts with the water. Where higher so- 
lute concentrations or more extensive reactions are involved, the assumption of ideal 
behavior may lead to large errors which require evaluation of the activity coefficients. 
The solubility of gases with accompanying chemical reaction is discussed in Chap- 
ter XVI, page 742. 


Gas-Solid Adsorption Equilibria. Equilibrium conditions in adsorp- 
tion of gases on solids are discussed in Chapter V, pages 149-160, and 
the enthalpy of such systems in Chapter VIII, pages 297-300. From 
Equation (VIII-48), 

( 3^2 “h l)ff — Hi H 2 W 2 “h AH = Hi W 2 H 2 (88) 

or AH = Hi — Hi + W 2 (H 2 — H 2 ) - AH 1 + W 2 AH 2 (89) 

where 

A^i = the differential heat of adsorption per unit mass of adsorbent 
AH 2 = the differential heat of adsorption per unit mass of adsorbate 
AH = the integral heat of adsorption per unit mass of adsorbent 
W 2 = mass of adsorbate per unit mass of adsorbent 


From Equation (89), at constant mass of adsorbent, 


AH 2 = 


/dAH\ 

\ dW2jwi = l 


( 90 ) 


* 'International Critical Tables,” McGraw-Hill Book Company, New York, 
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Since the differential heat of adsorption varies with the mass adsorbed, 
the total heat of adsorption in adsorbing a mass Wz of gas is obtained by 
integration, thus 


Aiy 


=r 


12 

AH2dw2 


(91) 


From Equation (g) page 472, applied to gas adsorption under conditions 
of constant composition, 


/dAS\ _ /^\ 


(92) 


Since adsorption at constant temperature and composition also takes 
place at constant pressure T AS = AH and Equation (92) may be di- 
rectly integrated, 


s ,- = (ll) (V, - V,,) = (93) 

\y / 1132 I 


If the partial molal volume of the adsorbed gas is neglected and ideal- 
gas behavior is assumed, 

(94) 

and 



mustration 9. In the adsorption of NO 2 gas by silica gel the following equilib- 
rium isotherm equations were derived from the experimental work of Foster 

At 15°C, ^^2- 0.330 pJ-333 

At 25°C, W2 = 0.115 

At35‘’C, W2^ 0.022 

where P 2 = partial pressure of NO 2 in millimeters of Hg 

W 2 — grams of NO 2 adsorbed per 100 g of silica gel 

Calculate the differential heat of adsorption per gram-mole of NO 2 when W 2 — 5.0, 
lYom a cross-plot of In p against 1/T at W 2 = 5.0, 

From Equation (94), 

Ah 2 = H 2 — ^ 2 g = —3760(1.987) = — 7490'cal per g-mole NO 2 
Gordon Foster, Ph.D. thesis, University of Wisconsin (1944). 
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To obtain the integral heat of solution of 5 g of NO 2 on 100 g of sihca gel it is nec- 
Qssaxy to obtain the differential heat of solution for different values of w ;2 from 0 
to 5 and then integrate according to Equation (95). 


MINIMUM WORK AND ENTROPY OF SEPARATION 

When two dissimilar substances are mixed together to form a solution 
the escaping tendency and fugacity of each is diminished. As a result, 
the operation of mixing is accompanied by a decrease in free energy 
of the system. If the mixing could be carried out in a reversible manner, 
the process would be capable of performing a corresponding maximum 
quantity of useful work. Conversely, in order to separate the compo- 
nents of a solution, useful work must be done on the system. The 
useful work expended in separation is a minimum when the operation 
is conducted reversibly and in this case is equal to the increase in free 
energy accompanjdng the separation. The total work expended in the 
separation is the sum of the useful work plus the work of expansion which 
accompani^ any changes in volume. 

The employment of a reversible method for separating the components 
of a solution can conceivably be devised by the use of a semipermeable 
membrane which will permit one component to flow through imder pres- 
sure but not the other. Such membranes are rarely used in industrial 
processes because of the extreme slowness of separation but are widely 
distributed in biological processes, such as metabolism and osmosis. 
Some electrochemical processes approach reversibility in the separation 
of components from solution. Actual separations normally consume 
energy far in excess of the reversible work requirements, which serve 
as a criterion for judging the thermodynamic eflSiciencies of separation 
processes. 

The free energy of a solution is related to the partial free energies of 
its components by an expression similar to Equation (VIII-32), page 286. 
Thus, when a solution is formed from the standard states of its pure 
components, the free-energy change is represented by 


AG = (jiaO^a “f* -f- nc^c “h • * ’) 

— (wagI + ubGb + +•••)= (96) 

Combining (53) and (96), 


AG = RT{nA\riaA + nB\rLaB + nc\nac'\ ) =—Wf 


( 97 ) 


or 


AG — RT (riA In jaN ' a + In ysNs + ncr In yc^c +••*)“ — (98) 


Where all activities are referred to the pure components, Equation (98) 
represents the free energy of formation of the solution from its compo- 
nents, each in its specified standard state. 
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Illustration 10. From the data of Fig. 146, calculate the minimum useful work 
required to separate 100 lb of a 1.0 molal solution of sodium chloride at 100°C 
into pure water and solid salt at the same temperature and pressure. 


Solution: 

Basis: 100 lb of solution. 


Per cent NaCl by weight 

= (58.5/1058.6)100 = 5.52 

Lb-moles NaCl 

= 5.52/68.5 = 0.0946 

Lb-moles H 2 O 

= 94.48/18 = 5.26 

Mole fraction NaCl 

= 0.0945/5.35 = 0.0177 

Mole fraction H 2 O 

= 0.9823 

From Fig. 146, 



^2,0 = 0.9832 

“Naa = (0-0177) (0.593) = 0.0106 

“a ,0 = (0.9823) (0.9832) = 


From Equation (97), 

AG = (1.99) (672) (2.303) [(0.0945) log 0.0105 + (5.26) log 0.964] 

= —833 Btu in the formation of 100 lb of solution 

Therefore the minimum useful work done on the solution in separating it into its 
components is +833 Btu or, for the separation process, «/ = —833. 


Entropy of Dissolution. The entropy changes which accompany dis- 
solution may be calculated from the enthalpy and free-energy changes 
by Equation (XI-5), Thus, 

„ AH-AG 

^ = Tfi (99) 


In' Equation (99), AH is the integral heat of solution and AG the free 
energy of solution calculated from Equation (98). For ideal solutions 
AH = O and the activity coefSicients of Equation (.98) become unity. 

Illustration 11. Calculate the minimum useful work and entropy change of sepa- 
ration of 1 lb-mole of air at 65°F and 1.0 atm pressure into oxygen and nitrogen each 
at the temperature and pressure of the mixture. 

Solution: For air at the given conditions mole fractions may be substituted for 
activities referred to the pure components at the temperature and pressure of the 
solution. From Equation (98), 

aG = (1.99) (525) (2.303) [(0.21) log 0.21 + (0.79) log 0.79] = -540 Btu 

Therefore, the free-energy change of separation is —540 Btu per lb-mole of air, which 
is the minimum work of separation done on the system, or = —540 for the sepa- 
ration process. 

From Equation (99), for the separation process, 
aO 540 

^ = sr =r —1.03 entropy units 
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1. The system toluene-acetic acid forms an azeotrope containing 62.7 mole per 
cent toluene and having a minimum boiling point of 105.4°C at 760 mm Hg. The 
vapor-pressure data from the International Critical Tables are as follows: 



Toluene 

Acetic Add 

70 

202.4 

136.0 

80 

289.7 

2Q2,S 

90 

404.6 

293.7 

100 

557.2 

417.1 

110 

— 

580.8 

120 

— 

, 794.0 

Normal boiling point, ®C 

110.7 

118.5 


Calculate the van Laar constants A and B for this system, and plot 71 and 72 as 
ordinates on a i(^arithmic scale against the mole fraction of toluene (component 1) 
on a uniform scale. 

2. The following data on the vapor pressures in millimeters of Hg of carbon- 
tetrachloride-ethyl-alcohol solutions are from the International Critical Tables: 


Weight Per Weight Per 


Ceni CCI4 

34.8®C 

66^C 

CerU ecu 

34.8°C 

66°C 

0 

103 

462 

58.25 

206 

752 

10.23 

122 

520 

71.68 

220 

782 

20.02 

142 

576 

76.69 

223 

789 

27.13 

156 

014 

84.25 

226 

788 

39.06 

179 

677 

92.98 

225 

780 

43.87 

187 

700 

97.43 

221 

741 

48.86 

193 

716 

98£ 

BIS 

717 




99.9 

187 

B9S 




100.0 

173 

544 


From these evaluate the van Laar constants for the system at 34.8®C and 66°C. 

3. Frona the results of problem 2 calculate vapor compositions corresponding to 
liquid compositions of 10, 20, 30, 40, 50, 60, 70, 80 and 90 mole per cent CCI4 at 
pressures of 760 and 200 mm of Hg. Plot these results as y-x diagrams similar to 
Fig. 148. Assume that the activity coefficients are independent of temperature over 
the limited ranges involved. The vapor pressures of the pure component are as 
follows: 


Vapob Pressubes, Mm of Hg 


ec 

ca4 

CaHfiOH 

PC • 

CCI4 

CjHbOH 

20 

91 

43.9 

55 

379.3 

280.6 

25 

114.5 

59.0 

60 

450.8 

352.7 

30 

143.0 

78.8 

65 

530.9 

448.8 

35 

176.2 

103.7 

70 

622.3 

542.5 

40 

215.8 

135.3 

75 



666.1 

45 

262.5 

174.0 

80 

843 

812.6 

50 

317.1 

222.2 

Normal boiling point, ®C 

76.75 

78.32 
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4. The composition of the azeotrope formed by carbon tetrachloride and ethyl 
alcohol at 760 mm of Hg is given in the International Critical Tables as 61.3 mole 
per cent CCU and the boiling point as 64.96°C. Using the vapor-pressure data of 
problem 3, calculate the composition of the azeotrope at a temperature of 34.8°C 
and its total vapor pressure, using Equations (46) and (47). Evaluate the van Laar 
constants for the system at 34.8°C, and compare these results with those of problem 2. 

6. Methyl cyclohexane and n-heptane are each partially miscible with aniline at 
25°C. The equilibrium compositions in mole per cent are as follows:^ 

Methyl cyclohexane-Aniline Heptane-Aniline 

Hydrocarbon layer 11.38% aniline 7.55% aniline 

Aniline layer 82.35% aniline 93.91% aniline 


Calculate the van Laar constants for the methyl cyclohexane-aniline system and 
for the n-heptane-aniline system at 25°C. Plot curves relating the activity coeffi- 
cients of each of the respective hydrocarbons to its mole fraction in aniline. 

6. (a) Using the results of problem 5 and Equation (44), calculate the activity 
coefficients of methyl cyclohexane and n-heptane in a solution of the following com- 
position at 25°C, using the indicated liquid densities of the pure components: 


Mole Per Cent 

TZr-Heptane • 3.6 

Methyl cyclohexane 5.4 
Aniline 91.0 


Liquid Density (Pure) 
(g per cc) 

0.68 

0.76 

1.02 


It may be assumed that the n-heptane and methyl cyclohexane form ideal binary 
solutions with each other. 

(6) The vapor pressures at 25'’C of r^-heptane and methyl cyclohexane may be 
taken as 46 and 37 mm of Hg, respectively. Neglecting the vapor pressure of 
aniline, calculate, the composition of the vapors and the total vapor pressure in 
equilibrium with the solution of part (a). Compare the effective relative volatilities 
(a = P171/P2T2) of the heptane and methyl cyclohexane in the presence and absence 


of the aniline. 

7. Calculate the. vaporization equilibrium constant of acetone at a temperature 
of 300°F and an absolute pressure of ‘250 lb per sqin. The . density of acetone at 
20®C is 0.7915 g per cc. The vapor-pressure equation is given in Table Ha, page 73. 

8. A stream of gas in a natural gasoline plant has the following composition in 
mole per cent: 


Ethkie 

- 10 

Propane 

14 

Isobutane 

19 

n-Butane 

54 

Isopentane 

3 


100 


• (a) Calculate the pressure necessary to condense this .gas completely at a tem- 
perature of 100°F. 

, (6) For a condenser operating at the pressure of part (a) , calculate the temperature 
at which condensation will start and the temperature of 50 mole per cent condensa- 
tion. Also calculate the composition of the first liquid to condense and the com- 
positions of the liquid and vapor phases at 50 per cent condensation. 

2°K. A. Varteressian and M. R. Fenske, Ind, Eng. Chem., 29, 270 (1937). 
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9. A fractionating column is to produce overhead and bottoms products having 
the following compositions in mole per cent: 


Propane 

Overhead 

23 

Bottoms 

Isobutane 

67 

2 

7i-Butane 

10 

46 

Isopentane 

— 

15 

n-Pentane 

— 

37 - 


ioo 

100 


(а) Calculate the pressure at which the column must operate in order to condense 
completely the overhead product at 120°F. 

(б) Assuming that the overhead product vapors are in equilibrium with the liquid 
on the top plate of the column, calculate the temperature of the overhead vapors 
and the composition of the liquid on the top plate when operating at the pressure 
of part (o). 

(c) Calculate the temperature of the liquid leaving the reboiler of the column 
under the pressure of part (o), assuming equilibrium conditions to exist in the re- 
boiler. Also calculate the composition of the vapors leaving the reboiler. 

10. The heat of fusion of o-naphthylamine (CioHbN) at its melting point of 49®C 
is 3,150 cal per g-mole. Calculate the solubility at 30°C, assuming ideal behavior. 

11. Calculate the ideal solubility of hydrogen cyanide gas in acetonitrile at a tem- 
perature of 100®C and a partial pressure of 5 atm. The density of liquid hydrogen 
cyanide is 0.699 at 20°C. The vapor pressures at 100®C are 9.2 and 1.89 atm. 
respectively. 

12. Calculate the ideal solubility of chlorine in carbon tetrachloride at a partial 
pressure of 10 atm and a temperature of 100®C. The vapor pressures at 100®C 
are 37.6 and 1.92 atm. respectively. 

13. The solubility of carbon monoxide in benzene at 20®C under a partial pressure 
of 1 atm is reported^ as 0.1533 cc of gas measured at 0®C and 1 atm, per cc of liquid 
benzene. Assuming that the activity coefficients are unity, calculate the solubility 
in mole per cent at 20®C and 50 atm. Ne^ect the vapor pressure of benzene. 

14. The following data for the solubility of carbon dioxide at a partial pressure of 
1 atm in methyl alcohol are reported^ in cubic cenihneters of gas measured at 0®C 
and 1 atm per cc of liquid. 



SoliMUy 

15 

4.366 

20 

3.918 

25 

3.515 


(а) Assummg that ideal solutions are formed, calculate the average differential 
heats of dissolution of CO 2 in methyl alcohol in the temperature ranges* of 16°-20° 
and 20®-25®C. Neglect the vapor pressure of alcohol. 

(б) From the results of part (a), calculate the solubility at a temperature of 35®C 
and a pressure of 100 atm. 

16.^ Calculate the minimum total work in Btu in separating 100 lb of a solution 
at 80®F containing 30 mole per cent benzene, 25 per cent toluene and 45 per cent 

3^1ene into the three pure components. Also calculate the entropy change per pound 
of solution. o tr 

16. Osculate the minimum work and the entropy change in separating 1001b of 
a 2-mol^ aqueous solution of sucrose into its components at 25'C. Compare this 
result with the heat required to vaporize the water at the temperature. 



CHAPTER XVI 
CHEMICAL EQUrLIBKIUM 

As explained in Chapter XI the criterion of equilibrium in a chemically 
reacting system at constant temperature and pressure is that the change 
in free energy of any possible reaction shall be zero. A negative free- 
energy change may be looked upon as the driving potential which is 
directing the reaction towards a state of rest and as a direct measure 
of the departure of the reacting system from its equilibrium state. From 
a kinetic viewpoint the reaction at equilibrium may still be considered 
as proceeding reversibly, but with equal rates in opposite directions and 
with no net change in composition. 

By evaluation of the free-energy changes of the reactions of a chemical 
process it is possible to calculate the composition of the equilibrium 
mixture and to determine the extent of conversion of the initial reactants. 
Such considerations are essential in determining the most favorable con- 
ditions of temperature, pressure, composition, and ratios of reactants to 
obtain the greatest conversion of reactants and the highest yield of 
products. 

THE EQUHIBRIUM CONSTANT . 

For developing the equations of chemical equilibrium the general re- 
action represented by the following stoichiometric equation is considered: 

hJB cC -!-•••= rR d- sS (1) 

where 6, c, r, 5 are the number of moles of reactants and products B, C, 
Rj and 5, respectively. 

When this reaction proceeds isothermally at any temperature T, 
starting with each reactant in its standard state of unit activity and 
ending with products each at unit activity, the accompanying change of 
free energy is represented by the symbol A(j°. The corresponding ac- 
tivity aB) CLc, aR, al of each component in the standard state is unity. 

When this reaction proceeds isothermally until equilibrium is estab- 
lished aU the activities adjust themselves to new values at which the 
change in free energy is zero. At equilibrium the activities of the sep- 
arate components are represented by symbols, as, ac, aR, and as. 

Since the free-energy change is the difference between the free energies 
of the products and reactants, 

-h sgJH bGB — . cgc (2) 

AG = rOR + sGjS + • • * — — cOc — * • • (3) 

where G = partial molal free energy 
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Combining (2) and (3) gives 

AG — A(j° = r(Gi2 — Gfi) -f- s(g5 — G^) + • • — b(GB — Gh) c(gc Gc) (4) 

Equation (4) may be written in terms of activities by being combined 
with Equation (XIV-53). . Thus, 

AG — AG^ = tRT In (Xb ri* sRT In -f* • * * — bRTln gb cRT In etc *** • • * 

or A<?- AG“ = ier In ■-) (5) 

\aB Gc • * •/ 

At equilibrium, AO = 0, and 

= iein = Bing (6) 

T \a| aS--/ 


where K is the eguiltbrium constant at the temperature corresponding to 
the temperature of AG°. Thus, 




gj a| — * 
gj gj * • • 


-Ag* Ag** AS° 

^BT ^ ^ BT"^ B 


( 7 ) 


‘where AG®, Aff®, and AS® are the changes in free energy, enthalpy, and 
entropy, respectively, which accompajiy the stoichiometric reaction with 
all reactants and products in their standard states. 

From Equation (7) it is evident that the equilibrium constant is en- 
tirely determined by the temperature and the free-energy change which 
would accompany the reaction of the indicated numbers of moles if each 
reactant were initially in its standard state and each product finally in 
its standard state of unit activity at the temperature of the system. This 
free-energy change AG® is termed the standard free-energy change of the 
reaction. The standard free-energy change depends upon the tempera- 
ture, the definition of the standard state of each component, and the 
number of moles entering into the stoichiometric equation under con- 
sideration. Accordingly, the numerical value of an equilibrium constant 
is without significance unless it is accompanied by specification of these 
three factors. 

The effect on the equilibrium constant of the form of the stoichio- 
metric equation is illustrated by consideration of the synthesis of 
ammonia. This reaction may be designated as 

N2 + 3H2 = 2NH3 

The corresponding equilibrium constant is then 

gN2 
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The same reaction may be written 

iNs+f H2=NH3 


and 




C&NHs 



It is evident that, in this case, and specification of the number 

of moles involved in the stoichiometric equation is essential to proper 
interpretation. 

Effect of Pressure on the Equilibrium Constant The effect which the 
pressure of the system has on the reaction equilibrium constant is de- 
pendent on the definition of the standard states of the components. As 
pointed out in Chapter XIV, the choice of the standard states is entirely 
arbitrary and may be on any convenient basis. When working with 
reacting systems which involve only .pure solids or liquids and gases 
which may be assumed to approximate ideal solutions it is convenient 
to refer the activities of the gaseous components to the ideal-gaseous 
state at one atmosphere, making activities equal to fugacities in atmos- 
pheres. The activities of the pure solids and liquids are referred to the 
fugacities of the pure components under their own vapor pressures or 
under a pressure of 1 atm at the temperature of the system. With stand- 
ard state defined in this manner thQ reaction equilibrium constant is in-- 
dependent of the pressure of the system which by virtue of the definitions 
can have no effect on the standard free-energy change. 

When working with reacting systems which involve nonideal solutions, 
either gaseous or liquid, it is more convenient to select as standard states 
the pure components at the temperature and pressure of the system. As 
is developed in Chapter XIV, this basis has the advantage of permitting 
useful correlations between mole fractions and activity coefficients. 
Similarly, if it is desired to refer the standard state to infinite dilution, 
it is convenient to choose the dilute solution at the pressure of the sys- 
tem. It should be noted that standard states defined in this manner are 
dependent upon the pressure of the system and that the correspondmg 
equilibrium constants vary as a function of pressure. 

It is of primary importance that the exact definition of the standard 
state be clearly recognized in all equilibrium calculations. 


STANDARD FREE-ENERGY CHANGES 

It is pointed out in Chapter XI that free energy is an extensive prop- 
erty and that the free-energy change in any process is determined by 
the final and initial conditions and not by the intermediate path. Thus, 
free-energy changes xmay be treated in the same manner as enthalpy 
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changes and are functions of temperature, pressure, and composition at 
the beginning and end of the change. 

The free-energy change accompan 3 dng a reaction as it actually pro- 
ceeds under the conditions of the reaction process is of little interest 
except in the consideraticm of electrochemical reactions where the de- 
crease in free energy of the system represents the electric energy released 
xmder reversible conditions at constant pressure. Also, it has been 
pointed out in Chapter XIII that the decrease in free energy of a flow 
process proceeding reversibly at constant temperature without genera- 
tion of electric energy is equal to the mechanical work done. Usually 
chemical reactions proceed in a highly irreversible manner without gen- 
eration of either electric energy or other useful^work, and the loss in free 
enei^ is not accompanied by a corresponding release of useful work. 

The greatest value of the free-energy concept is in the calculation of 
compositions of reaction systems at equilibrium under which conditions 
the actual free-energy changes are zero. These compositions are, how- 
ever, related by Equation (6) to the standard free-energy changes which 
are not equal to zero at conditions of equilibrium. In considering any 
changes which take place in a system actual and standard free-energy 
changes must not be confused. Calculation of the standard free-energy 
change is important, because from it the equilibrium constant is obtained. 

Standard Free-Energy Change at 26®C. The standard free-energy 
changes and the corresponding standard enthalpy and entropy changes 
which accompany a reaction at an arbitrary reference temperature may 
be calculated by the summation principles demonstrated in Chapter VIII 
for heats of reaction. The accepted reference temperature which has 
been extensively used for thermodynamic data is 25®C (298. 1®K) 
instead of the 18®C standard frequently employed for heats of reaction. 

It has been common practice in the past to present standard free- 
energy data in the form of tables of standard free energies of formation 
at 25®C. From such tables a standard free energy of reaction is cal- 
culated as the algebraic sum of the standard free energies of formation 
of the products less the algebraic sum of the standard free energies of 
formation of the reactants. When m element enters into a reaction, 
its standard free energy of formation is zero if its state of aggregation 
is that selected as the basis for the standard free energy of its compounds. 

Ulustratioii 1 . Calculate the standard change of free energy at 298. 1°K in the 
gas-phase alkylation of isobutane with ethylene to form neohexane. Free energies 
of formation at a fugacity of 1 atm and 298. 1®K (cal per g-mole) 

C 4 H 10 , isobutane (gas); Aq} = —4,160 — Ga 
C2H4, ethylene (gas); Aq} = + 16,300 = Of, 

Ce^Uf neohexane (gas) ; Aq} *= —2,300 = 

For the reaction, 

C 4 H 10 (g) + C 2 H 4 (g) = C 6 H 14 (g) 
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A65)8.i = Gr - Ga “ <36 = ~2,300 — (-4,160) - 16,300 = —14,400 cal per g-mole in 
the ideal state at 1 atm. 


Effect of Temperature on AG® and K. A general differential relation- 
ship between AG® and temperature is expressed by Equation (XI-104). 
Combination of this with Equation (6) yields a similar expression for the 
effect of temperature on the equilibrium constant. Thus 



Equation (8) may be used to predict the effect of temperature on the 
equilibrium constant or conversely to determine the standard heat of 
reaction from equilibrium constants known at different temperatures. 
Such a determination is carried out graphically by determining the slope 
of a curve relating E In X to 1/T. 

; A more generally useful integrated relationship between the standard 
free-energy change and temperature is obtained by expressing the stand- 
ard heat of reaction and entropy change in terms of empirical heat- 
capacity equations. If heat capacities are represented by the general 
empirical] expression = a + bT + cT^ + d/T^, Kirchoff^s Equation 
(VIII-65), page 305, may be written: 

= /h + AaT + iAhT^ + ^AcT^ - Ad/T (9) 


The integration constant Ie is determined from a single value of AH'® 
at a temperature within the range of applicability of the heat-capacity 
equations. 

Since at constant pressure dS = Cp dT/T, it follows that 

d(,AS^)=Ac°dT/T or A5; = 7s + Aaliir+Abr+jAc7’*-^ (10) 

The integration constant is determined from a single value of AS® at 
any temperature within the range of the accuracy of the heat-capacity 
equations. 

Since AG® = AH'® — TAS®, from Equations (9) and (10), 


AG® 

T 


= y+(Aa-Z5)-Aalnr 


AbT 

2 


AcT2 


Ad 


( 11 ) 


The integration constants I e and Is are determined from a single value 
of AH® together with a single value of either AS® or AG®. These reference 
values may be at different temperatures. 

The forms of Equations (9), (10), and (11) depend upon the empirical 
equations used for expressing heat capacities. Other equations may be 
used with corresponding changes in the form. The standard free energy 
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of formation of a compound from its elements at any temperature level 
is a special modification of Equation (11) as illustrated in the following 
illustration: 


Illustration 2. Derive a general equation for the standard free energy of formation 
of NH 3 (g)*at temperature with the standard state of each component being the 
id^ gas at 1 atm. The absolute entropies in the ideal-gaseous state at 298.1 and 
1 atm are as follows: 

Na (g) ,* 45.79 - cal/(g-mole) ("K) 

Ha (g); 31.23 = si cal/(g-mole)("K) 

NH 3 (g); 46.03 = s; cal/(g-mole)CK) 


From Table V, page 214, 

Na; Cp = 6.30 -f 1.819(10“»)!r - (0.345) (10“«)!r2 
Ha; Cp = 6.88 -f- (0.066) (10-8)T -1- (0.279) (lO-^T* 
NHs; Cp = 5.92 + (8.963) (10-8)!r - (1.764) (10-«)T3 


For the reaction, 


4N2(g)+#Ha(g)-^NH3(g) 

Ah 291 = —11,000 cal per g-mole NH 3 
Aa = 5.92 - i(6.30) - f (6.88) = -7.55 
A6 = [8.963 - J(1.819) - 1(0.066)]10”® - (7.955) (10“*) 

Ac = [-1.764 4- i(0.345) - f (0.279)]10“« = (-2.010) (10“«) 
Ad = 0 


Substitution in Equation (9) gives 

1 r = -11,000 + 7.55(291) - 3.977 X 10“*«(291)® + 0.670 (10“«) (291)8 == ^9130 
A5i8.i = s; - K - fs6 = 46.03 - i(45.79) - f (31.23) = -23.72 
From Equation (10), 

AjS^.i = JiS + Aa In T -f- A6T -f- ■^AcT* 

-23.72 = Is -7.55(5.6971) + 7.955 X 10'8(298.1) -i (2.01) (10-«) (298.1)2 
or /s = 17.00 

(Aa - Is) = -7.55 - 17.00 = -24.55 
Substitution in Equation (11) gives 
aG® -9,130 

^ + 7.55 In T - (3.977) (10-8)7 + (0.335) -24.55 


The standard free-energy change of any reaction at any temperature 
level may be obtained by the method of Illustration 2 in which Equa- 
tion (11) is applied directly to the reaction combined with a knowledge 
of heat-capacity equations of the components and single values of Aff® 
and AG° or for the reaction, each at some known temperature. An 
alternate method is to evaluate the free energies of formation as fimctions 
of temperature and calculate the free-energy change of the reaction by 
combining the standard free energies of formation of the separate com- 
ponents. There is little point in this latter procedure except where 
numerous different reactions which involve the same components are 
under consideration. 
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For reactions in which ACp = 0 both Ai?® and AS° are independent of 
temperature. Equation (11) then reduces to 

AG° = AHl-TASl ( 12 ) 

From Equation (12) it is evident that the standard free-energy change 
of a reaction may vary widely with temperature, even though the stand- 
ard heat of reaction and enthalpy change are constant. 

Where the heat-capacity data for a reaction are not conveniently ex- 
pressed by empirical equations the standard free-energy change at any 
temperature may be calculated by correcting separately the standard 
enthalpy and entropy changes by graphical integrations. Thus, if ACp 
is the difference between the heat capacity of the products and the re- 
actants, and it is desired to obtain the standard free-energy change at a 
temperature from values of standard enthalpy and entropy changes 
AHl and ASl at temperature Ti and respectively. 

AC; dT-TzASl-TJ ^ dT (13) 

Ti JT2 1 

The integrations of Equation (13) may be carried out graphically by 
plotting ACl and ACl/T against T. 

Standard Free Energies of Formation of Hydrocarbons. Standard free 
energies of formation of a few hydrocarbons are shown in Fig. 155, modi- 
fied from a similar figure of Parks and Huffman.^ In this figure the 
molal free energies of formation are expressed per carbon atom in order 
that the figure shall show visually the relative stabilities of the different 
compounds in their standard states with respect to the elements. For 
example, the fact that the acetylene curve (C2H2) is positive indicates 
that over the entire temperature range this compound is thermodynami- 
cally unstable in its standard state and tends to decompose spontane- 
ously to an equilibrium mixture containing large proportions of carbon 
and hydrogen. Similarly, since the curve for propane (CsHg) is higher 
than that for ethane (C2He), the latter compound is the more stable. 
Propane becomes relatively imstable at temperatures above 450°K. 

The standard free energies of formation of the hydrocarbons are ob- 
tained by multipl3dng the values from Fig. 155 by the number of carbon 
atoms. The standard free-energy changes of reactions involving these 
hydrocarbons may then be calculated by summations of the standard 
free energies of formation. 

1 Parks and Huffman, '' The Free Energies of Some Organic Compounds,” Reinhold 
Publishing Corporation, New York (1932). 
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Tlliis tration 3. Calculate the standard free-energy change of the following reaction 
at 1000°K from the data of Fig. 155: 

2CjH 4 = iCtHt 

tCiSa; AQf = (4) (15,300) = 61,200 cal per g-mole 
CjH*; A<4 = (2) (14,000) = 28,000 cal per g-moIe 

For the reaction at 1000°K, 


Ae® = 61,200 - 56,000 = 6,200 oal 



(BeTinon of chart from Parks and Huffmaiir **Pree Energies of Some Organic Compounds,” 

with permission of the Reinhold Publishing Corporation.) 

Fig, 155. Staoidard Free Energies of Formation of Hydrocarbons. 

Experimental Free-Energy Data. Four common methods are avail- 
able for determining standard free energies of formation and the stand- 
ard free-energy change of a chemical reaction. 

1. For reactions which proceed reversibly in a galvanic cell at constant 
pressure and temperature, the free-energy change can be obtained di- 
rectly from measurements of electric energy generated. 

2. The standard free-energy change may be calculated from meas- 
urements of temperature, pressure, and composition of each phase in a 
system at equilibrium by means of Equation (6). 

3. The standard change in free energy can be obtained directly from 
measurements of AH® and AS° by the equation — AH® — TA/S®. 
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Values of AH'® are determined from thermochemical data, as described 
in Chapter VIII. Values of AS® are obtained from the absolute en- 
tropies of the products and reactants. These absolute entropies are 
calculated either from low-temperature heat-capacity measurements and 
the third law of thermodynamics, as discussed in Chapter XI, or from 
spectroscopic data and statistical calculations, as outlined in Chapter XVI. 

4. Free energies of formation and reaction may be obtained through 
combination of free energy data for other series of reactions by the pro- 
cedure demonstrated in Chapter VIII for the indirect evaluation of heats 
of reaction. 

Presentation of Free-Energy Data. Three methods are in common 
use for the presentation of standard free-energy data. The earliest 
method was the tabulation of standard free energies of formation ^t an 
arbitrary base temperature of 25®C together with the constants for the 
empirical heat-capacity equation of each compound. From these data 
standard free-energy changes may be calculated at any desired tempera- 
ture by the methods demonstrated in Illustrations 1 and 2. 

An alternate method is to present tables of heats of formation and 
absolute entropies at a selected base temperature. By combining these 
values the standard free energies of reaction at the base temperature 
are obtained. Free energies at other temperatures are then calculated 
from the heat-capacity equations. This method has the advantage of 
separating the heat of formation and entropy data on which the free- 
energy calculations are based. Changes are constantly being m^e in 
the accepted values, and tabulation of separate heats of formation and 
entropies minimize the confusion resulting from such changes. Further- 
more, the entropy values are frequently useful for other calculations. 

In Table XXXV are values of absolute entropies at 25°C. Similar 
data for many other compounds are to be found in the literature. The 
use of such data in conjimction with the heats of formation and reaction 
of Tables XTV and XV, pages 253 and 262, is demonstrated in Illustra- 
tion 2. 

With the extension of calorimetric measurements into the region of~ 
low temperatures and the development of statistical methods based on 
spectroscopic data it has become possible to express values of enthalpy 
and free energy of many substances relative to their values at the ab- 
solute zero of temperature. A further improvement has been introduced 
by reporting values of (h? — Hq) and (oy — gS)/T as direct tabular 
or graphical functions of temperature rather than formulating the results 
in .terms of the constants of empirical heat-capacity equations. Con- 
sistent with this practice heats of formation (Ah/)o at 0®K are now being 
reported relative to the elements at 0®K instead of at some arbitrary 
temperature level. By this scheme the agreement of different values 
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can be judged directly by numerical values rather than by the com- 
parison of different equations which appear in as many forms as there 
are empirical heat-capacity equations for the separate components. The 
relative agreement of several forms of equations can be judged only by 
repetition of calculations and usually not by inspection. 

The standard heat of formation of a compound relative to the elements, 
all in their standard state of unit activities at any temperature level, is 
expressed by the following equation: 

(AH/)r = [(Hr — Hq) 4" (^H/)o]c — S(Hr — (14) 

where 

(AHj)r = standard heat of formation at temperature T 

Hr = enthalpy of the compound or element at temperature T 
hS = enthalpy of the compound or element at 0‘^K 
(An:/)o = standard heat of formation at 0°K 

The subscripts C and E refer to the compound and to the element, 
respectively. At the absolute zero where the temperature, entropy, 
and vapor pressure all become zero the four energy functions of a 
substance in a specified state become equal. Thus 

XT? = Ho = Go = aS (15) 


As a result it is common practice to report data in terms of the exactly 
equivalent functions (Gy — Go)/T, (Gf — Hj)/?, or (g? — xTo)/T, and 
(Ah/)o or (Ag/)o. 

The standard free energy of formation of a compoimd at a tempera- 
ture T from the elements at the same temperature is expressed by an 
equation similar to (14). 



Similarly, the standard free-energy change and standard heat of re- 
action of any reaction at any temperature may be expressed in terms 
of heats of formation at the absolute zero. Thus, 

AHt = S[(Hr - Ho) + (Ah/)o]p - 2[(hJ - hS) + (Ah/)o]p (17) 



(Ah/)o 1 __ r G?~Hg ^fW 

T jp I T T. JB 


(18) 


where the subscript P indicates the products and R the reactants. 

Standard enthalpy and free-energy changes are readily calculated 
by Equations (17) and (18) from values of (Ah/)o and tables, or 
curves which express (h? — hS) and (g^ — hS)/?" as functions* of 
temperature. It will be noted that for any compound the group 
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TABLE XXXV 

Standabd Molal Entropies at 298. 1°K 
(cal)/(g-mole)(°K) 

Standard States: 

Gases: The ideal-gaseous state at 1 atm 
Liquids: The liquid state at 1 atm 
Solids: The solid state at 1 atm 

Aqueous Solutions: The hypothetical ideal. 1.0 molal solution in which a/m = 1.0 

INORGANIC COMPOUNDS 

From K. K. Kelley, UJ3, Bur, Mines Bull, 434 (1941). 


Aluminum 


Al(s) 

6.75 

AI 2 O 8 

12.5 

Al(g) 

39.31 

AlaSiOs (SiUimanite) 

27.0 

A1+++ (aq) 

-76 





Antimony 


Sb (b) 

10.5 

Sb204 (s) 

30.4 

Sb (g) 

43.07 

SbaOs (s) 

29.9 

Sb, (g) 

60.9 

SbaSa (s) 

39.6. 

Sb,0, (s) 

29.4 

SbCla (g) 

80.9 

Sb 40 . (g) 

102 

SbCls (s) 

44.8 



Argon 


A(g) 

36.99 





Arsenic 


As (s) 

8.4 

AsaOs (s) 

25.2 

As {&) 

41.62 

AsCls (g) 

78.2 

As, (g) 

57.3 

Ascis a) 

55.8 

As. (g) 

69 

AsFs (g) 

69.2 

AssO, (s) 

25.6 

AsFaO) 

50.1 

As40« Os) 

101 





Barium 


Ba® 

40.67 

BaFa (s) 

23.0 

Ba++ (aq) 

2.3 

BaCOs (s) (Witherite) 

26.8 

BaO (s) 

16.8 

Ba(N 08)2 (s) 

51.1 

BaO (g) 

56.0 

BaS 04 (s) 

31.6 

BaCl, • 2H,0 (s) 

48.5 





Beryllium 


Be(s) 

2.28 

BeO (8) 

3.37 

Be(g) 

32.56 

BeO(g) 

47.2 



Bismuth 


Bi(s) 

13.6 

Bi,Os (s) 

36.2 

Bi(g) 

44.68 

BiCl, (g) 

85.5 

Bi,(g) 

65.4 

BiCl, (s) 

45.8 



Boron 


B(8) 

1.7 

BCU (g) 

68.6 

B (g) 

36.66 

BF,(g) 

61.1 

BBr, (g) 

76.7 

B.C (s) 

6.47 
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Brj® 
Br* (g) 
Br(g) 


Cd(8) 
Cd(g) 
C<i++ (aq) 
CdO (s) 
CkiOCg) 
CdS (s) 


Ca(s) 

Ca (g) 
Ca++(aq) 
CaO(s) 
CaO (g) 
CaS (s) 
CaTj (s) 
CaHs (s) 


C (Graphite) 
C (Diamond) 
C(g) 

C,(g) 

CO(g) 

CO,(g) 

CS(g) 

CS, a) 

CS2(g) 

COS(g) 

CBu(g) 

CCU(g) 

CCI4 a) 


CI 2 (g) 
Cl(g) 
Cl“ (aq) 
CI 2 O (g) 

CIO 2 (g) 


Cr (s) 
Cr(g) 
Cr 203 (s) 
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TABLE XXXV (Continued) 


Bromine 


36.7 

Br" (aq) 

19.7 

58.63 

BrCl (g) 

57.4 

41.81 

BrOr (aq) 

Cadmium 

38.5 

12.3 

CdCla (s) 

31.2 

40.07 

Cd(OH )2 (s) 

21 

■15.6 

CdCOs (s) 

25.2 

13.1 

CdS 04 (s) 

31.3 

46.9 

CdS 04 • H 2 O (s) 

39.7 

17 

CdS 04 • 8 / 3 H 2 O (s) ‘ 

Calcium 

57.5 

9.95 

Ca(OH )2 (s) 

17.4 

37.0 

CaCOs (s) (Calcite) 

22.2 

•11.4 

CaCOs (s) (Aragonite) 

21.2 

9.5 

CaCiOi • H 2 O (s) 

37.4 

52.3 

Cas(P 04 )* (s) (cl) 

57.6 

13.5 

CaSiOs (s) (Wollastonite) 

19.6 

16.4 

9.9 

CaS 04 (s) (Natural Anhydrite) 

Carhon 

25.5 

1.36 

CF4(g) 

62.7 

0.585 

COCI 2 

67,2 

37.77 

CH4 

44.5 

47.89 

CN (g) 

48.42 

47.32 

C 2 N 2 (g) 

57.9 

51.08 

CNBr (g) 

59.1 

50.3 

CNCl (g) 

56.4 

36.2 

CNI (g) 

61.3 

56.84 

cor (aq) 

-13.0 

55.37 

HCOi* (aq) 

22.2 

85.5 

H 2 CO 3 (aq) 

45.1 

74.2 

1 

1 

0 

25 

52.2 

020 * (aq) 

Chlorine 

9.6 

53.31 

C10~ (aq) 

10.0 

39.47 

ClOr (aq) 

24.1 

13.5 

ClOr (aq) 

39.4 

63.7 

ClOr (aq) 

43.6 

59.6 

Chromium 


5.68 

CrCla (s) 

27.7 

41.64 

CrCU (s) 

3i:o 

19.4 

CrOr (aq) 

10.5 
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TABLE XXXV (Continued) 




CobaU 



Co (s) 

6.8 

CoCls (s) 


25.4 

Co(g) 

42.89 

Copper 



Cu (s) 

7.97 

CuBr (s) 


22.8 

Cu(g) 

39.75 

CuBr (g) 


59.9 

Cuj(g) 

58.9 

CuCl (s) 


20.8 

Cu++ (aq) 

- 26.5 

CuCl (g) 


57.3 

CusO (s) 

24.1 

CuP (g) 


54.9 

CuO (s) 

10.4 

Cul(s) 


23.1 

CujS (s) 

28.9 

Cul (g) 


61.6 

CusS (s) (Covellite) 

15.9 

CuH (g) 


46.9 

CuCO, (s) 

17.7 

CuS 04 (s) 


25.3 



Fluorine 



Fa(g) 

48.58 

F-(aq) 


- 2.3 

F(g) 

37.93 

FaOCg) 


58.95 



Hdium 



He 

30.13 

Hydrogen 



H, 

31.23 

HaSCg) 


49.15 

D, 

34.62 

HBr (g) 


47.48 

H(g) 

27.40 

HCl(g) 


44.66 

H+(aq) 

0 

HF(g) 


41.53 

H , oa ) 

16.75 

HI(g) 


49.36 

H,0(g) 

45.13 

HCN a ) 


26.96 

DjO a ) 

18.08 

HCN;(g) 


48 J 23 

D^(g) 

47.38 

Iodine 



I«(s) 

27.9 

IBr (fr) 


33.0 

I»(g) 

62.29 

ICl(g) 


59.11 

1(g) 

43.19 

ICl, (s) 


41.1 

I-(aq) 

25.3 

lOr (aq) 


28.0 

IBr(g) 

61.84 

Iron 



Fe(s) 

6.47 

FeS (s) 


16.1 

Fe&) 

43.12 

FeSa (s) (Pyrite) 


12.7 

re++ (aq) 

- 25.9 

FeCla (s) 


29.4 

Fe+++ (aq) 

- 61.0 

FesC (s) 


24.2 

FeO (s) 

13.4 

FeCOa (s) (Sid^rite) 


22.2 

FejOj (s) 

21.5 

Fe4N 


37.4 

FejOi (b) 

35.0 
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Lead 

[Chap XVI 

Pb(s) 

15.49 

Pb304 (s) 

50.5 

Pb(g) 

41.90 

PbS (s) 

21.8 

Pb++ (aq) 

3.9 

PbSfe) 

61.2 

PbO (s) (YeUow) 

16.6 

PbCl* (8) 

32.6 

PbO (g) 

57.4 

PbCl* fe) 

75.9 

PbOi (s) 

18.3 

PbSO* (s) 

Lithium 

35.2 

li (8) 

6.70 

liF (8) 

9.7 

life) 

33.15 

Lilfe) 

56.5 

Ii2 fe) 

47.0 

liH (s) 

5.9 

Ii+ (aq) 

4.7 

liHfe) 

40.8 

LiQfe) 

lisCOa 

49.9 

21.5 

liOH (s) 

Magnesium 

12.8 

Mg (s) 

7.77 

Mg(OH)* (8) 

15.09 

Mgfe) 

35.51 

MgCOa (s) (Magnesite) 

15.7 

Mg++ (aq) 

-31.6 

MgSiOg (s) 

15.4 

MgO (8) 

MgO (g) 

6.55 

50.7 

MgS04 (s) 

Manganese 

20 

Mn (8) * 

7.61 

MnzOg (s) 

22.9 

Mn fe) 

41.50 

Mn8Q4 (s) 

35.5 

MnO (s) 

14.4 

MnS (s) 

18.7 

M^O fe) 

54.0 

MnCl 2 (s) ■ 

25.9 

MnO* (s) 

13.9 

MhQOa (Rhodochrosite) 

20.5 

MnOr (^ 

46.7 

MnC 

Mercury 

33.6 

HgO) 

18.5 

HgBr* (g) 

74.7 

Hgfe) 

41.8 

HgBr* (s) 

38.9 

Hg 2 ++ (aq) 

17.7 

HgCl* fe) 

70.4 

HgO (s) (lUd) 

16.6 

HgCl* (s) 

34.6 

HgO (s) (Yellow) 

17.6 

Hgl* fe) 

78.7 , 

HgBr (s) 

26.4 

HgI*(B) 

. 42.2 

HgCl (s) 

23.5 

Hg 2 B 04 (s) 

48.0 


Molybdenum 


Mo (s) 

6.83 

MoS* (s) 

15.0 

Mo fe) 

43.47 

MoSg (s) 

N'eon 

15.9 

Nefe) 

34.96 

Nickel 


Ni (s) 

7.12 

NiCl* (s) 

25.6 

Ni fe) 

ISTiO (s) 

43.53 

9.2 

Ni(CO)4 fe) 

97 
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N, (g) 
N(g) 

NsO (g) 
NO (g) 
NOs (g) 
N2O4 (g) 
NjOt (s) 
NsOt (g) 
NOBr (g) 


Oa(g) 

0(g) 

OaCg) 


Pjfe) 

P4(g) 

P (s) (White) 

P(g) 

PBrs (g) 

PCI, (g) 

PCI, a) 

PCl5(g) 


K(s) 
K(g) 
K, (g) 
K+ (aq) 
KBr (s) 
KBr (g) 
KCl (s) 


Si(s) 

Si(g) 

SiOs (Quartz) 
Sia, (g) 

sia, a) 

SiF4fe) 


Ag (s) 
Ag fe) 
Ag+ (aq) 

AgiiO (s) 
AgaS (a) 
AgBr (s) 
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TABLE XXXV (jCmiUnued) 


Nitrogen 


45.79 

NOCi (g) 

63.0 

36.62 

NHafe) 

46.03 

52.58 

NH4CI (s) 

31.8 

50.34 

NH4HCO3 (s) 

28.3 

57.47 

NH4HS (s) 

27.1 

72.7 

NH4OH (aq) 

42.8 

36.6 

NHJ- (aq) 

26.4 

82 

NOr (aq) 

29.9 

65.2 

Na“ (aq) 

35.0 


HNO3 (liq) 

37.19 

49.03 

Oxygen 

OH(g) 

43.9 

38.48 

OH” (aq) 

-2.49 

67.1 

52.1 

Phosphorus 

PClfi (s) 

40.8 

66.8 

PFs(g) 

64.2 

10.6 

PH 3 (g) 

60.35 

38.99 

PNfe) 

50.44 

83.4 

H8PO4 (aq) 

44.0 

74.7 

H2POr (aq) 

28.0 

52.2 

HPOf (aq) 

-2.3 

87.7 

POf (aq) 

-45 

15.2 

Potassium 

KCl(g) 

57.7 

38.30 

KF(g) 

56.7 

69.5 

KI(s) 

24.1 

24.2 

KH(g) 

47.3 

22.6 

KCIO3 (s) 

342 

60.4 

KNO3 (s) 

31.8 

19.76 

K2SO4 (s) 

44.8 

4.50 

Silicon 

Si 02 (Cristobalite) 

10.35 

40.13 

Si 02 (Tridymite) 

10.5 

10.1 

SiOa (Glass) 

11.2 

79.2 

SiH 4 (g) 

48.7 

57.3 

SiC (s) 

3.95 

68.0 

Si 8 N 4 (s) 

22.8 

10.20 

Silver 

AgBr (g) 

62.1 

41.33 

Aga(g) 

69.8 

17.54 

AgQ (s) 

23.0 

29.1 

AgNOs (s) 

33.7 

35.0 

Ag 2 S 04 (s) 

47.9 

25.60 

Ag(NH8)? (aq) 

57.8 



706 


Na (s) 
Na(g) 
Na*(g) 
Na+ (aq) 
NaaO (g) 
NaBr (g) 
NaCl (s) 
NaCl(g) 
NaF (s) 
NaF (g) 
Nal (g) 


S(rh) 

S (mono) 

S(g) 

Si(g) 

S.(g) 

S*(g) 

SO (g) 

SO,(g) 

SOa(g) 


Sn (white) 
Sn (gray) 
SnO (s) 
SnOs (s) 


Ti(s) 

Ti(g) 

Ti02 (Rutile) 


V(s) 
V(g) 
V 2 O, (s) 


Zn (s) 

Zn (g) 
Zn++ (aq) 
ZnO (s) 
ZnO (g) 
ZnS (s) 


Zr(s) 


CHEMICAL EQUILIBRIUM 
TABLE XXXV {P<mlinv£d) 


Sodium 


12.2 

NaH (g) 

36.72 

NaOH (s) 

54.9 

Na2COs (s) 

14.0 

NaHCOs (s) 

17 

NaNOs (s) 

58.1 

Na4Si04 (s) 

17,3 

Na 2 Si 03 (s) 

55.5 

Na2Si20B (s) 

13.1 

Na2S04 (s) 

53.8 

Na 2 S 04 • IOH2O (s) 

60.0 

NaK 


Sulfur 

7.62 

SO, 0 ) 

7.78 

SFe(g) 

40.1 

H2S (aq) 

54.41 

HS“ (aq) 

92 

H^O, (aq) 

109 

HSOr (aq) 

53.07 

SOr (aq) 

59.24 

HS04“ (aq) 

63,8 

S04= (aq) ■ 


Tin 

12.3 

Sn(g) 

10.7 

Sn++ (aq) 

13.5 

SnCl 4 (g) 

12.5 

sncu a) 


Titanium 

6.6 

TiCU (g) 

43.07 

TiCU a) 

12.4 

Vanadium 

7.0 

V2O4 (s) 

43.55 

VA (s) 

23.5 

Zinc 

9.95 

ZuBth (s) 

38.46 

ZnCU (s) 

-25.7 

Znl, (s) 

10.4 

ZnCO, (Smithsonite) 

54.1 

ZnS04 (s) 

13.8 

Zirconium 

9.5 

Zr(g) 
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45.0 

14.2 

32.5 

24.4 

27.8 

46.8 

27.2 

39.4 
35.7 

140.5 

58.6 


31.7 

69.6 
29.4 
14.9 

54.7 

32.6 
3 

30.6 
4.4 


40.24 

-4.9 

87.2 

62.1 


84.4 

60.4 


24.5 

31.3 


33.0 

25.9 

38.5 

19.7 

30.7 


43.33 
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TABLE XXXV {C<yniinmd) 

■ ORGANIC COMPOUNDS 

Ideal-gaseous state at 1 atm unless otherwise noted 
Hydrocarbons 




Ref. 



Ref. 

Methane 

44.46 

28 

Styrene (1) 

56.78 

11 

Acetylene 

48.08 

28 

Ethyl benzene (1) 

61.3 

26 

Ethylene 

52.75 

28 

Nonane (1) 

94.0 

26 

Ethane 

64.86 

28 

Mesitylene 

92.34 

29 

Methyl ace le (allylene) 

56.83 

20 

7i-Butyl benzene (1) 

76.9 

26 

Propadiene (allene) 

56.04 

22 

Neopentane 

73.23 

28 

Propylene 

65.06 

28 

Isopentane 

82.03 

28 

Propane 

64.69 

28 

Cyclopentane 

70.70 

4 

Cyclopropane 

56.79 

21 

Cyclopentane (1) 

48.87 

4 

Dimethyl acetylene 

67.93 

33 

r^-Hexane 

92.45 

28 

Dimethyl acetj lene (1) 

46.63 

33 

2TMethyI pentane 

90.15 

28 

Isobutene 

71.28 

28 

2-Methyl pentane (1) 

69.9 

28 

cw-2-Butene 

73.58 

28 

2, 2-Dimethyl butane 

85.75 

28 

fo-ona-2-Butene 

72.98 

28 

2, 2-Dimethyl butane 

64.4 

28 

1-Butene 

75.38 

28 

2, 3-Dimethyl butane 

86.49 

28 

Butane 

74,21 

28 

3-Methyl pentane 

89.96 

28 

Butane (1) 

55.2 

28 

Benzene 

64.39 

29 

Isobutane 

70.51 

28 

Benzene (1) 

41.49 

29 

Isobutane 0) 

62.09 

28 

Cyclohexane 

71.41 

6 

Trimethylethylene 

79.7 

18 

Cyclohexane fl) 

49.3 

6 

Pentane 

83.23 

28 

Methyl cyclopentane 0) 

69.3 

26 

2-Methyl hexane 

99.48 

28 

71-Heptane 

101.57 

28 

Methyl cycle xane (1) 

59.4 

26 

Naphthalene (s) 

39.9 

26 

2, 2, 3-Trime yl butane 

92.31 

28 

Decane (1) 

102.7 

26 

Toluene 

76.44 

29 

/3-Methyl naphthalene (s) 

48.8 

26 

Toluene 0) 

62.40 

29 

Duodecane 

147 

16 

Ethyl cyclop iane (1) 

67.1 

26 

Diphenyl (s) 

49.2 

26 

7i-Octane 

110.69 

28 

7i-Heptyl cyclohexane (1) 

106.8 

26 

2, 2, 4-Trime yl pentane 

101.35 

28 

Anthracene (s) 

49.6 

26 

2, 2, 3, 3-Tet nethyl butane 94.05 

28 

Phenanthrene (s) 

60.6 

26 

o-Xylene 

84.50 

29 

Pyrene (s) 

51.4 

26 

o-Xylene 0) 

58.80 

29 

7^-Dodecyclohexane 0) 

147.5 

26 

m-Xylene 

85.60 

29 

1, 3, 5-Triphenyl benzene (s) 

87.9 

26 

m-Xylene (1) 

60.42 

29 

2-Methyl 2-butene 

82.8 

10 

p-Xylene 

84.27 

29 

3-Methyl 1-butene 

82.0 

10 

p-Xylene (1) 

59.20 

29 

2-Methyl 1-butene 

81.0 

10 

Styrene 

82.07 

11 




Alcohols 



CEO Compounds 



Methyl alcohol (g) 

67.72 

13 

Formaldehyde (g) 

52.42 

32 

Ethyl aclohol (g) 

66.39 

2 

Acetone (g) 

72.7 

31 

Ethyl alcohol 0) 

38.4 

31 

Acetone (1) 

47.9 

31 

Isopropyl alcohol fl) 

43.0 

31 

Dimethyl ether (g) 

63.72 

19 

Isopropyl alcohol (g) 

73.4 

31 

Dimethyl ether (1) 

44.98 

19 
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TABLE XXXV {Continued) 


Halogen Compounds 



S^ Ref. 

Chloroform (g) 

70.82 

32 

Methylene chloride (g) 

64.68 

32 

Methyl chloride (g) 

55.94 

23 

Methyl chloride Q) 

36.74 

23 

Fluorotrichloromethane (g) 

74.07 

25 

Fluorotrichloromethane G) 

53.92 

25 

Ethylene dichloride (1) 

49.84 

27 

Ethylene dichloride (g) 

72.74 

27 

Phosgene (g) 

67.24 

32 

Acids 



Formic (g) (monomer) 

60.0 

12 

Formic (g) (dimer) 

83.1 

12 

Acetic acid (g) 

70.1 

12 

Lactic acid (s) 

34.30 

15 

Hippuric acid (s) 

57.2 

14 

Carbohydrates 



1-Sorbose (s) 

52.8 

17 

/5-Maltose monohydrate (s) 

99.8 

1 

a-Lactose monohydrate (s) 

99.1 

1 

jff-Lactose (s) 

92.3 

1 

a-d-Galactose (g) 

49.1 

17 


Nitrogen Compounds 

S° Ref. 


Methylamine (g) 
Methylamine 0) 
Dimethylamine (g) 
Dimethylamine Q) 
Methyl cyanide (g) 
Methyl isocyanide (g) 
Bromoform (g) 
Methylene bromide (g) 
Methyl bromide (g) 
Ethylene dibromide (1) 
Ethylene dibromide (g) 
Methyl fluoride (g) 
Methyl iodide (g) 


57.73 5 

35.90 5 

65.24 3 

43.58 3 

68.02 9 
68.70 9 

79.14 32 
70.16 7 

58.74 8 

53.37 27 

79.37 27 

53.30 7 

60.85 7 


Sulfur Compounds 


Methyl mercaptan (g) 61.02 

Dimethyl sulflde (g) 68.28 

Dimethyl sulfide G) 46.94 
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2. Aston, J. G., Ind. Eng. Chem., 34, 514r-21 (1942). 

3. Aston, J. G., M. L. Eidinofp, and W. S. Forster, J. Am. Chem. Soc., 61, 1539-43 

(1939). 

4. Aston, J. G., H. L. Fink, and S. C. Scotomann, J. Am. Chem. Soc,, 66, 341-6 

(1943). 

5. Aston, J. G., C. W. Siller, and G. H. Mbsserlt, /. Am. Ch&m. Soc., 69, 

1743-51 (1937). 

6. Aston, J. G., G. J. Szasz, and H. L. Fink, J. Am. Chem. Soc., 66, 1135-9 (1943). 

7. Edgell, W. F., and G. Glockler, J. Chem. Phys., 9, 484-5 (1941). 

8. Egan, C. J., and J. D. Kemp, J. Am. Chem. Soc., 60, 2097-2101 (1938). 

9. Ewell, R. H., and J. F. Boxjrland, J. Chem. Phys., 8, 635-6 (1940). 

10. Ewell, R. H., and P. E. Hardy, J. Am.. Chem. Soc., 63, 3460-5 (1941). 

11. Guttman, L., E. F. Westrhm, Jr., and K. S. Pitzer, J. Am. Chem. Soc., 66, 

1246-7 (1943). 

12. Halford, J. O., J. Chem. Phys., 10, 582-4 (1942). 

13. Halford, J. O., and B. Pechbrer, /. Chem. Phys., 6, 571-5 (1938). 

14. Hitffman, H. M., j. Am. Chem. Soc., 63, 688-9 (1941). 





Chap. XVI] PRESENTATION OF FREE-ENERGY DATA 709 

15. Huffman, H. M., E. L. Ellis, and H. Borsook, /. Am, Chem, Soc,, 62, 297-9 

. (1940). 

16. Huggins, M. L., J, Chem. Phys., 8, 181 (1940). 

17. Jack, G. W., and G. Stegeman, /. Am. Chem. Soc., 63, 2120 (1941). 

18. KA.SSEL, L. S., J. Chem. Phys., 4, 435-41 (1936). 

19. Kennedy, R. M., M. Sagenkahn, and J. G. Aston, J. Am. Chem. Soc., 63, 2268 

(1941). 

20. Kjstiakowsky, G. B., and W. W. Rice, J. Chem. Phys., 8, 610-18 (1940). 

21. ' Linnett, j. W., j. Chem. Phys., 6, 700 (1938). 

22. _Linnett, j. W., and W. H. Avery, J. Chem. Phys., 6, 690 (1938). 

23. Mbsserly, G. H., and J. G. Aston, J. Am. Chem. Soc., 62, 886-90 (1940). 

24. 'Osborne, D. W., R. N. Doescher, and D. M. Yost, J. Am. Chem. Soc., 64, 165 

(1942). 

25. ’’Osborne, D. W.j C. S. Garner, R. N. Doescher, and D. M. Yost, J. Am. 

Chem. Soc., 63, 3496-9 (1941). 

26. Parks, G. S., Chem. Rev., 27, 75-83 (1940). 

27. PiTZER, K. S., J. Am. Chem. Soc., 62, 331-5 (1940). 

28. PiTZER, K. S., Chem. Rev., 27, 39-57 (1940). 

29. PiTZER, K. S., and D. W. Scott, J. Am. Chem. Soc., 66, 803-29 (1943). 

30. Russell, H., Jr., D. W, Osborne, and D. M. Yost, J. Am. Chem. Soc., 64, 

165-9 (1942). 

31. Schumann, S. C., and J. G. Aston, J. Chem. Phys., 6, 485-8 (1938). 

32. Stevenson, D. P., and J. Y. Beach, J. Chem. Phys., 6, 25-9, 108 (1938). 

33. Yost, D. M., D. W. Osborne, and C. S. Garner, J. Am. Chem. Soc., 63, 3492-6 
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[(Hy — bS) + (Ah/)o] represents its enthalpy in the standard state 
at temperature T relative to the elements in their standard states at 
0®K. Similarly, [(gJ — hJ) + (Ah/)o] is the standard free energy of 
the compound at temperature T relative to the elements at 0°K. It is 
suggested by Aston^ that these quantities be termed ^'single thermody- 
namic functions’' and tabulated as such. Thus, 

H/r = (hJ “■ hJ) + (Ah/)o (19) 

OfT = (g? — hS) + (Ah/) 0 (20) 

where 

H/r and G/r = the relative enthalpy and relative free energy, respec- 
tively, of the compound at temperature T referred 
to the elements at 0®K 


* J, G. Aston, Chem. Rev., 27, 63 (1940). 
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TABLE XXXVI 


FOB TUJSi lUlSAJLrVXAbJiiUUB orAlJBi AA X xxxm 

(AH/Oo 

cal/(g-mole)(°K) kcalper 




.298.1 

...400. 

...500 

...600 

...800, 

...1000 

. . . 1500 

g-mole 

Methane 

36.42 

38.82 

40.72 

42.36 

45.18 

47.62 

52.81 

-15.96 

Ethane 

45.25 

48.20 

50.72 

53.06 

57.28 

61.12 

69.49 

- 16.48 

Ethylene 

44.05 

46.70 

48.8 

50.8 

54.4 

57.5 

64.2 

14.51 

Propane 

52.83 

56.62 

59.98 

63.13 

69.00 

74.44 

86.3 

-19.44 

Propylene 

54.3 

57.6 

60.6 

63.3 

68.3 

72.9 

82.8 

8.58 

n^Butane 

58.54 

63.56 

68.02 

72.16 

79.93 

87.12 

102.65 

-23t25 

Butene-l 

62.0 

66.3 

70.2 

73.9 

80.6 

86.8 

100.3 

5.49 

a8-2-butene 

60.0 

64.3 

68.2 

71.7 

78.4 

84.4 

97.5 

3.65 

irans-2~butene 

59.4 

63.7 

67.6 

71.1 

77.8 

83.8 

96.9 

2.70 

isobutane 

56.14 

60.85 

65.13 

69.21 

76.90 

83,99 

99.54 

-24.52 

isobutene 

57.0 

61.6 

65.6 

69.4 

76.3 

82.5 

95.9 

1.64 

7i-Pentane 

64.19 

70.32 

75.80 

80.89 

90.51 

99.37 

118.49 

-27.03 

2-Methyl butane 

64.70 

70.40 

75.64 

80.63 

90.12 

98.87 

118.01 ‘ 

-28.45 

Tetramethylmethane 

56.28 

61.87 

67.13 

72.18 

81.71 

90.55 

109.96 

-31.07 

n-^Hexane 

69.86 

77.12 

83.63 

89.69 

101.15 

111.68 

134.40 

-31.05 

2-Methyl pentane 

69.7 



88.7 


110.4 


-32.2 

3-Methyl pentane 

69.7 



88.6 


110.4 


-32.0 

2,2-Dimethyl butane 

66.0 



84.6 


106.4 


-34.6 

2,3-Dimethyl butane 

i66.3 



85.4 


107.3 


-34.0 

Acetylene 

40.01 

42.49 

44.56 

46.38 

49.50 

52.14 

57.43 

5434 

Graphite 

0.545 

0.854 

1.180 

1.510 

2.164 

2.798 

4206 

0 

Hydrogen Ha (g) 

24.436 

26.438 

27.965 

29.218 

31.204 

32.752 

35.605 

0 

HaOfe) 

37.191 

39.529 

41.316 

42.789 

45.153 

47.039 

50.647 

-57.108 

CO 

40.364 

42.408 

43.963 

45.238 

47.271 

48.876 

51.880 

-27.18 

COa 

43.578 

45.848 

47.681 

49.261 

51.921 

54.137 

58.513 

-93.949 

Oa 

42.081 

44.127 

45.691 

46.984 

49.062 

50.715 

53.826 

0 

Na 

38.834 

40.877 

42.431 

43.705 

45.729 

47.322 

50.301 

0 

NH, 


43.338 

45.205 

46.782 

49.402 

51.580 

55.968 


NO 

42.985 

45.140 

46.769 

48.100 

50.214 

51.878 

54.979 

21.579 
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TABLE XXXVII 

h5» — hJ for the Ideal-Gaseous State at 1 Atm 


kcal per g-mole 


T, °K 

. . . 298.1 , 

..400.. 

. . 500 . . 

..600.. 

..800,. 

..1000.. 

,.1500 

Methane 

2.397 

3.31 

4.35 

5.55 

'8.3 

11.4 

21.4 

Ethane 

2.865 

4.27 

6.02 

8.03 

12.78 

18.37 

34.56 

Ethylene 

2.59 

4.75* 

7.24* 

10.15* 

16.87* 

24.64* 


Acetylene 

2.41 







Propane 

3.535 

5.59 

8.08 

11.06 

17.91 

25.92 

48.77 

Propylene 

3.20 

6.36* 

10.14* 

14.49* 

24.75* 

36.62* 


nr-Butane 

4.66 

7.43 

10.77 

14.63 

23.68 

34.13 

63.74 

wobutene 

4.29 

7.08 

10.46 

14.39 

23.50 

34.00 

64.00 

1-Butene 

3.99 







cis-2-butene 

4.06 







/rans-2-butene 

4,06 







isobutene 

4.25 







7Z-Pentane 

5.68 

9.12 

13.26 

18.04 

29.21 

42.08 

78.42 

2-Methyl butane 

5.17 

8.63 

12.84 

17.70 

28.98 

41.91 

78.69 

Tetramethyl methane 

5.05 

8.56 

12.84 

17.81 

29.37 

42.54 

79.50 

rip-Hexane 

6.71 

10.83 

15.77 

21.46 

34.76 

50.04 

93.10 

2-Methyl pentane 

6.07 



21.1 


49.9 


3-Methyl pentane 

6.04 



21.1 


50.1 


2, 2-Dimethyl butane 

5.87 



20.9 


50.2 


2, 3-Dimethyl butane 

6.020 



21.3 


50.3 


Graphite 

0.251 

0.51 

0.83 

1.20 

2.07 

3.07 

6.0 

Hydrogen, H 2 (g) 

2.023 

2.731 

3.430 

4.128 

5.537 

6.966 

10.696 

Water, H 2 O (g) 

2.365 

3.190 

4.019 

4.874 

6.669 

8.583 

13.89 

CO 

2.073 

2.784 

3.490 

4.209 

5.701 

7.258 

11.363 

CO 2 

2.240 

3.197 

4.227 

5.328 

7.697 

10.233 

17.02 

O 2 

2.069 

2.789 

3.524 

4.280 

5.855 

7.499 

11.77 

Na 

2.074 

2.772 

3.485 

4.188 

5.672 

7.230 

11.220 

NO 

2.193 

2,900 

3.670 

4.344 

5.872 

7.460 

11.610 


*Calculated from data of Table XXI, page 336. 

Because of its smaller variation with temperature it is convenient to 
tabulate values of q}t/T. In these terms Equations (17) and (18) re- 
duce to 

AH} = S(H?r)p - (21) 



It is evident that values of the single functions relative to the elements 
at 0°K are the most convenient form for the presentation and use of 
thermodynamic data. The disadvantage of this method at present is 
that the term (Ah/)o is frequently based on relatively uncertain calori- 
metric determinations of heats of reaction or combustion whereas the 
groups (Hy — hJ) and (g? — hJ) may be derived with considerable 
accuracy from spectroscopic and low-temperature heat-capacity data. 
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For this reason it is considered desirable to maintain separate tabulations 
of the component groups in order that improved calorimetric data may- 
be more readily utilized. 

In Table XXXVI are values of (Or — hS)/T and (Ah/)o for a number 
of compounds*’^ and elements in the ideal-gaseous state at 1 atm for 
seven temperatures. In Table XXXVII is a corresponding s umm ary of 
values of (h^ — Hq). By interpolation between the temperatures of 
the tables standard enthalpy and free-energy changes are obtained by 
Equations (17) to (22) with no uncertainties regarding the accuracy of 
empirical heal^capacity equations. Values of (AG®/ T)t calculated from 

+3 

+2 

+1 
I 0 

-3 

0 200 400 600 800 1000 1200 1400 1600 1800 2000 

Temperature, ® Kelvin 

Pig. 156. Equilibrium Constants of Chemical Reactions, 

Equations (18) or (22) are directly related to the equilibrium constant. 
Thus rearranging Equation (6) gives 

( ApOV 

where (AG^/T)t is expressed in cal/(g-mole)(°K) or Btu/Gb-inole)(°R). 

In Kg. 156 are values of log K for several reactions plotted as func- 
tions of temperature. These values were calculated by Equation (23) 
using the data of Tables XIV, XV, XXXV, and XXXVII. 

’ K. S. Pitzer, Chem. Rev., 27, 39 (1940). 

* F. D. Rossini, E. J. R. Prosen, and K. S. Pitzer, J. Research, Nail. Bur. Standards, 
27, 529-41 (1941). 
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Rlustration 4. From the data of Tables XXXVI and XXXVII calculate the 
values of AH/ and AG//r for the formation of isobutene from the elements at 
mi'K 

4C(s)+4Hj(g) — )-C 4 H 8 (g) 

From Tables XXXVI and XXXVII 



iCJls(g) 

H2(g) 

C(s) 




( T 

-57.0 

-24.436 

-0.545 

(^H/)o 

1.64 

0 

0 

(Hr — fi'S) 298.1 

4.25 

2.023 

0.251 


From Equation (14), 

(Ah;)m8.i = [4.25 + 1.64] - [4(0.251) + 4(2.023)] = -3.206 kcal per g-mole 
From Equation (16), 

(f)..- [- 

= 48.43 cal/ (g-mole) (°K) 


Illustration 6. From the data of Tables XXXVI and XXXVII calculate the values 
aG° 

of Am" 9 equilibrium constant K for the dehydrogenation of propane to 

propylene at 800°K. 


From Table XXXVI at 800'’K, 

•CsH,(g) 

H2(g) 

C8H6(g) 

(o.-H,y. 

-69.00 

-31.204 

-68.3 

\ 4 / 

(AH/)o- 

-19.440 

0 

8.580 

From Table XXXVn, 

(Hr - H^ 

17.910 

5.537 

24.750 

For the reaction. 

C»H8(g) = 

G&(g) +H2(g) 



From Equation (17), ' 

. AHIoo [24.750 +'8.580 + 5.537] - [17.910 - 19.44] = 40.397 kcal per g-mole 
From Equation (18), 


« .r-68.3+*i2“-ai.ao4T-r-69.oo-i2^1 
\r/8ooL - 800 JL 80 oJ 


8 580 4 - 19 440 

5 = -.68.3 - 31.204 + 69,00 + ^ ^ 4.521 cal/(g-mole) ("X) 


From Equation (23), 


800 


log K = -4.521/4.576 = -0.9880 = -0.988 
K = 0,103 
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the eqxiilibrium calculations and may be determined from Fig. 142, 
page 622. 

Combining (26), (27), and (28), give"* 


r ^ 

JIb'^c * * J [-nB+ns-{ h^r 




(r + « + •••)“■ (i!' + c + * • *) 

= K (29) 


Equation (29) is the most useful form of the equilibrium equation from 
which, if the equilibrium constant K is known, the composition of a re- 
acting system at equilibrium may be directly calculated. This calcula- 
tion is best carried out by expressing the number of moles of each active 
material present at equilibrium in terms of the equilibrium conversion x 
of a given reactant and the numbers of moles of components in the origi- 
nal unreacted mixture. These values are substituted in Equation (9), 
which is then solved for the equilibrium conversion. If the final equation 
to be solved is of a complicated form, graphical methods may offer the 
most convenient solution. 


Illustration 6. The gases from the pyrites burner of a contact sulfuric acid plant 
have the following composition by volume: 


S 02 

7.8% 

02 

10.8% 

N 2 

81.4% 


100.0% 


This gaseous mixture is passed into a converter where in the presence of a catalyst 
the SO 2 is oxidized to SO 3 . The temperature in the converter is maintained at 
500°C and the pressure at 760 mm of Hg. Calculate the composition of the gases 
leaving the converter, assuming that equilibrium conditions are reached. It may 
be assumed that the fugacity coefficients and hence Ku are equal to unity. 

Solution: 

Basis: 100 lb-moles of the original mixture. 

SO 2 (g) + JO 2 (g) = SOa (g) 

From Fig. 156, at 500“C (773®K), log K = 1.93; X = 85 
v — 1.0 atm 

Limiting reactant = SO 2 

Let X = equilibrium conversion of SO 2 . Composition of equilibrium mixture: 

SO 2 = 7.8 — 7.8a: lb-moles = Wgoa 
SOs = 7.8a; = ngoa 

O 2 - 10.8 — 7.8 lb-moles = 

N 2 = 81.4 lb-moles = 

From Equation (29) : 

^SOs r ^ 

(^SOa) (^ 02 )* + %03 + ^02 + 


(a) 
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Substituting in this equation gives 

r TT I"! ^ ^ 

(7.8 - 7.8s) (10.8 - 3.9s)* LlOO - 3.9s J 

Since tt — 1.0 and K = 85, for graphical solution: 


1.0 -a; 


/lOO - 3.9a;\^ 
VlO.8- 3.9x7 


-85 = A 


The solution is obtained by assuming a series of values of x and calculating the cor- 
responding values of A. These results may be plotted, the value of x corresponding 
to A = 0 being the correct solution. Since the quantity in parentheses varies but 
little when x is close to 1.0, the correct solution also may be readily obtained by trial 
without a plot. The use of this method gives 


• X — 0.9685 or 95.85 per cent 
Composition of gases leaving the converter: 

SO 2 = 7.8 - (7.8) (0.9585) - 0.32 lb-mole 0.3% 

S08= (7.8) (0.9585) = 7.49 lb-moles 7.8% 

O 2 = 10.8 - (3.9) (0.9585) = 7.07 lb-moles 7.3% 

N 2 = 81 .40 lb-moles 84. 6 % 

Total — 96.28 lb-moles 100.0% 

This same procedure may be followed to calculate the degree of com- 
pletion in any system at conditions for which the necessary data are 
available. By repeating the calculations of Illustration 6 to correspond 
to other conditions of temperature and pressure, the effects of varying 
these conditions may be quantitatively predicted. 

Under conditions of high pressure the fugacity coefficients cannot be 
neglected, but the general method of solution is the same. Values of Kv 
may be calculated directly from fugacity coefficients of the individual 
components obtained from Fig, 142. Where a number of calculations 
are to be made for a particular system of reactants and products a chart 
may be prepared relating Kv to temperature and total pressure. Fig- 
ure 156a is such a chart for the ammonia-synthesis system where 


Kv^ 


^NHa 
N2 H2 


Illustration 7. Calculate the equilibrium percentage conversion of nitrogen to 
ammonia at 700°K and a pressure of 300 atm if the gas enters the converter with a 
composition of 75 mole per cent H 2 and 25 mole per cent N 2 . 

iN2 + fH2-NH3 


At 300 atm, 700‘‘K, K = 0.0091 (Fig. 156), and = 0.72 (Fig. 166a), 
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Let X represent the number of moles of ammonia formed at equilibrium starting 
with § mole N 2 and i moles H 2 . Then 


^NHa 0.77a; 

4A ~ (-i - 


and 2 — a; = total number of moles at equilibrium 



Fig. 156a. Ratio of Fugacity Coefficients for Ammonia Synthesis. 


Substitution of the preceding values in Equation (9) gives 

or 

X = 0.589 

The percentage conversion of Na to NH 3 is hence 58.9 per cent, and the composition 
of the equilibrium mixture in mole per cent is 

N 2 = 14.6 per cent 
H 2 = 43.8 per cent 
ISHCa = 41.6 per cent 


Effect of Reaction Conditions on Equilibrium Conversion. Equa- 
tion (29) may be rearranged: 

(nRyinsY'- _ iT fnjg+ncd 

From inspection of this equation the effects which are produced by 
changes in the conditions of the reaction on the equilibrium conversion 
can be predicted. Any change which will increase the right-hand side 
of Equation (30) will tend to increase the ratio of products to reactants 
in the equilibrium mixture and correspond to an increased conversion. 
Effect of Temperature, From Equation (30) it is apparent that an 


+ nR+ns-^ 


J 


(30) 
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increased value of the equilibrium constant K must correspond to an 
increased conversion. The value of the equilibrium constant for the 
commonly chosen standard state depends only upon temperature, as 
already discussed. It follows that the equilibrium conversion is increased 
by a rise in temperature in the case of an endothermic reaction and decreased 
in the case of an exothermic reaction. 

Effect of Pressure. It has been pointed out that the equilibrium con- 
stant K is independent of pressure with the standard states for which 
Equation (30) was derived. The value of Kv is affected by pressure in 
a manner for which generalized predictions cannot be made. When the 
compressibility of the products is greater than that of the reactants, an 
increase in pressure will decrease Kv and hence increase the conversion. 
In addition, from inspection of Equation (30) it is apparent that the 
pressure imder which a reaction proceeds will affect its equilibrium con- 
version in case the reaction produces a change in the total niunber of 
moles of gaseous components present in the system. If there is no 
change in the number of moles of gases, the exponent (r + s + • • •) 
— (6 + c + • • •) will equal zero, and the magnitude of 'the pressure t 
will have no effect on the extent of the reaction except as it affects Kv. 

However, if a reaction produces a decrease in the total number of moles 
of gaseous components the equilibrium degree of completion is increased by 
an increase in pressure. If the total number of moles of gases is increased 
as a result of the reaction, an increase in pressure reduces the equilibrium 
degree of completion. This is in accord with the classical Le Chatelier- 
Braun principle. 

Effect of Dilution with an Inert Gas. Dilution of a reacting system 
with an inert gas corresponds to an increase of ni of Equation (30). 
The effect produced is similar to that of a decrease in pressure. Hence, 
if a reaction produces an increase in the number of moles of gaseous com- 
ponents the equilibrium degree of completion is increased by dilution with 
an inert gas. If no change in the total number of moles of gases accom- 
panies a reaction, the presence of inert gases has no effect on the equilib- 
rium conversion. ^ 

Effect of Excess Reactants. Ji component B of Equation (30) is the 
limiting reactant, an increase in the number of moles of the other reac- 
tants C * — increases the number of moles of products, Ry S, • • •, and also 
the degree of conversion of reactant B at equilibrium. Therefore, the 
presence of excess of one reactant tends to increase the equilibrium conversion 
of the other reactant. 

Effect of Presence of Products in Initial Reacting System. It is apparent 
from Equation (30) that the presence in the original unreacted system 
of any of the compounds which are products of a reaction reduces the 
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amounts of these compounds which are formed by the reaction in pro- 
ceeding to equilibrium conditions. Therefore, the addition of reaction 
products to the initial reaction system reduces the eQuilihrium conversion 
of any reactant. ^ . 

Equilibrium-Conversion Charts, Where numerous calculations are to 
be made of equilibrium composition corresponding to various conditions 
of temperature and pressure for a reacting system of constant initial 
composition it is frequently convenient to prepare charts expressing the 
equilibrium degree of completion as a function of temperature and pres- 
sure. Such a chart obviates the necessity of frequent repetitions of 
tedious graphical solutions of the type of Illustration 6. 

Even in a complicated system the data for an equihbrium-conversion 
chart may be readily calculated by arbitrarily selecting a series of values 
of conversion. From Equation (29) the equilibrium constant is cal- 
culated corresponding to each of these selected degrees of completion 
and to a selected constant pressure. The temperature corresponding to 
each equilibrium constant may then be obtained from Fig. 156. These 
results are plotted, temperatures being used as abscissas and fractional 
conversion as ordinates. By repeating these calculations to correspond 
to other selected pressures a complete chart may be constructed. These 
calculations are best tabulated. In the following illustration this method 
is apphed to the system discussed in Illustration 6. 

Illustration 8. For .the reacting system discussed in Illustration 6, calculate and 
plot curves relating the equilibrium conversion to temperature at pressures of 1.0 
and 2.0 atm, respectively, assuming — 1.0. 

TABLE A 


1 

2 

3 

4 



IBI 

8 

X 

1.0 -a; 

3.9a; 

10.8 - 3.9a; 




KM* 

0.50 

0.5 

1.95 

8.85 

98.0 

3.33 

1.0 

3.33 

0.70 

0.30 

2.73 

8.07 

97.3 

3.47 

2.33 

8.09 

0.90 

0.10 

3.51 

7.29 

96.5 

3.64 

9.0 

32.8 

0.95 

0.05 

3.70 

7.10 

96.3 

3.68 

19.0 

70.1 

0.98 

0.02 

3.82 

6.98 

96.2 

3.71 

49.0 

181 


Basis: 100 lb-moles of the original mixture. 

Let X = fractional conversion of SO 2 at equilibrium 

From Equation (b) of Illustration 6: 

KM* = W (100-3.9a)^ 

(1.0 - x) (10.8 - 3.9®) 

A series of values of x are selected and the corresponding values of K calculated, first 
with X equal to 1.0 and then to 2.0 atin. The corresponding temperatures T°K are 
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then obtained from Fig. 156. The calculations are summarized in Tables A and B. 
In the column headings the numbers in parentheses represent the results contained 
in the columns beariug these numbers. 

TABLE B 



TT = 1.0 

II 

to 

b 

X 

K 

logir 


K 

logX 


0.5 

3.33 

0.523 


2.35 

0.371 


0.7 

8.09 


910 

5.71 

0.757 

935 

0.9 

32.8 

1.516 

822 

23.2 

1.366 

841 

0.95 

70.1 

1.846 

782 

49.5 

1.695 

800 

0.98 

181 

2.258 

737 

128 

2.107 

752 


These calculations may be continued to correspond to other pressures. The results 
are plotted in curves E of Fig. 157 relating the equilibrium degree conversion as ordi- 



(Composition of Entering Gae; 7.8% SO 2 , 10.8% O*, 81.4% Na) 


Fig. 157. Equilibrium Conversion and Adiabatic Temperature 
Relations for the Oxidation of SO 2 . 


nates to temperature in degrees centigrade. This chart is applicable only to systems 
of the particular initial composition here considered. Change in relative proportions 
of any of the original reactants renders the chart inapplicable. 

A chart of the type of curves E of Fig. 157 may be prepared for any 
reacting system and from it equilibrium conversion may be readily esti- 
mated by interpolation. For example, at a temperature .of 600°C and 
a pressure of 1.5 atm it is estimateii from the E curves of Fig. 157 that 
the equilibrium conversion is 82 per cent. If the initial composition of 
the reacting system undergoes change a new chart must be prepared to 
correspond to each different composition. 
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Heterogeneous Reactions. Equation (29) may be applied to any 
gaseous system if the gas mixture behaves as an ideal solution. When 
a component of a reaction is involved in a heterogeneous reaction as a 
pure liquid or pure solid, its activity may be taken as unity provided 
the pressure on the system does not differ much from the chosen stand- 
ard state. The effect of pressure upon the activity of a solid or liquid 
may be calculated from Equation (XIV-30) ; this effect is negligible at 
moderate pressures. 

If in the reaction represented by Equations (1) and (26) there are, in 
addition to gaseous components 5, (7, R and Sj d moles of a solid or liquid 
reactant D and t moles of a solid or liquid product T, Equation (26) 
becomes 




b-C* 


(31) 


Where the standard state for solids and liquids is taken at atmospheric 
pressure or at low equilibrium vapor pressures, the activities of pure 
liquids and pure solids may be taken as unity at all moderate pressures, 
and the composition of the gaseous phase at equilibrium will not be af- 
fected by the presence of the solid or liquid. However, at high pressures 
the activities of pure solids and liquids are affected by pressure, and the 
composition of the gaseous phase at equilibrium is affected by the pres- 
ence of the liquid or solid. When solid or liquid solutions are formed 
the activities of the components in solid or liquid solutions are no longer 
unity even at moderate pressures, and the equilibrium composition of the 
gas is greatly affected by the presence of the solid or liquid phase. In 
such cases the activities in the solid or liquid solutions are expressed in 
terms of mole fractions and activity coefficients as discussed in Chap- 
ter XIV. 

Bliastration 9. Ferrous oxide, FeO, is reduced to metallic iron by passing a mixture 
of 20 per cent CO and 80 per cent N 2 over it at a- temperature of 1000®C under a 
pressure of 1 atm. Assuming that equilibrium is reached, calculate the weight of 
metallic iron produced per 1000 cu ft of gas admitted measured at 1 atm and 1000®C. 
Fugacity coefl&cients may be assumed equal to unity. The reaction taking place is 
as follows: 

FeO (s) + CO (g) ?:±Fe (s) + CO 2 (g) 

At 1000®C the value of K for this reaction is 0.403. 

Basis: 1.0 lb-mole of entering gas. 

Since the activities of FeO and Fe equal 1.0, Equation (31) may be arranged in 
the form of (29). Then 
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Let X = fractional conversion of CO at equilibrium. At equilibrium: 


^C02 = 

nQQ — 0.20(1 — x) 


0.20a; 

0.20(1 - x) 


= 0.403 


or 


a; = 0.287 


CO 2 produced = (0.287) (0.20) = 0.0574 lb-mole 

Fe produced = 0.0574 lb-atom = 3.2 lb 

Volume of entering gas at 1000®C = (359) (W#) = 1673 cu ft 

Fe produced per 1000 cu ft of gas == = 1.9 lb 

1673 


Pressures of Decomposition and Vaporization. Many solid com- 
pounds decompose to yield another solid and a gas as in the calcination 
of calcium carbonate to form lime and carbon dioxide. Such decom- 
positions will proceed only when the activity of the gaseous product in 
contact with the solid is less than the equilibrium value determined by 
the temperature and the nature of the reaction. . 

A solid decomposition reaction may be represented by the following 
equation: 

65 (s) ^ r5(s) + (g) (32) 


The activities of the solids are approximately unity at moderate pres- 
sures so that as long as any of compounds A and R are present Equa- 
tion (7) may be applied to this reaction as follows: 

AG>° AS" 

£[■ = a| = e = e ^ (33) 

At low pressures, where the activity of a gas may be taken as equal to its 
partial pressure, a| = ps and 


^ sRT sRT^ sR 


(34) 


It may be noted that if and A5° are independent of temperature the 
form of Equation (34) is similar to that of the Clausius-Clapeyron 
vapor-pressure equation. In general both AH° and AS® vary somewhat 
with temperature but to a much smaller extent than AG®. 


Ultistration 10. Calculate the decomposition pressure of limestone at 1000®K and 
the temperature necessary to produce a decomposition pressure of 1.0 atm. 


From Table XXXV, 
From Table XIV, 


CaCOa (s) CaO (s) + CO 2 (g) 
AiSSw.i = -b 51.1 - 22.2 = 38.4 


Affix * (-151.7) -f (-94.03) - (-289.3) = 43.57 kcal per g-mole 
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From Table V, for COj: 

Cp = 6.85 + (8.S33)(10-»)r - (2.475) (lO-o)^^ 

From the data of Kefley,® 

for CaO: Cp = 10.00 + (4.84) (10-») T - 

307,600 

for CaCO,: = 19.68 + (11.89) (10-») T ^ 

Uang the symbols of Equation (9), yields 

Ad = 6.85 + 10.00 - 19.68 = -2.83 

A6 = (8.533 + 4.84 - 11.89)10-» = (1.483)(10-s) 

Ac =- (2.475) (10-«) 

Ad = (-108,000) - (-307,600) = 199,600 
Substatution in. Equation (9) gives 

Ad 

Affai = /a + AoT + iAbr* + jAcT* - — 

199,600 

43,570= 2a + (-2.83) (291) +KL483) (10-»)(291)24-4(-2.475) (10-*) (291)» 

or 2a = 45,037 and AHJooo = 41,924 

Substitution in Equation (10) gives 

A(j 

AiS^.i = Hh In r -|- 6hT -j- ^AcT^ — 

2 X* 

38.4 - + (-2.83) (5.697) + (1.483) (IQ-*) (298.1) 

+ i(-2.«7BaO-^(»8.1)=-i(^,) 

or Is = 55.31 and A^ooo ** 35.90 

From Equation (34), 

logp* = -j-f - + 55^1 = _1.316 

^ 2.303 L (1 .987) (1000) 1.987J 

or ps - 0.0483 atm at 1000®K 

At a decomposition pressure of 1 atm, from Equation (34) aGt = 0. The cor- 
responding temperature T is calculated from Equation (11): 

AG^ = 2a + (Aa - 2.) F - AoT In T - jAbT* - fAdT* - ~ 

22 

or, substitution of known values gives 

ACTr = 45,037 - 58.14r + 6.5172' log I"- 0.7415(10-®) 2*2 

+ (0.4125) (10-<) 2’« - = 0 

This equation is solved graphically or by trial and error to give 

T — 1180°K, the decomposition temperature of CaCOj at 1.0 atm 

Equations (23) and (34) are directly applicable to the equilibrium be- 
tween a pure solid or liquid and its vapor. In this case A(j®, Aff®, AS® 

® JL K, Kelley, ” High-Temperature Specific Heat Equations for Inorganic Sub- 
stances,” U.S, Bur. Mines Bull, 371 (1934). 
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represent the changes in free energy, enthalpy, and entropy, respectively, 
in the isothermal transformation of the solid or liquid to the ideal vapor 
at a pressure of 1.0 atm. In vaporization at low pressures AH® becomes 
equal to the heat of vaporization at the given temperature. 

Illustration 11. Calculate the vapor pressure and latent heat of vaporization of 
molten copper at 3,000°K from the following data: 

For solid copper at 298. 1°K: Cu(l) ^ Cu(g) 

H° — hJ — 1199 cal per g-atm 
s" = 7.92 

For copper vapor in the ideal state at 298. 1®K and 1.0 atm: 

- hS = 82,720 
- 39.75 


Atomic heat capacities (above 298°K) : 


Solid copper, Cp = 5.44 + 0.0014623r 
Liquid copper, Cp — 7.50 
Gaseous copper, Cp = 4.97 

Heat of fusion at 1357°K (melting point) =3,110 cal per g-atom 
For liquid copper at 3,000°K: 


Ml = 1199 + 


rizi 

«/298 


1367 . 


(5.44 + 0.001462T} dT + 3110 + 7.50(3000 - 1357) = 23,670 


H® — Ml for copper vapor at 3000°K = 82,720 + 4.97(3000 — 

= 96,120 cal per g-atom 

For liquid copper at 3,000°K: 


= 7.92 + f ^ 3110 ^ ^ ^ ^6.02 

d298 T 1357 1357 

s® for copper vapor at 3,000°K = 39.75 H- 4.97 In -W - 39.75 + 1L45 

= 51.20 cal/ (g-atom) (°K) 

In vaporization at 3,000®K: 


AH® = 96,120 — 23,670 = 72,450 cal per g-atom 
AS® = 51.20 - 26.02 - 25.18 cal/ (g-atom) (°K) 

AG® — Ah® — TAs® = 72,450 — 3000(25.18) = —3090 cal per g-atom 


From Equation (23) 


or 


logX 


3090 

(4.57) (3000) 


K = Pv^ 1.68 


0.225 


Since at this moderate pressure v is approximately unity the vapor pressure P is 
1.68 atm. 

ADIABATIC REACTION TEMPERATURES 

In Chapter VIII methods were demonstrated whereby the tempera- 
ture attained by a reacting system may be calculated if the reaction 
goes to completion without loss of heat from the system. In a reaction 
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reaching equilibrium conditions which do not approach 100 per cent 
conversion, the temperature attained depends upon the degree of con- 
version actually produced, which in turn depends on temperature. The 
equilibrium temperature attained by such a reaction when proceeding 
adiabaticahy may best be determined by a graphical calculation, making 
use of an equilibrium-conversion chart for the system. 

On an equilibrium-conversion chart of the type of curves E of Fig. 157, 
page 721, a curve is plotted relating caclulated adiabatic reaction tempera- 
ture to conversion. This curve may be established by selecting a series 
of values of degrees of conversion and calculating the reaction tempera- 
ture corresponding to each by the method discussed in Chapter VIII, 



Fig, 168. Equilibrium Conversion in Exothermic and Endothermic Reactions for 
Isothermal and Adiabatic Operations. 


page 308. The values on this curve are independent of pressure if it is 
assumed that enthalpies are independent of pressure. However, a new 
curve must be plotted to correspond to each change in the initial tem- 
peratures of any of the reactants. 

In reactions proceeding adiabatically the characteristic behaviors of 
exothermic and endothermic reactions are shown diagrammatically in 
Fig. 158. In exothermic reactions the equilibrium conversion decreases 
with increase in temperature whereas the temperature steadily rises as 
the reaction proceeds. The adiabatic reaction obviously cannot proceed 
beyond the intersection of these two lines. In endothermic reactions 
the reverse is true; the equilibrium degree of conversion is favored by a 
rise in temperature whereas the temperature falls as the reaction pro- 
ceeds. It may be noted that isothermal operation leads to a higher 
equilibrium conversion in either an endothermic or exothermic reaction. 

Illustration 12. The mixture of 7.8 per cent SO 2 , 10.8 per cent O 2 , and 81.4 per 
cent N 2 discussed in Illustrations 6 and 8 enters the converter at a temperature of 
400 C. Calculate the equilibrium temperature attained in the converter, Aflanming 
that it is thermally insulated so that the heat loss is negligible. 
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Solution: 

Basis: 100 g-moles of the original gaseous mixture. 

Reference tenvperaiure: 18°C. 

Let X = degree of completion 

From the heat«of-formation data, Table XIV, page 257, 

AR == (—93,900) — (—70,920) = —22,980 cal per g-mole 
SO 2 converted = 7.&c g-moles 

Total standard heat of reaction = (7.8a;) (22,980) = 179,240a; cal 
Enthalpy of Reactants: Mean heat capacity between 18° and 400°C is obtained 
from Table VI, page 216. 

SO 2 = (10.91) (7.8) (400 - 18) = 32,510 
O 2 = (7.40) (10.8) (400 - 18) = 30,530 
N 2 = (7.09) (81.4) (400 -. 18) = 220,460 

Enthalpy of reactants = 283,500 
Enthalpy of Products Relative to 18^C: 

ah — r^ncp dT; T is in °K 
‘^291 

SOj = (7.8 - 7.8a:) [8.12 + (6.825) (IQ-*)? - (2.103) (10-<)r*] dT 

t/291 

SOa = 7.8a: [8.20 + (10.236) (10-^ r - (3.156) (10-^r»] dT 

•/291 

Oa = (10.8 - 3.9a:) f^[6.18 + (2.99) ao-*)^ - (0.806) (lO-")?*] dT 

J291 

Ni = 81.4 f^[6.30 + (1.819) (lO-*)?” - (0.345) (10-«) T®] dT 
J291 

By integration and addition the total enthalpy of products 
- [643.4(T - 291) + (116.7) (10-»)(T2 _ 29P) - (17.74) (10-«) (T^ - 2913)] 

- a;[23.3(T - 291) - (7.5) (lO"®) (T^ - 291=) d- (1.69)(10-3)(T3 - 2913)] 

From an energy balance, solving for x, there results 

480,170 -b 643.4T + (116.7) (IQ-^) - (17.74) (10"3) 

^ 173,060 +.23.32" - 7.5(10-»)r2 + (1.69) (lO"*)!"* 

This equation permits direct calculation of values of a;' corresponding to selected 
values of T. 

PC X 

519 0.5 

570 0.7 

627 0.95 

These values are plotted in the F curve of Pig. 157, page 721, corre^onding to an 
initial temperature, io, of 400°C. This curve crosses the E curve corresponding to a 
pressure of 1.0 atm at the point corresponding to a temperature of 598°C and a degree 
of completion of 82.5 per cent. These are the equilibrium conditions of the reaction. 

The F curves of Fig. 157 relate calculated reaction temperatures to 
conversion, each corresponding to a different initial temperature of the 
reactants entering the converter. These curves were established by the 
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method demonstrated in Illustration 13. Such a chart may be con- 
structed in a similar manner to apply to any system for which the 
necessary data are available. From Fig. 157 the equilibrium tempera- 
ture and degree of completion corresponding to any selected adiabatic 
operating conditions may be readily estimated. For example, if the re- 
acting gases enter the converter at a temperature of 376°C and a pressure 
of 1.5 atm, an equilibrium temperature of 585®C and a degree of com- 
pletion of 87 per cent will be attained. 

If a reaction cannot be assumed to proceed under adiabatic conditions, 
a chart of the type of Fig. 157 can be constructed which takes into ac- 
count the loss of heat from the reacting system. Such losses in no way 
affect the E curves. However, the heat losses, expressed as a function 
of the temperature of the system, must be included in the energy-balance 
equation from which the data for the F curves are calculated. 

Equilibrium-Reaction Temperatures at High Pressures. When reac- 
tions proceed at high pressures, the method described for obtaining the 
equilibrium-reaction temperature should be modified to take into con- 
sideration the effect of pressure upon enthalpies, heat capacities, and 
activities of the component gases. For example, if a 1 : 3 mixture of 
nitrogen and hydrogen enters a catalyiiic reaction chamber at 400®C and 
reacts adiabatically to equilibrium at 300 atm, the temperature leaving 
will*be 690°C with a corresponding percentage conversion of nitrogen to 
ammonia of 25 per cent. If the results were calculated with the effect 
of pressure upon heat capacities and activities neglected, the calculated 
results would be 600®C with a corresponding conversion of 21 per cent. 
The smaller temperature rise under actual conditions is due to the in- 
creased heat capacity of ammonia at 300 atm, and the increased per- 
centage conversion is due to the decrease in activities of ammonia as 
compared to nitrogen and hydrogen. 

Equilibrium-reactioii temperatures are readily calculated by the gen- 
eral methods already demonstrated if ideal solutions are formed. This 
condition is generally satisfactorily approximated where all reactants and 
products are well above their critical temperatures. For other cases in- 
volving reactions at conditions in the vicinity of the critical point of the 
mixture, the precise methods for estimating activities described in Chap- 
ter XIIV must be used. 

Hlttstrafion 13. It is desired to calculate the equilibrium percentage conversion 
of SO2 to SO3 and the correspondiog temperature when the system described in Il- 
lustration 12 reacts adiabatically at 100 atm and the entering temperctture is 400°C. 

The eqtdlibrium-temperature line E, corresponding to 100 atm, is constructed as 
in Illustration 8 except that the deviation of Kv from unity is calculated from Fig. 142 
as in Illustration 7. The adiabatic heating line F is constructed by the method em- 
ployed in Illustration 12, except that allowance is made for the effect of the pressure 
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of 100 atm upon the enthalpies of the entering and reacting mixtures. These correc- 
tions are obtained from Fig. 106. The procedure is as follows: 

The critical constants of the component gases are: 



TJK 

Pc atm 

SOs 

430.2 

77.7 

Nj 

125.9 

33.5 


154.2 

49.7 

SOs 

491.3 

83.6 


For the entering gas, which contains 7.8 per cent SO 2 , 81.4 per cent N 2 , 10.8 per 
cent O 2 : 

Pseudocritical temperature = 0.078(430.2) + 0.814(125.9) -f 0.108(154.2) 152®K 

Pseudocritical pressure = 0.078(77.7) + 0.814(33.5) + 0.108(49.7) — 38.6 atm 


From Fig. 106, 


673 

Pseudoreduced temperature, Tr = == 4.40 

152 

Pseudoreduced pressure, pr = = 2.59 

38.6 

5lzZ = o 


The effect of the elevated pressure on the enthalpy at 400®C is negligible. When 
the gas has been heated adiabatically by reaction to equilibrium, the approximate 
conversion is 96% at 631 ®C. 

The corresponding composition is 

802*7.8(1-0.96) = 0.31 moles 0.3% 

N 2 . =81.40 moles 84.6% 

Oj = 10.8 - - 0-^^) = 7 05 moles 7.3% 

a 

808 = 7.8-0.31 = 7.49 moles 7.8% 

96.25 moles 100.0% 

The correction of enthalpy for pressure may be shown by Pig. 106 to be negligible 
and the adiabatic line at 100 atm coincides with the adiabatic line for 1 atm. 


EQUILIBRIUM OF SIMULTANEOUS REACTIONS 

Where several reactions occur among a given group of reactants, the 
composition of the resultant products at equilibrium depends upon the 
simultaneous equilibria of all the separate reactions. If large numbers 
of products are formed as in the pyrolysis of heavy hydrocarbons, or of 
cellulose, the resultant composition cannot ordinarily be calculated. 
However, even in such cases where many reactions are possible, restric- 
tion to a single course may be accomplished by the choice of a specific 
catalyst which promotes one selected reaction. This selection is de- 
pendent on kinetic rather than on thermodynamic considerations, and 
it is common for equilibrium to be approached with respect to one or 
two reactions while many other reactions which are thermodynamically 
possible do not occur to any appreciable extent. Under such circum- 
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stances thermodynamic methods are only partly successful and must be 
supplemented by knowledge of the actual course of the reaction and na- 
ture of the products formed before equilibrium calculations can be 
carried out. 

For example, in the reaction of carbon monoxide with hydrogen the 
number of products theoretically possible is almost unlimited and the 
free energy in the formation of many of these products may be extremely 
favorable; yet it is possible by the selection of a special catalyst to ex- 
clude consideration of nearly all possible products save methanol. An 
apparent equilibrium yield can be established by considering only the 
reaction CO + 2 H 2 ^i± CH3OH, and ignoring all other possible reac- 
tions. However, such an equilibrium is valid only with respect to the 
one reaction and is not a true equilibrium for all possible reactions. If 
the reacting system is permitted to remain at reaction conditions for an 
indefinite time the other relatively slow reactions will take place with 
resultant changes in composition and ultimately a true equilibrium in- 
volving all possible products will be reached. The calculation of such 
true-equilibrium compositions for complex systems is of little practical 
significance, and consideration is ordinarily limited to the relatively few 
rapid reactions. 

Isomerization. The simplest case of simultaneous reactions is en- 
countered in the isomerization of organic compounds, as, for example, the 
isomerization of normal butane to isobutane. Similarly, normal pentane 
may be isomerized to either isopentane (2-methyl butane) or neopentane 
(2-dimethyl propane). Isomers in equilibrium proportions are produced 
in many reactions, particularly in the presence of catalysts. 

Calculation of equilibrium compositions in isomerization is simplified 
by the monomolecular nature of the reactions and by the fact that the 
physical properties of the isomers are so similar that deviations from ideal 
behavior cancel. The composition of the equilibrium mixture of isomers 
is calculated on the basis of a unit quantity of the starting compound in 
the equilibrium mixture. The corresponding quantity of each isomer is 
then equal to the equilibrium constant of the reaction by which it is 
formed. 

Illustration 14. From the data of Table XXXVI calculate the composition of the 
mixture obtained by isomerizing n-pentane to equilibrium at 400®K. 

rir^Pentane Isopentane Neopentane 

-70.32 -70.40 -61.87 

-27.030 -28.450 -31.070 

0 -3.63 -1.65 

1 6.21 2.30 



(AH/Io 

(Ag7T)400 

K 
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Tke standard free-energy change (aG^/T) 4 qq accompanying the isomerization of the 
normal compound is calculated by the method of Illustration 5. The composition 
of an equilibrium mixture containing 1 mole of n-pentane is obtained directly from 
Equation (29) to give the following: 



Moles 

Mole per Cent 

n-Pentane 

1.0 

10.5 

Isopentane 

6.21 

65.4 

Neopentane 

2.30 

24.1 

Total 

9.51 

100.0 


By repeating the calculations of Illustration 14 at other temperatures the complete 
isomerization equilibrium diagram is developed as shown in Fig. 159. From this 
diagram it is evident that low temperatures are required for maximum production 
of neopentane while isopentane is at a maximum at approximately 500°K. Similar 
diagrams for more complex systems are readily developed once the basic thermo- 
dynamic constants are evaluated. 

t°C. 



[F. D. Rossini, E. J. R. Pressen and K. S. Pitzer, J. Nat. 

Bwreau of Standards^ 27, 529 (1941), with permission! 

Fig. 159. Equilibrium Concentrations of Pentanes. 

Complex Reactions. Where a limited number of simultaneous reac- 
tions are known to proceed, a generalized procedure for equilibrium cal- 
culations may be illustrated by considering the following three reactions 
from initial reactants B and C: 


(1) 

6B + cC'?^ri2 + s5 

(2) 

iB + rR^tT+ uU 

(3) 

eC+sS^vV 


If each reaction proceeded to completion, the over-all equation would be 
(4) 2hB + 2cC =^tT + uU+vV 


If the foregoing are all gaseous reactions the respective equilibrium 
compositions are expressed by Equation (29) : 


Kx 




(35) 
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2^2 = 
Z3 = 


fKK'' 

1 r 


jj- \ (i+w) — C^+r) 


' \.2 

)nj 

(^) 


j. \ 

n) 


\S 



where 'Sn = nB-Vnc + nR + ns-\-nT + nu-\-ny-{-ni 

From Equation (6) : 

AGl^-RThiKi 

AGl=-RT\nKi 

AGl=-RTlaKi 


(36) 

(37) 


(38) 

(39) 

(40) 


Combining (38), (39), and (40) gives 

AG\ = AGl + AGl + AGl = -RT In KJiJS.z = -RT In Ki (41) 
or Ki = KzKJCz (42) 


Thus, the equilibrium constant of the over-all reaction is the product 
of the equilibriiim constants of the intermediate reactions. By substi- 
tution of (35), (36), and (37) in (42) 


_(nlnlnV\ ( 


-f.® — 2 & — 2 c 


(43) 


Equation (43) is applicable to any equilibrium mixture of the system 
under consideration, though the intermediate products R and 8 are 
present but are not indicated by the equation. However, by itself it 
does not completely define the composition of the equilibrium mixture 
and fixes only the relative proportions of components B, C, T, {7, and V, 
Thus, an over-all equilibrium equation representing the result of a 
sequence of reactions is useful for the calculation of complete equilib- 
rium compositions only when interrnedicLte 'products are not present in 
significa'irt quantities. 

In the general case where all intermediate and final products must be 
considered, it is necessary that the equilibrium equations of all reactions 
be satisfied by the composition of the system at equihbrium. Deter- 
mination of the equilibrium composition therefore requires simultaneous 
solution of the independent equilibrium equations. The number ^ of 
equations to be solved is equal to the number of independent equations 
involved. For example, in the system just considered there are three 
independent reactions, (1), (2), and (3). Reaction (4) is not independent 
since it results from combination of the others. Thus, simultaneous 
solution of the equilibrium Equations (35), (36), and (37) completely 
establishes the equilibrium composition, and this composition will of 
necessity satisfy Equation (43). It is a general rule that the nu'mber 
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of independent reactions which must be considered in equilibrium calcula- 
tions is equal to the least number of equations which includes every reactant 
and 'product which is present to an appreciable extent in the equilibrium 
mixture includi'ng all phases. 

For simultaneous solution of the equilibrium equations a definite quan- 
tity of the initial system is selected as a basis, and the number of moles 
converted by each reaction in proceeding to equilibrium is designated 
as an algebraic unknown. For example, in the system considered above 
an equilibrium calculation may be based on 100 moles of the initial re- 
actants. The number of moles of B converted by reaction (1) in going 
to equilibrium may be designated as x. Similarly, y may represent the 
moles of B converted by reaction (2), and z the moles of C converted by 
reaction (3). The number of moles of all components in Equations (35), 
(36), and (37) may be expressed in terms of these three variables x, y^ 
and z, which are then evaluated by simultaneous solution. The solution 
may require a graphical or trial-and-error procedure where the equations 
are complex. 

These principles are well illustrated by consideration of the catalytic 
process for the production of hydrogen and carbon monoxide by the re- 
action of steam and methane at high temperatures. This process is ex- 
tensively used for obtaining both pure hydrogen and mixtures of hy- 
drogen and carbon monoxide for use in synthesis. A thermodynamic 
analysis of the operation involved was presented by Dodge.® The kinetic 
mechanism of a catalytic reaction of this type may involve several inter- 
mediate steps which are of importance in determining the rate of reac- 
tion, as discussed in Chapter XVIII. However, a sound thermodynamic 
treatment is possible without consideration or knowledge of the true 
mechanism. It may be assumed that the principal reaction proceeds 
in two stages with intermediate formation and removal of carbon. 
Thus, these reactions with the corresponding equilibrium constants at 
600®C from the data of Tables XV and XXXV are as follows: 

( 1 ) CH 4 = C + 2 H 2 ; Xi = — - 2.13 

^CHi 

(2) C + H 2 O = CO + Hj; = = 0.269 

%20 

The over-all reaction is 

(3) CH 4 + H 2 O = CO + 3 H 2 ; Xa = = 0.573 

In order that no carbon may appear in the equilibrium mixture repre- 
sented by these three reactions it is necessary that sufficient steam be 
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added so that the ratio may be equal to or greater than Ki 

and that the ratio («co)(% 2 )/^H 20 equal to or less than K 2 - If the 
first ratio is greater than Ki, then carbon added to such a system can 
react with hydrogen and form methane until the ratio is reduced to if i. 
If the second ratio is less than if 2 , then carbon added to such a system 
can react with steam until the ratio rises to if 2 . 

Many other reactions are possible in this system. A few, including 
the more likely, follow, together with the corresponding equilibrium con- 
stants at 6(X)®C. 


<4) 

C0 + H20 = C02 + H2; 

At 600°C 

Ki = 2.2 

(6) 

2CO = C + COa; 

Ki = 8.14 

(6) 

C02 = C0 + i02; 

Ki = 4.95(10-1*) 

(7) 


iT, = 1.12(10-1*) 

(8) 

2CH4 = C2H« + H2; 

Ki = 5.51(10-*) 


Consideration of the values of these equilibrium constants indicates 
that at 600®C reactions (6), (7), and (8) can proceed only to negligible 
extents and hence that O 2 and C 2 H 4 cannot be appreciably present at 
equilibrium. When the ratio of steam to methane in the feed is sufl5- 
ciently high so that carbon cannot be present at equilibrium, the equilib- 
rium composition may be calcxilated from consideration of only Equa- 
tions (3) and (4) which involve all the significant reactants in the absence 
of carbon. In order to determine the m i ni m um steam ratio required for 
freedom from carbon, the equilibrium compositions corresponding to a 
series of steam ratios are calculated on the assumption of no carbon for- 
mation. The resultant ratios (^co) plotted 

against the steam-methane ratio. The minimum steam ratio is that 
where o|,/acH, = Ki and = Ki. 

This procedure is demonstrated in the following illustration: 

Blustratioii 16 . Calculate the composition of the equilibrium mixture obtained 
when 5 moles of steam react with 1 mole of methane at 600 °C and 1.0 atm, fl-BmimiTig 
that no carbon is present. Also determine the minimum ratio of steam required for 
freedom from carbon. 

Basis: 1 mole CH4, 5 moles H2O. 

Let X = moles CH4 converted by reaction (3) 

y “ moles CO converted by reaction (4) 

At equilibrium, 

'Moles CH4 = 1 ~ a; 

Moles H2O = 5 — a; -• 2/ 

Moles CO = x^y 
Moles H2 =* 3a: + y 
Moles CO2 = y 
Total moles = 6 -f- 2a: 
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Since the pressure is 1.0 atm, Ky may be taken as 1.0. Substitution of the fore- 
going values in Equation (29) gives 
Reaction (3): 

r (a;-y)(3a:+y)» If 1.0 ^ ^ 

Reaction (4): 


[- — 1 = Ki== 2.21 

L(a: - y){5 -x-y)j 


These two equations are solved by assuming several values of x and calculating 
the corresponding values of y from each equation. Because of the complicated forms 
of the individual equations the solutions are best carried out graphically. The values 
of y from each equation are plotted against the assumed values of x. The intersec- 
tion of these two curves gives the correct solution of the two equations. Thus 

a; = 0.9124 
y = 0.633 


Equilibrium Mixture: 

Moles 

Mole per Cent 

Mole per cent 
{Moisture Free) 

CH4 

1-y^ 0.0876 

1.12 

2.01 

H2O 

5 — a; — y = 3.4546 

44.15 


CO 

a; — 2 / = 0.2794 

3.57 

6.39 

Ha 

3a; 4- 2 / = 3.3702 

43.07 

77.11 

COa 

y = 0.6330 

8.09 

14.49 

Total 

6 + 2a: = 7.8248 

100.00 

100.00 


The corresponding activity ratios for reactions (1), (2), and (5) are 

®CH4 
OCO®H3 


= 16.5 > (Xi = 2.13) 

» 0.0348 < {Kt - 0.269) 


^CO 


:63.4> (X5 = 8.14) 


It follows from these ratios that with 5 moles of steam per mole of methane no carbon 
is present at equilibrium. This calculation is repeated for steam ratios of 2 and 1.25. 
The corresponding values of ^^co^Ha/^HaO plotted in Fig. 160, from which the mini- 
mum steam ratio is determined as 1.38. The limiting steam ratio can be calculated 
directly from reactions (1) and (4), which embrace all components including carbon. 

It must be emphasized that the solution of Illustration 15 is based 
on the assumption that equilibrium is attained. In actual operations 
which do not reach equilibrium quite different results might be obtained, 
depending on the rates of the various reactions. Thus, if reaction (1) 
were fast and (2) were slow, carbon might form even with high steam 
ratios. Conversely, if reaction (3) were primarily a cataljrtic reaction 
and reactions (1) and (6) were relatively slow, operation might be pos- 
sible at low steain ratios without carbon formation. These effects are 
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determined by the kinetics of the reactions and the types of catalysts 
present. 

Where three significant and independent reactions are involved, the 
solution of three simultaneous equations is required with the evaluation 

of three unknowns, r, y, and z. 
Where algebraic methods of so- 
lution fail or become too com- 
plex, a more general graphical 
solution involves finding the si- 
multaneous intersection of three 
lines in space; this is equivalent 
to finding the point of intersec- 
tion of two three-sided pyramids 
which meet at a common apex. 
This can be done by assuming 
various values of z and plotting 
the three equations correspond- 
ing to reactions I, II, and III in 
terms of x and y as shown in 
Fig. 161. In this figure the in- 
tersection of the three lines gives 
a triangular area A at = 5.0; 
at another value oi z = 4.0 the 
^ea of intersection is reduced 
to 5; and by further decrease 
Steam Ratio— HgO/CH^ in z, the area of intersection di- 

Fig. 160. Minimum Steam Ratio for minishes to zero at z = 2 and in- 
Absence of Carbon. creases again as values of z are 

further decreased. 

It is fortuitous that in industrial processes rarely more than three in- 
dependent and significant reactions are involved under equilibrium con- 
ditions at a given temperature level. 

Metallurgical Reactions, The methods previously developed are di- 
rectly applicable to the calculation of equilibriums in metallurgical proc- 
esses such as calcining, roasting, and smelting. The majority of these 
reactions are heterogeneous and complex. Such problems may be han- 
dled by extension of the procedure demonstrated in Illustration 15. 

An interesting and unique case is encountered where the primary re- 
actants are all solids while the products include substances in the gaseous 
and liquid phases. In such cases a reaction pressure is developed, analo- 
gous to the decomposition pressures previously discussed* The reaction 
pressure is a result of the nature of the reactants and the temperature^ 
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and it is not possible to vary independently temperature and pressure 
as is the case where a gaseous reactant is present. 

When a reaction starts out in a heterogeneous system any or all of the 
solid or liquid phases may be absent when equilibrium is reached. 

A typical metallurgical reac- 
tion in which all reactants are 
solids is the reduction of zinc 
oxide by carbon. This problem 
has been studied in detail by 
Maier."^ 


Illustration 16. Zinc oxide (ZnO) 
is reduced by roasting it with carbon 
in a closed retort from which the gase- 
ous and liquid products of reaction 
may be contihuously removed. The 
atmosphere is excluded from the retort 
so that the reaction is free to proceed 
under its own equilibrium pressure. 

(а) Calculate the equilibrium reac- 
tion pressure as a fimction of the 
roasting temperature. 

(б) Determine the temperature at 
which the operation must be conducted 
in order that the products may be 
withdrawn at a pressure of 1.0 atm. 

(c) Calculatelthe'minimum temper- 
ature and the corresponding pressure 
at which zinc is produced as a liquid. 

(d) Calculate the temperature and 
pressure at which the operation must 
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Fig. 161. Solution of Three Complex 
Simultaneous Equations. 


be conducted in order that 50 per cent of the zinc may be produced directly in the 
liquid state. 

Solution: Although the over-all effect is the reaction of the two solids, it may be 
assumed, in order, to account for aU the products, that the actual reaction proceeds 
in two stages: 


( 1 ) 

( 2 ) 


ZnO (s) + CO (g) = Zn (g) -f CO 2 (g) 
C (s) + CO 2 (g) = 2CO (g) 


The over-all reaction becomes 


(3) ZnO (s) +C (s) - Zn (g) + CO (g) 

In order to define completely the equilibrium composition, including the CO 2 
resent, reactions (1) and (2) must be considered simultaneously. 

The standard free-energy changes of the two reactions may be expressed as func- 

^C. G.'Maier, ''Zinc Smelting from a Chemical and Thermodynamic Viewpoint,” 
U,8, Bur. Mines Bull., 324 (1930). 
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tions of temperature by means of the data of Tables V, XIV, and XXXV, together 
with the data of Kelley®*® on the heat capacities and heats of vaporization: 

For reaction (1), 

ACTi = -RT In Xi = 49265 - 70,50T + 5.83T In T - 2.496 

+ 0.336(10-«)T» - (a) 

For reaction (2), 

AGI = -RT In Xj = 40608 - 24.96!r - 2.977T In T + 3.484(10-8)^2 

-0.259(10-®) 7*8 - 58450/T (b) 

Basis of Calciilatiom. 1 lb-mole of ZnO reduced which liberates 1 lb-atom of oxy- 
gen appearing as either CO or CO 2 in the products of Ihe over-all reaction. 

(a) Let X = lb-moles of CO produced 

Then (1 — x) lb-atoms of oxygen is present in CO 2 or 

i(l —x) = lb-moles of CO 2 formed 
The total gas formed is the sum of the CO, Zn, and the CO 2 , or 
i(3 -f- a;) = total gaseous moles formed 

These values are substituted in Equation (29) with the assumption that aU zinc is 
vaporized and that activities are equal to partial pressures. 

K 

^ x(B -f x) 

K, — 

(3+a:)(l - a?) 

Combining (c) and (d) by eliminating tt gives 

^ K^(X - xy (e) 

For any given temperature, values of Ki and K% are obtained from Equations (a) 
and (b), and corresponding values of x are calculated from Equation (e). The re- 
sultant pressures are then obtained from Equations (c) or (d). These results are 
shown in the first four columns of Table A. In Fig. 162 the equilibrium pressure is 
plotted against temperature. 

Q>) From Fig. 162, where tt = 1.0 atm, T = 1170°K. From Table A, at 1.0 atm, 
X — 0.978. The composition of the gaseous products is obtained directly from this 
value. Thus, the total number of moles of products is 3.978/2 = 1.989. 



Moles 

Partial Pressure 

Mole per Cent 

Zn 

1.0 

0.503 atm 

50.3 

CO 

0.977 

0.491 

49.1 

CO 2 

0.012 

0.006 

0.6 


1.989 

1.000 

100.0 


(c) 

(d) 


For each Ib-atom of carbon consumed, 0.503/0.497 or 1.012 lb-atoms of zinc are pro- 
duced, or 5.51 lb of zinc are formed per lb of carbon consumed. « 

(c) Minimum Temperature for Producing Liquid Zinc. If operating conditions are 

® K. K. Kelley, '*The Free Energies of Vaporization and Vapor Pressures of In- 
organic Substances,” U.S. Bur. Mines Bull., 388 (1935). 
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such that liquid zinc may be produced directly at equilibrium conditions, the vapori- 
zation equilibrium of zinc must be considered as a simultaneous reaction. Thus 

(4) Zn (1) Zn (g) 

The equilibrium constant for this vaporization is equal to the vapor pressure of the 
liquid zinc if ideal behavior is assumed, or Ki = In Fig. 162 are plotted vapor 

pressures sis a function of temperature taken from the data of Maier.^ 



1200 1300 1400 1600 

Temperature, 

Fig. 162. Equilibrium Conditions in the Reduction of Zinc Oxide. 

The minimum temperature at which liquid zinc can be produced occurs when the 
partial pressure of the zinc vapor is just equal to the vapor pressure of molten zinc. 
This corresponds to the dew point of zinc vapor. The partial pressure of zinc vapor 
at different reduction temperatures is calculated by the method of part (b) and 
tabulated in column 6 of Table A. In column 7 are the vapor pressures P^^ of liquid 
zinc. The partial pressure of zinc vapor p^n vapor pressure of molten zinc 

P^n plotted against temperature in Fig. 162, The intersection point A of these 
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two curves indicates that the minimum temperature at which molten zinc can occur 
is 1292®K, where the partial pressure of zinc vapor is 2.8 atm and the total pressure 
is 6.6 atm. However, under these conditions a negligible amount of zinc is formed* 
and higher temperatures and pressures must be employed to obtain appreciable yields 
of the liquid. 

TABLE A 

Complete Vaporization op Zinc Assumed 


T^K 

Kt 


X 

TT Atm 



1100 

0.001666 

15.35 

0.980 

0.322 

0.162 

0.43 

1200 

0.009014 

70.8 

0.978 

1.607 

0.808 

1.20 

1300 

0.03853 

255.3 

0.976 

6.31 

3.174 

3.06 

1400 

0.1300 

760.4 

0.975 

20.01 

10.07 

6.33 

1500 

0.3740 

1940 

0,973 

54.25 

27.31 

12.2 


By application of the phase rule, Equation (XIV-27), to this system point A is 
identified as an invariant point. At this point two solids, one liquid, and one vapor 
phase can exist simultaneously. At temperatures below A two solids and one gas 
phase exist. At temperatures above A one of the solid phases must disappear as 
zinc liquid forms. At temperatures other than 1292®K the system is univariant; 
thus, fixing the temperature automatically fixes the pressure. 

(d) Yield of Liquid Zinc hy Direct Reduction. When liquid zinc is present at equi- 
librium conditions, the partial pressure of the zinc vapor must equal the vapor pres- 
sure of the liquid zinc at the equilibrium temperature. 

Since Equation (29) is applicable only where each component is present in only 
one phase, Equation (6) must be used as the basis for developing equilibrium expres- 
sions. On the basis of 1 lb-mole of ZnO reduced, let x represent the lb-moles of CO 
formed and y the lb-moles of zinc vapor present at equilibrium. Then the lb-moles 
of CO 2 are i(l — «), and the total moles of gaseous products are ^(1 -i- x + 2y). 


Equilibrium partial pressures, if ideal behavior of the gases is assumed, are as 
follows: 



2xTr 

l + x + 2y 

(f) 


(1 — x)v 

(g) 


11 1 0 ^ -^4 

1 + « + 2y 

(h) 

or, from (h). 

i’z„(l+® + 2y) 

Cl) 

These values are substituted 
sures are equal to activities. 

! in Equation (17) with the assumption that partial 

pres- 

jReaction (1), 

ZnO -|- CO ■ ' y Zn -f- CO 2 




(j) 

Reaction (2), 

C + CO, — »-2CO 



{l—x)0-+x + 2y) ’ 

(k) 
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Substitution of (i) in (k) gives 
Solving (j) for x gives 


-x)2y 


Substitution of (m) in G) gives 


PZn 


Pzn + ZKi 


■ Zn 

yj^iiPzD. + 2-K^i) 
Phn 


.Ki 


y = 


(Pza + 2iiCi)XA 


G) 

(m) 

(a) 

(o) 


From Equation (o) y is evaluated directly for any selected temperature which 
fixes the values of Kij and K^. The corresponding compositions and total pres- 
sures are evaluated from Equations (m) and (i). These results are tabulated in 
Table B together with the percentages of the total zinc formed which is present in 
the liquid state. 

TABLE B 


The Presence of Liquid Zinc Considered 


Temperor 
twe °K 

Kt 

K2 

^Zn 

1290 

0.0339 

226 

2.80 

1353 

0.074 

464 

4.6 

1400 

0,1300 

760.4 

6.33 

1500 

0.3740 

1940 

12.2 


y 

iC 

IT 

Per Cent 
Liquid Zn 

1.00 

0.976 

• 5.655 

100(1-2/) 

0 

0.603 

0.970 

12.1 

39.7 

0.390 

0.961 

22.2 

61.0 

0.192 

0.941 

83.9 

80.8 


The values of tt in Table B are plotted in Fig. 162 for comparison with those of 
Table A which were based on the assmnption of complete vaporization. From in- 
spection of Fig. 162, 50 per cent liquefaction of zinc will occur at 1373®K, 16.3 atm 
pressure. 

It is evident that the direct production of liquid zinc in yields approaching com- 
plete recovery would require operatmg conditions which cannot be attained with the 
structural materials at present available. 


EQUILIBRIA IN LIQUID SOLUTIONS 

The fundamental thermodynamic principles of equilibrium are uni- 
versally applicable, and Equation (6) is rigorous for reactions involving 
liquid or solid solutions of all types. However, the application of 
thermodynamic methods to such systems has not been particularly 
fruitful because of the complex relationships frequently existing be- 
tween activities and concentrations. This situation is illustrated by 
the activity coefficients developed in Chapter XIV for NaCl in aqueous 
solutions. When more than one solute is involved, as is commonly the 
case where reactions occur in solution, the complexity of the relation- 
ships is compounded to such an extent as to render the methods of little 
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practical value except where ideal behavior is approximated and where 
activity coeflBcients can be assumed to be constant. 

Constant activity coefficients can be satisfactorily assumed when one 
is dealing with very dilute solutions or in systems involving only closely 
related types of materials such as organic homologs. In such cases the 
calculation of equilibrium compositions is the same as for gaseous sys- 
tems except that pressure is not an appreciable factor. Thus, from 
Equation (24), 



or, in a form similar to Equation (29), 

K = VuR + ns 

\nln^c • • 7 

+ + (45) 

In working with liquid solutions it is necessary that the activities and 
standard free-energy data used in equilibrium calculations be based on 
the same standard states. The entropy of a substance in solution varies 
widely with change in concentration. Hence, the standard free energy 
of formation based on ai/Ni — 1 when iVi = 0 will be very different from 
that based on ai/mi = 1 when 0, even though both are referred to 
the state of infinite dilution as explained in Chapter XIV. With this 
precaution the procedures in calculating equilibrium compositions are 
the same as those demonstrated for the gaseous systems. 

Solubilily of Carbonates. The application of thermodynamic prin- 
ciples to the solubility of the metal carbonates has been developed by 
Kelley and Anderson.® These principles are of importance in connection 
with studies of the recovery and purification of carbonate ores by leach- 
ing operations. 

When a metal carbonate MeCOs is dissolved in water in the presence 
of carbon dioxide, the reactions shown in Table XXXVIII may take 
place. 

TABLE XXXVm 

Reactions in the Dissolution of a Metallic Carbonate 

(1) MeCO, (s) = MeCOs (aq) 

(2) MeCOs (aq) = + COj— 

(3) MeCOs (s) + H 2 O = Me++ + OH“ -j- HCOs^ 

(4) MeCOs (s) + H 2 CO 3 (aq) = Me++ + 2HCOr 

(5) MeCOa (s) + 2 H 2 O - Me(OH )2 (s) -f HaCOa (aq) 

® K. K. Kelley and C. T. Anderson, ** Contributions to the Data on Theoretical 
Metallurgy; IV Metal Carbonates-Correlation and Applications of Thermodynamic 
Properties,” Bur, Mines Bull., 384 (1935). 
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(6) 

Me(OH )2 (s) = Me(OH)j (aq) 

(7) 

Me(OH )2 (aq) = Me++ + 2(OH)- 

(8) 

H 2 O = + OH- 

(9) 

H 2 CO 3 (aq) = H+ + HCC^ 

(10) 

HsCOs (aq) = HjO + CO 2 (g) 

(11) 

HCO,- + HjO = OH- + HaCOj (aq) 

(12) 

Hcor = H+ + cor" 

(13) 

Me(HCO,)j(s) = Me(HC08)2 (aq) 

(14) 

Me(HCO ,)2 (aq) = Me++ + 2(HC08)- 

(15) 

MeCOa (s) + HaCO, (aq) = Me(HC08)2 (s) 


All of these possible reactions must be in equilibrium at saturation 
conditions. Since reaction ( 10 ) produces C 02 (g) as a product, it follows 
that a definite equilibrium CO2 pressure will result from dissolving a car- 
bonate in pure water. Dissolution will at first take place by reactions 
( 1 - 5 ), and carbon dioxide gas will tend to be formed as a result of reac- 
tion ( 10 ). If the solution is in contact with an atmosphere containing 
no partial pressure of carbon dioxide, the gas will be evolved with re- 
sultant formation of Me(OH)2(aq), Me"^"^, and OH~. This reaction 
will proceed until the Me(OH)2(aq), Me'*’"’', and OH“ concentration 
reaches saturation and Me(OH)2(s) is formed. The reaction then pro- 
ceeds with the over-all formation of Me(OH)2(s) and C 02 (g) by reac- 
tions ( 5 ) and ( 10 ) until the MeC03(s) is completely consumed. 

If dissolution were to take place in contact with a CO2 free atmosphere 
as previously described, the equilibrium CO2 pressure of the solution 
would progressively diminish imtil the first Me (OH) 2(3) forms and then 
remain constant at the value fixed by the equilibrium of reactions ( 4 ) 
and ( 10 ). Thus, the partial pressure of CO2 corresponding to equilibrium 
in reactions ( 5 ) and ( 10 ) is the minimum equilibrium CO2 pressure ex- 
erted by a solution in equilibrium with MeC03(s) and corresponds to an 
invariant point at which two sohds, one liquid, and one gas phase are in 
equilibrium. 

If a carbonate is dissolved in water in contact with an atmosphere 
containing a partial pressure of CO2 greater than minimum value pre- 
viously discussed, dissolution will proceed to an equilibrium fixed by 
reactions (IHL) and ( 7 - 15 ). If the CO2 pressure in the atmosphere is 
less than the equilibrium CO2 dissolution pressure of the pure carbonate, 
CO 2 will be evolved as equilibrium is approached, and the final solution 
will be basic. If the CO2 pressure in the atmosphere is greater than the 
dissolution pressure, the solution will absorb CO2 and be acidic when 
equilibrium is reached. As the CO2 pressure in the atmosphere is further 
increased, the acidity of the solution increases until the concentration 
of Me(HC03)2(aq) reaches the saturated value and Me(HC03)2(s) be- 
gins to form. The CO2 pressure at which this occurs is determined by 
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the equilibrium of reactions (15) and (10) and is the maximum pressure 
which can be in equilibrium with a solution which is in equilibrium with 
MeC 03 (s). Higher CO 2 pressures will result in disappearance of the 
solid carbonate and formation of solutions whose compositions are fixed 
by the CO 2 pressure and the equilibria of reactions (2) and (8-14). 

In dealing ^\’ith the sparingly soluble carbonates the situation is sim- 
plified by the fact that the salts are completely dissociated in solution. 
Thus, reactions (1) and (2), (6) and (7), and (13) and (14) may be com- 
bined into single reactions and the dissolved salts, MeCOs, Me(OH) 2 , 
and Me(HC 03 ) 2 , disregarded. Furthermore, the solid forms of the acid 
carbonates of the metals which form sparingly soluble carbonates are 
not known to exist, and reactions (13) to (15) need not be considered. 
Additional simplification results from the fact that in dilute solutions 
the activity of water is constant and equal to 1.0. 

The equilibrium constant of a reaction in dilute solution is determined 
from its standard enthalpy and entropy changes. In working with 
dilute aqueous solutions it is customary to express compositions in 
terms of molalities and to select the standard state such that a/m = 1.0 
where m = 0. The standard enthalpy change in dilute solution is ob- 
tained from Tables XIV, XV, and XVI. The standard entropy change 
is determined from Table XXXV. It may be noted that values of zero 
are arbitrarily assigned to the heat of formation and the entropy of the 
hydrogen ion in dilute solution. The corresponding free-energy change 
of formation is then 4,655 cal per g-mole at 298. 1°K. All other ionic 
heats of formation and entropies are thus expressed relative to the hy- 
drogen ion ^ce the individual absolute values are unknown. 

Ultistration 17. Calculate the equilibrium constant of the following reaction at 
298“K:: 

CaCOs (s) (ppt) ^ Ca'’’'*' (aq) + COr” (aq) 


From Tables XIV and XVI, pages 253 and 272, 

AHjgi = —160.3 — 129.74 — (—287.8) = —2.24 kcal per g-mole 
From Table XXXV, 

ASm - -11.4 - 13.0 - 22.2 = -46.6 cal/ (°K) (g-mole) 

Neglecting the difference between the heats of reaction at 291® and 298®K yields 


• + 46.6 = 39.1 


fAG\ -2240 
T/ass 298 

__qQ 1 

log = = -8.548 

4,574 

X298 - (2.83) (10~«) 


In calculating equilibrium constants for ionic reactions great care must 
be exercised to use heat of formation and entropy data which are con- 
sistent with each other. The entropies of the ions are determined from 
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equilibrium measurements and heat of reaction data. When such en- 
tropies are used for the reverse operation of calculating the equilibrium 
constant, exactly the same heat-of-reaction data must be used. This 
fact results in some confusion in the use of the heats of formation of 
H20(1) and C02(g) from Table XIV. The values in this table are re- 
cent determinations by Rossini which differ slightly from the values re- 
ported by Bichowsky and Rossini. However, the entropies of the ions 
and aqueous compounds in Table XXXV are all based on the original 
Bichowsky and Rossini values of —68.37 and —94.23 for the heats of 
formation of H20(l) and C02(g), respectively. Accordingly, these values 
should be used for the calculation of equilibrium constants in aqueous 
solutions rather than the more accurate values of Table XIV. 

The equilibrium composition of a system involving ions is calculated 
by the procedure demonstrated in the preceding sections dealing with 
complex reactions. In order to define the equilibrium, it is desirable to 
consider the smallest number of reactions which include all reactants 
and products present at equilibrium. An algebraic equation relates the 
concentrations of the components of each reaction to its equilibrium con- 
stant. An additional algebraic equation expresses the electrical neu- 
trality of the solution, that is, the equality of the positive and negative 
charges of aU of the ions. A further equation which may prove useful 
expresses the material balance of the dissolution. The equilibrium com- 
position is evaluated by simultaneous solution of these equations. 

Illustration 18, Calculate the complete composition of the solution obtained when 
precipitated calcium carbonate is dissolved in water in contact with an atmosphere 
containing a partial pressure of CO 2 of 3 X 10“* atm. 

Solution: It may be assumed that the ^ecified partial pressure of CO2 is above 
that of the invariant point and that the system at equilibrium contains CaCOs (s), 
Ca++, CO3 — , HCO3” H+, OH~ and H2CO8 (aq). There are therefore six unknown 
compositions to be evaluated, which requires five independent equilibrium equations 
in addition to the equation of electrical neutrality. The material-balance equation 
cannot be used in this case, because CO2 may be gained or lost during the dissolution. 

Although other selections are possible, it is convenient to consider the following 
reactions for the establishment of the equilibrium equations. The corresponding 
equilibrium constants are calculated by the method of Illustration 17. 

Km 

(a) CaC08 (s) = Ca-H- -f- 007 ■" 

(b) H 2 O a) * H+ -1- OH- 

(c) HaC 03 (aq) = H+ + HCO*" 

(d) H 2 CO 3 (aq) = H 2 O + CO 2 (g) 

(e) HCOr -H+ 4-007" 


(2.9)(10“») = (Ca++)(C07“) 
( 5 : 5 ) (10-"^) = (H+)(OH“) 
(H+)(HC07) 


(9.3)(10“«) > 


31.7 = 


(1.4) (10-11) 


H 3 CO 3 (aq) 
CO 2 (g) 
HaCOa (aq) 
(H+)(C07“) 


(HC07) 
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The equation of electrical neutrality may be written as follows if the chemical for- 
mulas are used to denote molalities: 

(f) 2Ca++ + H+ = 2COr" + HCOa” + OH- 

It should be noted that (f) is not a stoichiometric equation. 

Since the CO* pressure is specified, it follows from (d) that the molality of 
H2CO8 (aq) is represented by 

H2CO3 (aq) = (3)(10'*)/31.7 = (0.95) (10-^) g-moles per 1000 g H2O 

If y is u^d to represent the molality of the HCOa" ion, the following expressions may 
be written from Equations (c), (b), (e), and (a) for the molalities of the other ions: 

H+ = (0.96) (10-s) (9.3) (10~8)/2/ - (8.8) lO-^/?/ 

OH-= (5.5)(10-«)2//(8.8)(10-w) := (6.26) (10-3)2/ 

COr"= (1.4)(10-ii)s/V(8.8)(10-i«) - 16.92/® 

Ca++- (2.9)(10-®)/(16.9)2/®= (1.82) (10-1°) /2/® 

These values may be substituted in Equation (f), resulting in an equation which con- 
tains only 2/ as an unknown. Thus, 

(3.64)ao-i°) (8.8)(10-y _ ^ + 3/[l + 6.25(10-»)] 

y* y 

This equation is solved graphically or by trial and error. 

2/ = HCOa” = (7.1) (10*^) g-mole per 1000 g H2O 

The concentrations of the other ions are evaluated from the equations relating them 
to y. Thus 

H+ = (1.2) (10"^) g-mole per 1000 g H2O 
OH- = (4.4) (10-^) g-mole per 1000 g H2O 
CO*"” = (7.9) (10-«) g-mole per 1000 g H2O 
Ca++ = (3.7) (10-*) g-mole per 1000 g H2O 

The procedure of Illustration 18 may be repeated for other CO 2 pres- 
sures and curves plotted relating the composition of the solution to the 
equilibrium partial pressure of CO 2 above it. Such curves for the solu- 
bility of CaCOs in water are shown in Fig. 163. It may be noted that 
the concentration of the calcium ion passes through a mmim uTYi and is 
increased by either increasing or decreasing the CO 2 pressure from this 
point. As the CO 2 pressure is increased, carbon dioxide is absorbed by 
the solution, but as the pressure is reduced CO 2 is evolved and the con- 
centration of the OH“ ion increases until solid Ca(OH )2 is formed. The 
appearance of the added phase results in an invariant point at which the 
composition of the solution and the partial pressure of the CO 2 are fixed 
as long as both solid phases are present. The conditions at the invariant 
point are established by the following equation in conjunction with those 
of Illustration 18: 

(g) CaCOs (s) + 2 H 2 O Ca(OH )2 (s) + H 2 CO 8 (aq) ; 

K 298 - (9:3) (10-15) = H 2 CO 3 (aq) 
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If calcium carbonate is dissolved in pure water in a closed liquid sys- 
tem which permits no gain or loss of carbon dioxide, an equilibrium par- 
tial pressure of CO 2 is established which is determined by the equations 
of Illustration 18 together with the following material-balance equation 
in which the formulas indicate molalities: 

(h) Ca++ = COs" + HCO3- + H2CO3 

This is not a stoichiometric equation and merely indicates that each 
atom of calcium entering the solution is accompanied by an atom of 



-13-12 -10 -8 -6 -4 -2 0 +2 

LogiQ CO2 Partial Pressure, Atmospheres 

Fig. 163. Solubility of CaCOs in Water. 


carbon. The solubility of CaCOs in pure water without gain or loss of 
CO2 is determined by simultaneous solution of Equations (a-f) and (h). 
It may be noted from Fig. 163 that minimum solubility is obtained under 
these conditions in the case of calcium. 

These sam,e principles may be applied to calculating the compositions 
obtained in selective leaching and precipitation operations where several 
sparingly soluble metals or salts are involved. For each added con- 
stituent an additional equation is added to the group which must be 
solved simultaneously in order for the equilibrium composition to be 
evaluated. However, simplification is possible in many instances by 
neglect of components which are present in the solution in relatively 
small quantities. For example, from Fig. 163 it is evident that at CO 2 
pressures above 10”'* atm the concentrations of OH“, CO 7 ”, and H"*" 
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are negligible in comparison to the HCOj, and H2CO3. In this 

range the dissolution may be considered as proceeding by the following 
stoichiometric equation: 


CaCOg (s) + H 2 O a) + CO 2 (g) = Ca++ + 2HC07; 

K298 ( 6 . 0 ) ( 0 ) 


Since it is assumed that HCOs"" = 2 Ca‘*"'^ the foregoing equilibrium 
equation may be written 

4(Ca++)« 

K2S8 = (6.0)(10“0== ^ 


or 


C02(g) 

Ca++ = (5.3)(10-»)[CO2(g)]^ 


where the chemical formulas indicate activities in molalities and atmos- 
pheres, respectively. In this manner the molalities of the Ca++ and 
HCO 7 ions are determined directly, and the molalities of the other com- 
ponents may be individually evaluated from the equations of Illustra- 
tion 18. This procedure is generally applicable to the sparingly soluble 
carbonates, either singly or in complex mixtures if the CO 2 pressure is 
equal to or greater than that of the normal atmosphere. 

The application of these methods to complex metallurgical problems 
is discussed in detail by Kelley and Anderson.® By assuming that the 
activity coefecients cancel out of the equilibrium equations it is possible 
to solve effectively many such problems by thermodynamic principles. 


PROBLEMS 

1. Normal butane is isomerized to isobutane by the action of a catalyst at mod- 
erate temperatures. It is found that equilibrium is reached at the following com- 
positions: 

Temperaturej °C Mole per Cent rirButane Mole per Cent Isohutane 
44 31 69 

118 43 57 

Assuming that activities are equal to mole fractions, calculate the standard free- 
energy change of the reaction at each temperature and the average values for the heat- 
of-reaction and entropy change over this temperature range. 

2. From the data of Tables V, XIV, and XXXV derive equations relating Mx^/T 
to temperature for the following reactions: 

W SOs(g) +J02(g) “SOafe) 

(6) iN2(6)+fH2(g)=NH,(g) 

W C (s) + H 2 O = Hi + CO 

COj + C = 2 CO 
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The atomic heat capacity of graphitic carbon,^® related to is 2.673 + 0.002617T 
- 116,900/r2. 

3. From the liquid-state values in Table XXXV estimate the entropies in the 
ideal-gaseous state at 298. 1°K for the following compounds: 



nc 

Density j 20®C, g per cc 

(a) n-Decane 

174 

0.747 

(b) n-Butyl benzene 

180 

0.862 

(c) n-Heptyl cyclohexane 

223 

0.801 


In the absence of data on the physical properties of these compounds use Equa- 
tions (III-16) and (III-l) for estimating vapor pressures at 298. 1®K and heats of 
vaporization at the normal boiling points and Equation (VII-32) for the effect of 
temperature on heat of vaporization. Critical temperatures should be estimated by 
Equation (III-8), critical pressures by (III-18), and liquid densities by Equation 
(XII-38). 

4. From the data of Tables XXXVI and XXXVII calculate the equilibrium con- 
stants and heats of reaction of the following reactions at temperatures of 298, 500, 800, 
and lOOO^K: 

(a) ' CaHe (g) = C2H4 (g) + H2 (g) 

(b) 2C2H4 (g) = i--C4H8 (g) 

(c) CsHs + C2H4 = C6H12 (tetramethylmethane) 

5. The fpllowing values of (h° — hJ) for the ideal-gaseous state were calculated 
by Pitzer and Scott, ^ and the corresponding heats of vaporization at the normal hom- 
ing point and critical temperatures are from the International Critical Tables. From 
the data of Tables XVI and XXXVII calculate the values of (AH/)o the heat of 
formation at 0°K in the ideal-gaseous state for each of these compounds. The dif- 
ference between the heats of combustion at 291 °K and 298°K may be neglected as 
less than the probable errors of the measurements. 



(h° — h;) 298 kcal 
per g-mole 

Xjj cal per g 

nc 

The 

(a) Benzene 

3.415 

94.4 

80.1 

289 

(b) Toluene 

4.314 

86.5 

111 

321 

(c) Ortho-xylene 

5.604 

82.8 

144.5 

358.3 


6. Nitrogpn tetroxide dissociates into nitrogen peroxide according to the following 
reaction: 

N2O4 (g) = 2NO2 (g) 


The standard free-energy change in calories per gram-mole of this reaction in the ideal 
state at 1 atm is represented by the following equation from the International Critical 
*Pables * ^ 

- AG^ = -13,600 + 41.6!r°K 

Calculate the equilibrium composition of the mixture formed from the dissociation 
of pure N2O4 under the following conditions, assuming Kv == 1.0: 

(a) At a temperature of 273®K and 1 atm 

(b) At a temperature of 400®K and 1 atm 

i®K, K. Kelley, U,S. Bur, Mines BuU.j 371 (1934). 

“•K. S. Pitzer and P/ W. Scott, J. Am. Chem, Soc., 66, 803'-29 (1943). 
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7. Isobutane is alkylated by ethylene to form neohexane, 2, 2-diniethyl butane, 
at elevated temperatures and pressures. From the data of Table XXXVI calculate 
the composition of the equilibrium mixture resulting from reacting a mixture of 4 
moles of isobutane and 1.0 mole of ethylene at 700®K and 100 atm. 

8. From the data of Table XXXVII calculate the heats of reaction in the ideal- 
gaseous state of the following reactions at 600®K and 1000®K: 

(a) CjHs CKi + C2H4 

(b) CsHa-^CsHe+Ha 

(c) CO -{- iOa CO2 

(d) CH4 + H2O CO + 3H2 

9. Benssene may be produced by tiie catalytic dehydrogenation of ?i-hexane. 
From the results of problem 5 and the data of Tables XV and XXXV calculate the 
composition of the equilibrium mixture and the percentage conversion of hexane at 
a temperature of 1050°F and 1 atm. The following heat-capacity equations may 
be used. 

Benzene^* c* - 0,23 + 77.83 X 10-»T - (27.16) (10“«)!r2 

7^-Hexane“ c* - 4.296 -f 118.661 X - (42.13) (10“«)r* 

10. Propane may be dehydrogenated catalytically to form propylene. From the 
data of Table XXXVI develop curves relating the percentage of propane dehydro- 
genated at equilibrium to temperature in the range of 800-1200°F and at pressures 
of 0.5, 1.0, and 2.0 atm. 

11. Water and chlorine react at elevated temperatures according to the following 
equation: 

iCh (g) + (g) » HCl (g) + JO2 (g) 

Using the data of Tables V, XIV, and XXXV and the heat-capacity equation of 
problem XIII-l, page 592, 

(a) Calculate sin equation for AG^/T for this reaction. 

i(6) Calculate the composition of the equilibrium mixture at 600°C starting with 
equal volumes of chlorine and water and assuming that Kv = 1.0. 

(c) Repeat the calculation of part (6) for a pressure of 100 atm, evaluating Kv from 
Fig. 142 and the critical data of Table XI, page 234, 

12. Sulfur dioxide is reduced by hydrogen according to the following equation: 

3H2 (g) + SO2 (g) = H2S (g) -f- 2H2O (g) 

(a) From the data of Tables V, XIV, and XXXV derive an equation for the stand- 
ard free-energy change of this reaction. 

(&) Calculate the equilibrium composition of the naixture obtained at 1200°C and 
atmospheric pressure, starting with three parts of hydrogen and one part of SO2. 

(c) Repeat the calculation of part (6) at 100 atm, using Fig. 142 and the critical 
data from Table XI, page 234. 

13. Methyl alcohol is S3mthesi2ed by passing a mixture of CO and H2 over a cata- 
lyst according to the following equation: 

CO (g) + 2H2 (g) - CH3OH (g) 

J. W. Andersen, G. H. Beyer, and K. M. Watson, Nad, Petroleum News, Tech. 
Sec., 36, i2476 (July 5, 1944). Also ^'Process Engineering Data,’^ National Petroleum 
Publishing Company, Cleveland (1944). 

H. M. Spencer and G. N. Flannagan, J. Am, Chem, Soc., 64 , 2511 (1942). 
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From the data of Tables V, XV, and XXXV calculate the composition of the equi- 
librium mixture obtained at a temperature of 300°C and a pressure of 240 atm, start- 
ing with two parts of H2 and one part of CO, assuming that only this reaction takes 
place. The critical temperature of CH3OH is 240°C and the critical pressure 79 atm. 
The heat capacity is given by the following equation (Chapter XVII, page 801) with 
T in ®K: 

Cp = 4.00 + (25.21) (10-3)T - (7.55) (lO'®) 

14 . Methyl alcohol is oxidized by air to formaldehyde at 550°C in a catalyst 
chamber at atmospheric pressure. Calculate the percentage yield of formaldehyde, 
using the theoretical air supply and assuming no further oxidation. 

CH3OH (g) + (g) ECHO fe) -f H2O (g) 

Entropy and heat-of-reaction data are given in Tables XXXV and XV. Heat ca- 
pacities may be taken from Table V and problem 12 and the following equation for 
HCHO“ with T in ‘’K: 

Cp « 4.50 + (13.95) (10-8) T - (3.73) (10"^) 

16. In the Birkeland-Eyde process the nitrogen of the atmosphere is oxidized in 
a long flaming electric arc: 

iNa -h iOa = NO 

Assuming that only this reaction takes place, calculate the percentage conversion of 
nitrogen to NO in air of average atmospheric composition at a pressure of 1.0 atm 
and at temperatures- of, respectively, 2000°K and 3000®K. 

16 . Carbon dioxide is reduced by graphite according to the equation: 

. C (graphite) + CO2 (g) « 2CO (g) 

Assuming that equilibrium is attained, calculate the degree of completion of the re-' 
duction of pure CO2 under the following conditions, using the data of Table XXXVII: 

(a) A temperature of 1000®K and a pressure of 1.0 atm, assuming Xv = 1.0 

(fe) A temperature of 1500°K and a pressure of 1.0 atm, assuming X*/ = 1.0 

(0) A temperature of 1000°K and a pressure of 100 atm 

17 . A mixture of 79 per cent N2 and 21 per cent CO2 by volume is passed over 

hot carbon (graphite) at a temperature of 1000°K and a pressure of 1.0 atm. Using 
the data of Table XXXVI calculate the equilibrium composition of the gases, and 
compare this result with that of part (a) of problem 16. 

18 . Carbon monoxide is burned with pxire oxygen in the theoretically required 
proportions. Calculate the degrees of completion of the oxidation if equilibrium is 
attained at temperatures of, respectively, 1000°K and 3000®K, under a pressure of 
1,0 atm. Evaluate aG°/T at 3000°K by extending the data of Tables XXXVI and 
XXXVII from 1500®K through graphical integration of the heat capacities of 
Table IV, page 212. 

19 . Water gas leaves a generator containing 51.1 per cent H2, 2.3 per cent CO2, 
and 46.6 per cent CO by volume on the dry basis. Ten per cent of the steam which 
was introduced into th^ bottom of the generator passed through the bed of hot coke 
without decomposition and is present in the gases. This gaseous mixture is passed 
into a reaction chamber und6r a pressure of 1.0 atm in contact with a catalyst of 
chromium oxide and allowed to attain equilibrium at a temperature of 700®K (423°C). 
Calculate the equilibrium composition of the gaseous mixture, using the data of 
Fig. 156. 
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20. One volume of the initial wet water gas described in problem 19 is mixed with 
three volumes of additional water vapor. This mixture is passed into the reaction 
chamber operated at the conditions described in problem 19 and allowed to reach 
equilibrium. 

(a) Calculate the equilibrium composition of the gaseous mixture. 

(&) Calculate the composition of the residual gas if the CO 2 and H 2 O are removed 
from the gaseous mixture of part {a) after equilibrium is attained. 

21. The hydrate of sodium carbonate decomposes according to the following 
equation: 

NasCOs • H 2 O (s) = NaaCOg (s) + H 2 O (g) 

The equilibrium pressure in atmospheres of water vapor in this reaction is given by 
the following equation: 

log p = 7,944 - 3000.0/!r°K 

Derive an expression for the standard free-energy change of this reaction. 

22. Zinc oxide is reduced with carbon monoxide under a pressure of 1.0 atm ac- 
cording to the following reaction: 

ZnO (s) + CO (g) = Zn (g) + CO 2 (g) 

Calculate the degree of completion of the oxidation of CO at atmospheric pressure 
under the following different conditions, assuming that, equilibrium conditions are 
attained and that ZnO is always present: 

(a) At a temperature of 1000°C, using pure CO 

(b) At a temperature of 1500®C, using pure CO 

(c) At a temperature of 1000°C, using a mixture of 27.5 per .cent CO, 4.3 per cent 
CO 2 , and 68.2 per cent N 2 by volume 

(d) At a temperature of 15(X)°C, using a mixture of 27.5 per cent CO, 4.3 per cent 
CO 2 , and 68.2 per cent N 2 by volume 

23. Sodium bicarbonate is calcined according to the following equation: 

ZNaHCOg (s) = NagCOg (s) + H 2 O (g) + CO 2 (g) 

Calculate the pressure of the equimolecular mixture of H 2 O and CO 2 in equilibrium 
with NaHCOs at a temperature of 100®C. 

24. (a) Calculate the boiling point of aluminum at atmospheric pressure from the 


following data:® 

G® - h; 

g"-h; 

Temperor 

T 

T 

ture, ®K 

Gas^ Solid or Liquid 

298.1 

-33.766 

-3.13 

1000 

-40.217 . 

-9.09 

2000 

-43.762 

-1464 

2100 

-44.009 

-15.01 

2200 

-44.245 

-15.37 

2300 

-44.470 

-15.71 

2400 

-44.681 

-16.04 

The value of AHJ for vaporization is 66.920 kcal per g-atom. 


Q>) Calculate the vapor pressure at '2000®K. 

25. Considering each of the following reactions; 


(1) 

SO,(g)+iO,(g)=SOafe) 


(2) 

^Na(g)+iOate)=NO(g) 


(3) 

C(s) + COjfe) = 2CO(g) 
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Tabulate the effects of the following changes upon (a) the velocity of reaction (moles 
transformed per unit time per unit volume), (6) the equilibrium degree of completion, 
and (c) the actual degree of completion obtained in a specified time interval: 

(1) Increase of temperature 

(2) Increase of pressure 

(3) Provision of a positive catalyst 

(4) Dilution, with an inert gas 

(5) Agitation of the reacting system 

Tabulate each effect as an increase, decrease, no effect, or indeterminate. 

26. In the American process of synthesizing ammonia a mixture of three volumes 
of hydrogen and one volume of nitrogen is passed into a reaction chamber in contact 
with a catalyst of granular iron oxide combined with oxides of potassium and alumi- 
num. Using the data of Illustration 7 and Pig. 156: 

(a) Plot curves relating the equilibrium degree of completion of this reaction to 
temperature at pressures of 1.0, 100, and 300 atm. The temperature range from 
400°K to 800°K should be included in the calculations. 

(6) Calculate the equilibrium degree of completion of the afore-mentioned reaction 
at a pressure of 200 atm and a temperature of 750®K. 

27. In the synthesis of ammonia described in problem 26 the mixture of N 2 and 
H 2 is introduced into the reaction chamber under a pressure of 300 atm and a tem- 
perature of 400°C. Assuming that heat loss from the reaction chamber is negligible, 
calculate the equilibrium-reaction temperature, using the curves of problem 26. 

28. From the results of problem 10 and the data of Table XXXVII calculate the 
equilibrium temperatures and conversions reached when propane is dehydrogenated 
in an adiabatic reactor with an inlet temperature of 1200 °F and pressures of 1.0 and 
2.0 atm, respectively. 

29. From the data of Table XXXVI calculate the complete compositions of the 
equilibrium mixtures resulting from the polymerization of pure ethylene to the bu- 
tenes if it is assumed that no other reactions occur at the following conditions: 

Temperaturef ®C Pressure, lb per sq in. 


( 0 ) 

160°C 

300 

(6) 

150“C 

600 

(c) 

ZOO'C 

300 

(<2) 

200°C • 

600 


30. From the data of Table XXXVI calculate the composition of the equilibrium 
mixture of the five isomeric hexanes at a temperature of 600°K. Calculate the heat 
of reaction in converting pure normal hexane to the equilibrium mixture in the ideal- 
gaseous state at this temperature. 

31. When propane is pyrolyzed the following reactions take place: 

CsHs CsHc -f- Ha 

CaHs C2H4 -h CH4 

Assuming that only these two jeactions occur, calculate from the data of Table 
XXXVII the composition of the equilibrium mixture formed by heating propane 
at 1400°F and 1 atm. 

32. Propane also decomposes to form carbon and hydrogen at high temperatures. 
Calculate the composition of the equilibrium mixture of problem 29 if this reaction 
is considered. 
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33. When propane is pyrolyzed at elevated pressures, a portion of the ethylene 
formed polymerizes to form butenes according to the following reaction: 

2CaH4 C 4 H 8 

Assuming that only this reaction and the two of problem 30 occur, calculate the 
complete composition of the equilibrium mixture formed by heating propane at 
1100°F and 1000 lb per sq in. The butenes formed will be present in their equilib- 
rium proportions. 

34:. Magnesium is produced in the carbothermic process by heating briquettes of 
a mixture of carbon and magnesia. The following reaction results: 

MgO(s) + C(s) Mg(g) + CO(g) 

Using the following data for the physical properties®*^® of Mg and MgO, calculate the 
equilibrium temperatures required for the reaction at pressures of 1.0 atm and 0.1 atm. 
Also cabulate the corresponding heats of reaction, at the conditions of operation, per 
pound of Mg produced. From these results consider the feasibility of the direct 
production of liquid magnesium. 

Heat Capacities: 

MgO(s), Cp = 10.86 + (1.197) (10-®)T - (2.087) (10®) /T® caJ/(“K) (g-mole) 
C(8), = 2.673 + (2.617) (10-^)T - (1.169) (10®) /T® cal/CK) (g-mole) 

Mgfe), Cp = 4.97 cal/ (g-mole) (®K) 

Heat of vaporization, Mg (s) = Mg (g); AH291 - 36.12 kcaJ per g-mole 
Vapor pressure of Mg: 

Temperature, 789 (s) 881(8) 998(1) 1,159 1,236 1,303 1,380 

Vapor pressure, atmospheres 0.0001 0.001 0.01 0.1 0.25 0.5 1.0 

36. Magnesium is produced in the ferrosilicon reduction process by a xnix- 

ture of magnerium oxide and ferrosilicon. The principal reaction may be assumed 
to be as follows: 

2MgO + Si(s) = 2Mg(g) + Si02(s) 

The heat capacities of silicon and silica are expressed by the following equation:® 
Si(s); Cp * 5.74 + (0.617) (10'®) T - (1.01) (10®) /T® cal/ (‘»K) (g-mole) 

Si02(s); cp« 10.87+ (8.712) (10-®) r- (2.412) (10®) /T® cal/ (‘’K) (g-mole) 

(а) Using the data of problem 34 calculate the equilibrium temperature of the re- 
action at operating pressures of 1.0, 10'», and lO"® atm, respectively. 

(б) Calculate the heat of reaction, at the operating conditions, per pound of mag- 
nesium produced at the three pressures of part (a ) . Compare these results with those 
of problem 34. 

36. Calculate the compositions of the solutions formed when MgCO* (s) is dis- 
solved in water in equilibrium with CO2 at the following partial pressures. 

PCO 2 PoQi atm 

(a) 10 -® (d) • 10 '* 

ib) 10-® (e) 1 

10-4 (f) 50 

Also calculate the composition of the 
and Mg (OH) 2 (s) are both present. 


solution at the invariant point where MgCO« (s) 
From these data plot the solubility relationships 
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in the form of Fig. 163 and calculate the composition of the solution formed by dis- 
solving MgCOs (s) in pure water without gain or loss of CO 2 . 

37. A low-grade manganese ore consists essentially of a mixture of. 35 per cent 
MnCOa, 25 per cent CaCOs,^ and 40 per cent FeCOa by weight. It is desired to con- 
centrate the manganese for recovery. Calculate the composition of the equilibrium 
solutions resulting if this ore is leached with water in contact with an atmosphere of 
CO 2 at pressures of (a) 1 atm, (5) 10 atm. The entropy of the Mn++ ion may be 
taken as —15.9. 

38. The ore of problem 37 is leached with a calcium chloride solution having a 
molality of IjO. Assuming that the metallic salts are completely dissociated in solu- 
tion and that the activity coefficients are unity, calculate the calcium and manganese 
and iron contents of the solution formed at equilibrium. The relatively small con- 
centrations of carbonate and the bicarbonate ions may be neglected as compared with 
the Cl“ ion concentration and the over-aU reactions considered as 

Ca++ -f MnCOaCs) - CaCOsCs) -h Mn++ 

Ca++ + FeCOsCs) = CaCOsCs) -f Pe++ 

Calculate the pounds of leaching solution required to dissolve all the manganese 
from 1000 lb of ore and the weight of iron dissolved and calcium precipitated in the 
operation. 

This reaction forms the basis of a proposed process® for treating such ores in which 
the extract solution is treated with Ca(OH )2 and blown with air to precipitate the 
oxides of Mn and Fe and regenerate the CaCL. The complete over-aU reaction thus is 

2MnC08 -f 2Ca(OH)2 + 462 = 2CaC08 + Mn203.4' 2H2O 
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THERMODYNAMIC PROPERTIES FROM MOLECULAR 
STRUCTURE 

The application of thennodsnoamic principles is in many cases ham- 
pered by lack of data which are suflSciently reliable to be useful for engi- 
neering design. The accuracy with which standard free energies must 
be known is evident from consideration of the error AK, in the equilib- 
rium constant which corresponds to an error A(AG°) in the standard free- 
energy change. Thus, from Equation (XVI-6) at constant temperature, 

-A(A(?°)=ETln(^-f l) (1) 

An error of 10 per cent in the equilibrium constant (AK/K — 0.10) at a 
temperature of SOO^K corresponds to an error in the standard free-energy 
change of only 0.057 kcal per g-mole. Such an error results from an 
equal error in the standard .heat of reaction or an error of 0.2 entropy 
unit. Since the heats of combustion of even simple organic compounds 
generally exceed 200 kcal per g-mole it follows that for such a compound 
an error in the heat of combustion of only 0.03 per cent may result in 
an error of 10 per cent m the equilibrium constant based upon it. An 
error in heat of reaction of only 0.42 kcal per g-mole or 1.4 entropy units 
will result in a 100 per cent error in the equilibrium constant at 300°K. 

It is evident that, where equilibrium is a limiting factor in a process, 
measurements of the highest accuracy are necessary in order to develop 
thermodynamic properties which are satisfactory for engineering cal- 
culations. Such measurements have been carried out on relatively few 
materials, and in the present state of the basic data it is commonly neces- 
sary to resort to every available device for extrapolation and interpola- 
tion from available measurements. / 

Developments in spectroscopy and statistical mechanics together with 
improved methods of low-temperature calorimetry have resulted in re- 
liable heat-capacity and entropy values for a variety of compounds, as 
indicated by Table XXXV. The corresponding heats of formation are 
generally less reliable. The equilibriiun constants calculated from much 
of the available heat-of-formation data are useful only for predicting the 
general feasibility of reactions and the ranges of operating conditions in 
which equilibrium effects may be neglected. 
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Where reasonably reliable entropy and heat-capacity data are avail- 
able or can be estimated by the procedures outlined in this chapter, a 
complete expression for the equihbrium constant which is satisfactory 
for many purposes may be developed from a single experimental measure- 
ment of the compositions at equilibrium under conditions not far re- 
moved from the range of interest. The standard heat of^reaction AH® 
is calculated from. Equation (XVI-7) from the known entropy and equi- 
librium constant. Equilibrium constants at other conditions may then 
be calculated from Equations (XVI-6) and (XVI-11). In this manner a 
value of AH® is obtained which is consistent with the value of AS® in the 
expression for the equilibrium constant, and moderate errors in the en- 
tropies used will not seriously affect equilibrium calculations over a 
limited range of conditions. 

EMPIRICAL CORRELATION OF ENTROPIES 

Methods of correlating the entropies of inorganic compoimds are re- 
viewed by Wenner,^ who points out that the entropies of similar com- 
pounds in the solid state vary with molecular weight in accordance 
with the following equation: 

B = AlogM + B (2) 

where s = molal entropy 

M = molecular weight 

Aj B — constants characteristic of the type of compound 

On this basis a group of similar compounds should yield a straight line 
when molecular weight is plotted on a logarithmic scale against entropy 
on a uniform scale. Data on two compounds serve to establish such a 
line, or the constants of Equation (2), from which entropies of similar 
materials may be estimated. 

Wenner found that the points for individual compounds in each group 
fall fairly well on a straight line for each of the following groups of metal- 
lic compounds in the solid state: Me02, MeO, MeS, MeNOs, and metallic 
halides, MeX and MeX 2 . A further generalization pointed out is that 
the addition of 1 mole of H 2 O to a solid compound causes an entropy 
increase of 10 units in forming a crystalline hydrate, 8.2 in forming an 
inorganic base from its oxide, and 7 units in forming an organic acid 
fromr its corresponding anhydride. 

In the gaseous state Wenner shows that molal entropies vary with 
molecular weight according to the equation: 

log s(g) ^AlogM + B (3) 

^ R. R. Wenner, Thermochemical Calculations,” McGraw-Hill Book Company 

tmi). 
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where A and B are constants determined by the number of atoms in the 
molecule. Thus, all monatomic gases fall reasonably on a straight line 
when entropy is plotted against molecular weight on logarithmic scales. 
Another line is formed by diatomic gases. This relationship is apphcable 
to gases containing as many as nine carbon atoms. However, errors 
ranging up to six or seven units are encountered, and Wenner recom- 
mends that entropies estimated from these relationships should be used 
only as rough approximations. 

GROUP CONTRIBUTIONS 

Various methods for empirically correlating heats of formation, en- 
tropies, and heat capacities of organic compounds were reviewed by 
Andersen, Beyer, and Watson^ who proposed a scheme whereby these 
properties for the ideal-gaseous state are resolved into contributions 
attributable to atomic groups. From the resulting tables the properties 
of complex molecules are readily estimated by summation of the contri- 
butions of their component groups. The corresponding properties in 
the liquid and nonideal-gaseous states may then be calculated by the 
methods of Chapter XII. 

The molal values for the ideal-gaseous state of heats of formation at 
25®C, entropies at 25°C, and 1 atm, and the constants a, 6, and c of the 
three-term heat-capacity equation (VII-21), page 213, were resolved 
into group contributions on the following basis: 

Each compound is considered as composed of a basic group which is 
modified by the substitution of other groups for atoms comprising it. 
For example, all paraffin hydrocarbons may be considered as derived 
from methane by successive substitution of CHs groups for hydrogen 
atoms. Similarly, any secondary amine can be considered as derived 
from the base group NH(CH 3 ) 2 . .The contributions of nine base groups 
are given in Table XXXIX. 

The contributions resulting from the primary substitution of a methyl 
group for a hydrogen atom in any one of the base groups is given in 
Table XL. In the cases of benzene, naphthalene, and cyclopentane, the 
base group contains several carbon atoms, and successive substitutions 
on different carbon atoms involve different contributions depending upon 
the number and position of the substituted groups. For the naphthenes 
the terms ortho, meta, and para are taken as indicating a minimum: sep- 
aration of the two substituted groups by respectively 0, 1, and 2 inter- 
mediate carbon atoms in the ring. The heat-capacity coefficients, a, 5, 

® J. W. Andersen, G. H. Beyer, and K. M. Watson, Nafl Petroleum News, Tech, 
Sec.j 36, i2476 (July 5, 1944). Also '' Process Engmeering Data,’' National Petroleum 
Publishing Company, Cleveland (1944). n* 
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and c, apply to ideal gases where temperature 

is expressed in 

degrees 

Kelvin. 


TABLE XXXIX 





Base Group Properties 





AH/298.1 (g) 

Sms.i (g) 

a 

hcm 

c(10«) 

Group 

kcal per g-mole 

cal/ (g-mole) (°K) 


Ideal Gas at 

T°K 

Methane 

-17.9 

44.5 

3.42 

17.85 

-4.16 

Cyclopentane 

-21.4 

70.7 

2.62 

82.67 

-24.72 

Benzene 

18.1 

64.4 

0.23 

77.83 

-27.16 

Naphthalene 

35.4 

80.7 

3.15 

109.40 

-34.79 

Methylamine 

-7.1 

57.7 

4.02 

30.72 

-8.70 

Dimethyls, mine 

-7.8 

65.2 

3.92 

48.31 

-14.09 

Trimethylamine 

-10.9 

— 

3.93 

65.85 

-19.48 

Dimethyl ether 

-46.0 

63.7 

6.42 

39.64 . 

-11.45 

Formamide 

-49.5 

— 

6.51 

25.18 

-7.47 


TABLE XL 


Contributions of Primary CHb Substitution Groups Replacing Hydrogen 


A(AH/298.i) (g) 

AS298.1 (g) 

Aa 

A6(103) 

Ac(lOe) 

Base Group kcal per g-mole 

cal/(g-mole)(°K) 

Ideal Gas at 

1. Methane 

2. Cyclopentane 

-2.2 

10.4 

-2.04 

24.00 

-9.67 

(a) Enlaigement of ring 

-9.3 

0.7* 

-1.04 

19.30 

-5.79 

(b) First substitution 

(c) Second substitution: 

-5.2 

11.5 

-0.07 

18.57 

-5.77 

ortho 

-12.2 





meta ■ 

-8.4 


-0.24 

16.56 

-5.05 

para 

-7.1 





(d) Third substitution 

3. Benzene and naphtha- 

-7.0 





lene 






(a) First substitution 

(b) Second substitution: 

-4.5 

12.0 

0.36 

17.65 

-5.88 

ortho 

-6.3 

8.1 

5.20 

6.02 

1.18 

meta 

-6.5 

9.2 

1.72 

14.18 

-3.76 

para 

(c) Third substitution 

-8.0 

7.8 

1.28 

14.57 

-3.98 

(sym) 

— 

8.0 

0.57 

16,51 

-5.19 

4. Methylamine 

-5.7 



4 


5. Dimethylamine 

-6.3 


-0.10 

17.52 

-5.35 

6. Trimethylamine 

7. Formamide 

-4.1 





Substitution on C atom 

-9.0 


6.11 

-1.75 

4.75 


If more than one substitution is made on a single carbon atom of a 
base group the additional contributions are treated as secondary sub- 
stitutions and evaluated from Table XLI. 
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The contributions resulting from the secondary substitution of methyl 
groups for hydrogen atoms are classified in Table XLI according to A, 
the type of the carbon atom on which the substitution is made, and B, 
the highest type number of an adjacent carbon atom. The carbon-atom 
types are de^ed on the basis of the number of hydrogen atoms attached. 
Thus: 

Type 1 -CHi 



8 —6h 

1 

4 — 

I 

5 C atom in benzene or naphthalene ring 

Two special secondary substitutions are defined in Table XLI for use 
in calculating the properties of esters and ethers. One is the substitution 
of a methyl group for the hydrogen of a carboxyl group to form a methyl 
ester. The other is the substitution of a methyl group for one of the 
hydrogens of a methyl ester or ether to form an ethyl ester or ether. If 
additional substitutions are made on this same carbon atom, the con- 
tributions are evaluated from the corresponding values of A and B based 
on the type numbers of the carbon atoms involved. 

In Table XLII are the contributions resulting from the substitution 
of multiple bonds for single bonds between two carbon atoms of types A 
and B, respectively. An additional contribution must be added for each 
pair of conjugated double bonds formed by such substitutions. 

In Table XLIII are the incremental contributions resulting from the 
substitution of various groups for one or two methyl groups. Thus, if 
a methyl group is replaced by an OH group the contribution to the heat 
of formation is —32.7. If two methyl groups are replaced by an oxygen 
atom to form an aldehyde the contribution is —12.9. It may be noted 
that the phenyl group is included in Table XLIII in addition to being 
designated as a base group in Table XXXIX. This substitution con- 
tribution is used in calculating the properties of complex compounds in 
which several base groups are combined, as, for example, in polybasic 
aromatic acids. 

The contributions to heats of formation resulting from substitution of 
chlorine for methyl groups vary with the number of substitutions made 
on a single carbon atom. Corresponding variations were not found for 
the contributions to entropy or heat capacity or for the substitution of 
the other halogens. As noted in the table a correction must be applied 
to the entropies calculated for the halogenated methanes. In general 
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TABLE XLI 


Secondary Methyl Sxibstitutions Replacing Hydrogen 



A (AH/) 298.1 (g) 

^S°298.1 (g) 

Aa 

a5(103) 

Ac(108) 

A 

B kcalperg-mole 

cal/(g-mole)(°K) 

Ideal Gas at rX 

1 

1 

-4.5 

9.8 

-0.97 

22.86 

-8.75 

1 

2 

-5.2 

9.2 

1.11 

18.47 

-6.85 

1 

3 

-5.5 

9.5 

1.00 

19.88 

-8.03 

1 

4 

-5.0 

11.0 

1.39 

17.12 

-5,88 

1 

5 

-6.1 

‘ 10.0 

0.10 

17.18 

-5.20 

2 

1 

-6.6 

5.8 

1.89 

17.60 

-6.21 

2 

2 

-6.8 

7.0 

1.52 

19.95 

-8.57 

2 

3 

-6.8 

6.3 

1.01 

19.69 

-7.83 

2 

4 

-5.1 

6.0 

2.52 

16.11 

-5.88 

2 

5 

-5.8 

2.7 

0.01 

17.42 

-5.33 

3 

1 

-8.1 

2.7 

-0.96 

27.47 

-12.38 

3 

2 

-8.0 

4.8 

-1.19 

28.77 

-12.71 

3 

3 

-6.9 

5.8 

-3.27 

30.96 

-14.06 

3 

4 

-5.7 

1.7 

-0.14 

24.57 

-10.27 

3 

5 

-9.2 

1.3 

0.42 

.16.^0 

-4.68 

1 

— 0 — ^in ester 







or ether 

-7.0 

14.4 

-0.01 

17.58 

-5.33 

Substitution of H 






of OH group to form 






ester 


+9.5 

16.7 

0.44 

16.63 

-4.95 


TABLE XLH 

Mxjltiplb-Bond Contributions Replacing Single Bonds 


Type of 

A(AH;)298.1 (g) 

AS°298.1 (g) 

Aa 

A6(108) 

Ac(10®) 

A Bond B 

kcal per g-mole 

CBl/(g-mole)CK) 

Ideal Gas at rx 

1 = 1 

32.8 

-2.1 

1.33 

-12.69 

+4.77 

1 = 2 

30.0 

0.8 

1.56 

-14.87 

+5.57 

1 = 3 

28.2 

2.2 

0.63 

-23.65 

+13.10 

2=2 

28.0 

-0.9 

0.40 

-18.87 

+9.89 

2=2 

cis 28.4 

-0.6 

0.40 

-18.87 

+9.89 

2=2 

trans 27.5 

-1.2 

0.40 

-18.87 

+9.89 

2=3 

26.7 

1.6 

0.63 

-23.65 

+13.10 

3=3 

25.5 

— 

-4.63 

-17.84 

+11.88 

Additional correction for 
each pair of conjugated 
double bonds —3.8 

-10.4 

Approximately 

zero 

1 s 1 

74.4 

-6.8 

5.58 

-31.19 

+11.19 

1 = 2 

69.1 

-7.8 

6.42 

-36.41 

+14.53 

2^2 

65.1 

-6.3 

4.66 

-36.10 

+15.28 

Correction for 
bond adjacent 
matic ring 

double 
to aro- 

-5.1 

-4.3 

Approximately 

zero 
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TABLE XLIII 


Substitution Geoup Contbibutions Replacing CH3 Geoup 



A (A H/) 298,1 (g) 

AS°298.1 (g) 

Aa 

A6(105) 

Ac(108) 

Group 

kcal per g-mole 

cal/(g-mole)(‘’K) 

Ideal Gas at T°K 

—OH (aliphatic, 

meta, para) —32.7 

2.6 

3.17 

-14.86 

5.59 

—OH ortho 

-47.7 

— 

— 

— 

— 

-NO2' 

1.2 

2.0 

6.3 

-19.53 

10.36 

-ON 

39.0 

13.1 

3.64 

-13.92 

4.53 

-a 

0 for first Cl on 
a carbon; 4.5 for 

0 

2.19 

-18.85 

6.26 

-Br 

each additional 

10.0 

3.0f 

2.81 

-19.41 

6.33 

-F 

-35.0 

-i.ot 

2.24 

-23.61 

11.79 

-I 

24.8 

5.0t 

2.73 

-17.37 

4.09 

=0 aldehyde 

-12.9 

-12.3 

3.61 

-55.72 

22.72 

=0 ketone 

-13.2 

-2.4 

5.02 

-66.08 

30.21 

-COOH 

-87.0 

15.4 

8.50 

-15.07 

7.94 

-SH 

15.8 

5.2 

4.07 

-24.96 

12.37 


32.3 

21.7 

-0.79 

53.63 

-19.21 

-NH 2 

12.3 

-4.8 

1.26 

-7.32 

2.23 


t Add 1.0 to the calculated entropy contributions of halides for methyl derivatives; 
for example, methyl chloride = 44.4 (base) + 10.4 (primary CH3) — 0.0 (Cl substitu- 
tion) + 1.0. 

the calculated results tend to be uncertain for single carbon-atom 
compounds. 

The suggested sequence of operations in estimating the properties of 
a complex compound is as follows: 

1. Select the base group and determine its properties from Table 
XXXIX. Where a choice of base group is possible, select the group 
having the largest entropy. Proceed to build up the desired compound 
with as few substitutions as possible. 

2. Add the contributions given in Tables XL and XLI which result 
from all CHs substitutions replacing hydrogen required to establish the 
carbon skeleton of the compound. In this operation the longest straight 
chain should be built up first and then the longest side chain. Where 
the same compound may be arrived at by alternate substitutions an 
average result is used. 

3. Add the contributions from Table XLI which result from addi- 
tional CH3 substitutions replacing hydrogen in the positions occupied 
in the compound by other groups which are listed in Table XLIII. 

^ 4. Add the contributions given in Table XLII which result from mul- 
tiple bonds. 
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5. Add the incremental contributions given in Table XLIII which 
result from replacement of CH 3 groups by substitution groups. 

Illustration 1. Approximate the standard heat of formation AH/298.1 (g) of 2,2,4 
— trimethylpentane at 25°C. 

Base group (methane) Table XXXIX —17.9 

Primaiy CH3 Table XL —2.2 

Secondary CH3 substitutions by successive replacement of hydrogen (Table XLI) 

A B 


Secondary methyl groups 
in 5 carbon chain 

1 

1 

1 

2 

-4.5 

-5.2 

1 

2 

—5.2 


2 

2 

-6.8 

Side methyl groups 

2 

2 

-6.8 


3 

2 

-8.0 

56.6 


The value found by Rossini and co-workers^ is 56.2 kcal per g-mole. 


Illustration 2. Approximate the value of AH/298.1 (g) for dimethyl phthalate. 


C 0 

Base group (benzene) 

Table XXXIX 

^ 18.1 

/ \ II 

Primary CH3 replacing H 

Table XL 

-4.5 

C C — C — OCH3 

11 1 

C — C — OCHs 

Ortho CH3 replacing H 

Table XL 

-6.3 

— COOH replacing CH3 

Table XLIII 

-87.0 

— COOH replacing CHs 

Table XLIII 

-87.0 

\ ^ 11 

CH3 replacing H of —COOH 

Table XLI 

9.5 

0 0 

CHs replacing H of —COOH 

Table XLI 

1 = 

9.5 

-147.7 


The yalue of AH/298.1 calculated .from the heat of combustion listed by Kharasch^ is 
—147.1 kcal per g-mole. 

Illustration 3. Approximate the entropy of 2,2,3,3-tetramethyl butane 


(o) Base group (methane) 

Primary CHs 

Secondary CHs substitutions replacing hydrogen 


Secondary CHs groups in 4 0 chain 


Side methyl group clockwise 


(6) Base Group (methane) 

Primary CHs 

Secondary CHs substitutions replacing hydrogen 


Table XXXIX 

44.5 

Table XL 


10.4 

Table XLI 




A 

B 


j 

[1 

1 

9.8 

1 


2 

9.2 


2 

2 

7.0 

j 

2 

3 

6.3 

1 

3 

3 

5.8 

i 

3 

4 

1.7 




94,7 

Table XXXIX 

44.5 

Table XL 


10.4 

Table XLI 




* K. S. Pitzer, Chem. Rev,, 27, 39 (1940). 

* M. S. I^arasch, Bur, Standards J, Research, 2, 359 (1929). 
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Secondary CH» groups in 4 C cliain 


Side methyl groups counterclockwise 


The average result for the entropy of 2,2,3,3-tetramethyl butane is 94.05 cal/ 
(g-mole) CK) which is in agreement with the value found by Pitzer.® 

Illustration 4. Approximate the entropy of 1,2-dibromoethane. 

Base group (methane) Table XXXIX 44.5 

Primary CH3 replacing hydrogen Table XL 10.4 

Secondary CHs substitutions replacing hydrogen: 

A B 

1 1 Table XLI 9.8 

12 9.2 
Br substitution replacing CHs Table XLIII 3.0 

Br substitution replacing CHs Table XLIII 3.0 


Table XLI 

Table XLIII 
Table XLIII 


This result is in agreement with the value reported by Pitzer.® 

Illustration 6. Calculate the heat required to raise 1 mole of 2,3-dimethylpentane 
in the ideal-gaseous state from 298. 1°K to 1000°K. 


Base (Table XXXIX) 
Primary (Table XL) 


5 C chain (Table 
XLI) ]: 

Side methyl groups | J 


Aa 

a 6(10’) 

Ac(10«) 

3.42 

17.85 

-4.16 

-2.04 

24.00 

-9.67 

-0.97 

22.86 

-8.75 

1.13 

18.47 

-6.85 

1.11 

18.47 

-6.85 

1.52 

19.95 

-8.57 

1.01 

19.69 

-7.83 

5.16 

' 141.29 

-52.68 

)-3)T- 

52.68 (10-^) T2) dT 



= [5.16? + 70.64(10-')r» - (17.56) 


= 50,890 cal per g-mole 

Pitzer^ reports a value of 50,550 cal per g-mole. 


Extensive comparisons with the data from the literature lead Ander- 
sen, Beyer, and Watson to conclude that in general molal heats of forma- 
tion and entropies calculated by the group-contribution method differ 
from the better experimental values by less than 4.0 kcal and 2.0 entropy 
umts, respectively. Calculated heat capacities appear to be within 
5 per cent of the accepted values, although serious discrepancies exist 
betw-een the experimental values of different investigators. In many 
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cases, particularly for heats of formation, it is believed that the cal- 
culated values may be preferable to the experimental. 

The contributions in Tables XXXIX to XLIII in some cases are based 
on data of questionable accuracy and will be subject to revision as better 
experimental values become available. This method of calculation may 
be extended to other series of compounds if data are available to estab- 
lish the necessary base-group contribution. In many cases the prop- 
erties of such base groups may be estimated by the theoretical methods 
described in the following sections. Properties of higher homologs or 
derivatives may then be estimated from the group contributions. It is 
believed that this procedure in many cases is more reliable than direct 
application of the simplified forms of statistical calculations to the 
complex molecules. 

Heats of formation and heat capacities estimated from group con- 
tributions are sufficiently accurate for use in energy balances except 
where heats of reaction are very small or must be known with unusual 
accuracy. Equilibrium constants based on the estimated entropies and 
heats of formation are satisfactory for predicting the feasibility of a re- 
action but not for accurate calculation of equilibrium compositions. 
For accurate equilibrium constants the estimated entropy and heat- 
capacity data are best combined, as previously outlined, with a meas- 
ured equilibrium constant to establish a consistent heat of reaction. 

STATISTICAL METHODS 

In recent years development of the principles of statistical mechanics 
has lead to methods for calculating precise heat-capacity and absolute 
entropy data for the ideal-gaseous state from spectroscopic measure- 
ments. Further generalization of the fundamental data has resulted in 
means for estimating these properties for many compounds even in the 
absence of direct spectroscopic measurements, from a knowledge of the 
structure of the molecule. A few of these developments which are of 
practical applicability are presented in the following pages, and their 
uses are illustrated. Derivation of the relations employed and complete 
discussions of the principles may be found in standard texts,®'® The 

® '' Statistical Thermodynamics/^ J. Mayer and M. Mayer, John Wiley & Sons 
(1940). 

® " Statistical Thermodynamics,” R. H. Fowler and E. A. Guggenheim, Cam- 
bridge Press (1939). 

^ ''Statistical Mechanics,” R. C. Tolman, Oxford Press (1938). 

8 " Introduction to Quantum Mechanics,” L. Pauling and F. B. Wilson, McGraw- 
Hill Book Company (1935). 

® H. Eyring, J. Walter, and G. E. Kimball, " Quantum Chemistry,” John Wiley 
& Sons (1944). 
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development presented represents an amplification of the outline pub- 
lished by Kelley^° with an extensive bibliography of current literature. 

Molecular Energy of an Ideal Gas. The internal energy of a molecule 
is present in kinetic and potential forms resulting from the motion and 
attractive forces of the molecule and its parts. These forms of energy 
may be classified in the following five groups: 

1. Energy of translation of the molecule as a whole designated as tr^ 
per mole or €t per molecule. This form of energy was discussed in Chap- 
ter II and is equal to (3/2)RT per mole or {Z/2)(RT/N) = (3/2)kT per 
molecule where N is the Avogadro number and k is termed the Boltz- 
mann constant. 

External rotational energy resulting from rotation of the molecule 
as a whole, designated as Ur or €r. Just as in the rotation of large bodies, 
such rotational energy may be resolved into components about each of 
three perpendicular axes passing through the center of gravity of the 
molecule and is a function of the frequency of rotation and the moments 
of inertia about these three axes. 

5. Internal rotational energy resulting from the rotation of groups of 
atoms in the molecule with respect to other groups in the same molecule 
and designated as Vrf or 6r'. A simple example is the ethane molecule 
in 'which one CHs group rotates with respect to the other about the 
C-C bond. Significant internal rotational energy is believed to result 
only from the rotation of groups of atoms, not single atoms, about single- 
valence bonds. It is a function of the moments of inertia of the rotating 
groups about the axis of rotation, the frequency of rotation, and any at- 
tractive forces between the rotating groups which hinder rotation. Ro- 
tation which occurs without such restrictive forces is termed free rotation, 
and, if significant attractive forces are encountered, it is termed hindered 
rotation. For example, in the ethane molecule as a CHg group rotates 
about the C—C bond, at three points in each revolution its hydrogen 
atoms attain minimum distances from the hydrogen atoms of the other 
CHg group. At these three positions the restrictive force hindering ro- 
tation is a maximum. The energy required to rotate such a group from 
a position of minimum restrictive force to a position of maximum force 
is termed the potential harrier restricting rotation and is expressed in 
molal energy units. The energy associated with hindered rotation is 
less than the energy of free rotation of the same group by an amount 
depending on the magnitude of the potential barrier and the number of 
times it is encountered per revolution. In complicated molecules ro- 

“ K. K. Kelley, Contributions to the Data of Theoretical Metallurgy; IX The 
Entropies of Inorganic Substances,” Revision (1940) of Data and Method of Cal- 
culation, U.S. Bur. Mines BuU.j 434. 
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tation of all possible combinations of groups and subgroups must be 
considered. It is assumed that rotation does not occur about multiple- 
valence bonds and that the energy associated with movements of groups 
about such bonds can be classified as vibrational in character. 

4. Vibrational energy designated as ir^ or results from deformation of 
valence bonds. In order to simplify consideration of the many possible 
types of vibration about an elastic bond, all vibrational contributions 
are resolved into those which result from vibrations along the axis of the 
bond, termed valence or stretching vibrations p, and those which occur 
perpendicular to the axis of the bond, termed deformation 5 or bending 
vibrations. Deformation vibrations change the angle between two ad- 
jacent bonds. The corresponding energy contributions are designated 
respectively as and U6 per mole or €p and es per molecule. 

5. Electronic energy designated as Ue or €e results from the motion and 
forces of attraction of the electrons and nuclei comprising the molecule. 
These energy contributions are relatively very large, and changes in 
electronic arrangements are accompanied by large energy changes. 
However, except at high temperatures or in the presence of electric 
forces or radiation, it may be assumed, that the electronic arrangements 
are stable and remain in a state of constant electronic energy. On this * 
basis electronic energy frequently can be neglected in considering the 
changes of thermodynamic functions resulting from changes of state. 
This assumption may lead to serious errors at high temperatures, 
600°C or above. In this range corrections based on spectroscopic 
measurements are required. 

Molecular Degrees of Freedom. Based upon the foregoing classifi- 
cation, the number of independent component forms of internal energy 
other than electronic which can be possessed by a molecule in the ideal- 
gaseous state is termed its number of degrees of freedom. It may be 
shown that a molecule comprising n atoms has Zn degrees of freedom. 
For example, a monatomic gas molecule can possess energy only as a 
result of translation which can be resolved into three directions; hence, 
it has three degrees of freedom. A diatomic molecule such as nitrogen 
similarly has three degrees of translational freedom and in addition two 
degrees of external rotational freedom and one degree of vibrational 
bond-stretching freedom, a total of six. In such a linear molecule the 
moment of inertia is negligible about the axis joining the atoms, and ex- 
ternal rotational energy results only from rotation about the other two 
perpendicular axes. There is no energy of internal rotation, because 
there is no group having a moment of inertia, and there is no bending 
or deformation energy, since there is only one bond. In a nonlinear 
triatomic molecule such as water there are six degrees of translational 
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and rotational freedom, two degrees of vibrational bond-stretching free- 
dom, and one degree of bond-bending freedom. 

The degrees of freedom of a molecule exclusive of its translational 
freedom are termed its internal degrees of freedom, which include all free- 
doms for external and internal rotation, bond stretching, and bond 
bending. From the foregoing discussion it is evident that any molecule 
possesses — 3 internal degrees of freedom. 

If only the degrees of freedom for internal rotation and vibration are 
considered, for a linear molecule, 


= 3n — 5 

For a nonlinear molecule, 


where 


n/ + ^ + ^5 = 3w — 6 

TV = degrees of freedom for internal rotation 
rin, = degrees of freedom for stretching vibration 
715 = degrees of freedom for bending vibration 


C4) 

(5) 


The Quantum Theory. According to the quantum theory variation 
• of the amount of energy possessed by a molecule in any degree of free- 
dom does not occur as a continuous function but takes place in steps 
corresponding to the absorption or release of definite increments of en- 
ergy termed quanta. This principle of discontinuity corresponds to the 
establishment of definite energy levels in each degree of freedom, which 
differ from each other by finite increments. The lowest possible level 
in each degree of freedom is termed the ground level. In a change of 
state from one energy level to another one quantum of energy is ab- 
sorbed or released. The quantum does not correspond to a fixed quan- 
tity of energy, however, but varies widely in energy content depending 
upon the difference of the energy levels involved. 

The levels of translational energy are so closely spaced that it may be 
considered to vary continuously. However, all rotational, vibrational, 
and electronic energies can exist only at definite levels differing from each 
other by finite increments. The different energy levels in a particular 
degree of freedom are identified by quantum numbers which are integers 
starting with 1 for the lowest energy level. When a change in energy 
level occurs in any degree of freedom, one quantum of energy is emitted 
or absorbed as one photon of radiation. The frequency or wave length 
of this radiation is related to the energy content of the quantum by the 
following equation; 


or 


Ac = hp = hc/X =s= hc(a 
Ac 2.857a; 


( 6 ) 

(7) 
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where 

€ = energy per quantum, ergs per molecule 
h = Planck’s constant = (6.624) (10" 2 ^) erg sec 
V = frequency, reciprocal seconds 
c = velocity of light = (2.99776) (10^°) cm per sec 
X = wave length, cm 
ca = wave number, 1/X = reciprocal cm 

Because of their convenient numerical magnitude, wave numbers ca 
are commonly used to designate the frequency or wave length of radia- 
tion. Wave numbers are often referred to as frequencies, whereas actu- 
ally the wave number has the dimension of reciprocal centimeters. The 
distinction between wave numbers co and true frequencies p should be 
carefully noted. 

From Equation (6) it is evident that changes between widely separated 
energy levels emit or absorb radiation of high frequency and wave num- 
ber or short wave length. By spectroscopic measurement of the fre^ 
quency of emitted or absorbed radiation it is possible to evaluate the 
various levels of molecular and atomic energy. Thus, the large energy 
changes resulting from shifts of electrons correspond to radiation of short 
wave length in the ultraviolet or visible regions of the spectrum. The 
radiation of medium wave length corresponding to changes in vibra- 
tional energy is in the visible or infrared region, while the frequencies of 
rotational energy changes are detected by Raman spectra. 

Translational Contributions to Thermodynamic Properties. In the 
development of relationships between molecular energies and thermo- 
dynamic properties it is convenient to consider separately the contribu- 
tions resulting from the various forms of internal energy. It has been 
pointed out “that the total internal energy of a gas is the sum of the in- 
dividual contributions resulting from the five forms of internal energy. 
Since entropy is an extensive property, determined by energy content 
and its availability, the total entropy can also be expressed as the sum 
of the entropy contributions resulting from the five forms of internal 
energy. Similar summations represent the total enthalpy, free energy, 
and total work fimction. Derived properties such as the heat capacities 
can also be expressed as summations of the contributions due to each 
form of energy. 

It was pointed out in Chapter II that the pressure and volume rela- 
tions of an ideal gas are completely determined by the translational en- 
ergy of its molecules. It was also shown in Chapter XI that, although 
the internal energy of an ideal gas is dependent only upon temperature, 
its entropy is a function of pressure or volume as well as temperature. 
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It follows that for an ideal gas the variation of entropy and other thermo- 
dynamic properties with pressure and volume result solely from transla- 
tional contributions and that contributions from the other four forms of 
energy are independent of pressure or volume. For this reason it is con- 
venient to develop separately all translational contributions to the 
thermodynamic properties. 

The translational contribution to internal energy is given by Equa- 
tion (II-7), page 31, as 

u| = fi2r (8) 


Combination of Equations (XI 134, 137, 139), page 475^ with 
tion (8) gives 

clt = 

Cpt = iR 

H? = pr 


Equa- 

(9) 

( 10 ) 

( 11 ) 


These are the properties of a perfect monatomic gas which possesses only 
translational energy. As was pointed out in Chapter XI, the absolute 
entropy of such a gas cannot be arrived at by simple integration of the 
thermodynamic relations because of the indeterminant lower limits en- 
countered at the absolute zero. However,’ the translational contribu- 
tions to entropy have been derived by statistical methods and are ex- 
pressed by the Sackur-Tetrode equation which has been verified by 


experimental measurements on monatomic gases. 

sj = fig In M + In T - E In p - 2.298 (12) 

or at 298. 1®K and 1 atm, 

sS = 6.861 log M + 26.98 (13) 

where M is molecular weight, and p is expressed in atmospheres and T 
in From'Equations (8), (11), (12), and (XI-4 and 8), ' 

^ = i2|^-^liiM-^liir+lap+3.664j (14) 

Q r 3 5 "1 

or at 1 atm and 25®C, in calories per gram-mole, 

GI 298.16 = — 2045.7 log M — 6266.5 (16) 

•^t298.i6 ~ 2045.7 log — 6858.8 (17) 


Illustration 6. Calculate the translational contributions to the heat capacities, 
internal energy, enthalpy, entropy, free energy, and total work function of methyl 
alcohol in the ideal-gaseous state at temperatures of 298. 1°K, 500°K, and 1,000°K 
and a pressure of 1 atm. 
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1. Heat Capacities: From Equations (9) and (10) 

= 2.9798 cal/(g-mole) (®K) 

Cpi = f R = 4.9663 cal/(g-mole) (°K) 

For a perfect gas the heat capacities and Cp are independent of the temperature. 

2. Internal Energy: From Equation (8), tJj = 2.980T 

3. Enthalpy: From Equation (11), hJ = 4.966T' 

4. Entropy: Since M = 32.043 and p = 1, from Equation (12), 

sj - In 32.043 + fEln!r-.Klnl - 2.298 = 8.035 + 11.437 log T 

5. Free Energy: From Equation (14), 

= a [- I In (32.043) - |Inr + Inl + 3.664] = -3.055 - 11.437 log T 

6. Total Work Function: From Equation (15), 


^ = ii: c-f In 32.043 - f]nr + Iiil + 2.664] =-6.041 - 11.437 log T 






gJ 

A® 

T 

v; 

h; 


T 

T 

298.16“K 

888.4 

1480.7 

36.315 

-31.349 

-33.336 

500“K 

1489.9 

2483.1 

38.882 • 

-33.916 

-35.903 

lOWK 

2979.8 

4966.3 

42.325 

-37.359 

-39.346 


All the preceding values are expressed in cal/(g-mole) (®IQ. 

The Partitioii Function. One mole of an ideal gas comprising N mole- 
cules contains individual molecules possessing many varying energy 
levels, which result from various combinations of different levels in the 
several degrees of freedom other than translation. Of the N molecules, 
NNa may have an energy level a, NNh an energy level 5, and so on, 
where Nat Nh, * • * represent the fractions of the total number of mole- 
cules having energy levels a, 6, • * -p Then 

N - NNa + NNb + NNc+ • • • - 2NNi (17a) 

where 2NNi represei^ts the summation of the numbers of molecules of 
% 

all energy levels. 

Since the total internal-energy content of matter is unknown, it is 
possible to express an energy level only relative to a selected reference 
or ground state. It is customary to choose the ground state for a par- 
ticular molecule as its lowest possible energy level. The energy of any 
other level resulting from any mode of motion or degree of freedom is 
then designated as e ergs per molecule or e cal per g-mole, referred to this 
ground state. The internal energy of the molecule as an ideal gas in 
its ground state at (fK is designated as Uq cal per g-mole. On this basis 
the molal internal energy is represented by 

— XjJ = XT? -j- NaEa + NbEb + NcEc + • • * = U® + 'ZN iEi (18) 
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ttI = the translational contribution to internal energy from Equa- 
tion (8) 

Na = the fraction of the molecules existmg in state a with an en- 
ergy level Ea 

Useful application of summations such as Equation (18) is restricted 
to the ideal-gaseous state in order to avoid the complications which are 
introduced if the energy of 1 molecule is influenced by the proximity of 
others and cannot be considered individually. 

It frequently occurs that two or more different molecular states will 
result in substantially the same energy level. In such cases this mul- 
tiple contribution to a given energy level h is designated by a factor gt 
representing the number of different molecular states which result in the 
single energy level 6. This factor is termed the statistical weight of the 
energy level or sometimes the quantum weight or degeneracy and is an 
■ integer. 

According to the Maxwell-Boltzmann distribution law the fraction of 
molecules Nh having any specified energy level Eh is given by the following 


expression, 

— 3 — ^ 

^gie 

. a * 

where Q = go + gae~^ + ghe~^+ gdS = '2>gie~"^ 

i 


(19) 

( 20 ) 


The derivation of Equation (19) is based on the laws of probability and 
may be found in the standard texts on statistical mechanics. The 
group e" is termed the Boltzmaan factor for the particular 6 energy 

level. 


The summation in the denominator of Equation (19) includes the 
Boltzmann factors for all possible energy levels, including the ground 
level, in all degrees of freedom and is termed the 'partition function Q. 
Since by definition the relative energy e of the ground level is zero, its 
Boltzmann factor is unity, and the corresponding contribution to the 
partition function is ^o, the statistical weight of the ground level. It 
may be noted that the form of the Boltzmann factor is such that its 
magnitude is greatest for low energy levels. Consequently Equation (19) 
denotes that the states of lowest energy level are most probable, but that 
the probability of occurrence of high energy levels increases as the tem- 
perature is increased. Similarly, the greatest contributions to the sum- 
mation of the partition function are from low energy levels. Molecular 
states corresponding to very high energy levels are negligible in the de- 
termination of the partition function except at very high temperatures. 
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An expression for molal internal energy is obtained by combining 
Equations (18) and (19): 

E E'l E 


tT° — trS = tr? + ^ ^^+jsigie 




==Ui- 




( 21 ) 


Also, differentiation of Equation (20) with respect to temperature gives 


dQ^'LEiQie 

dT~ RT^ 


Combining (21) and (22) gives 




RT^dQ 
Q dT 


^vt + RT 


dlnQ 

dlnT 


( 22 ) 

(23) 


Equation (23) permits calculation of internal energy from the variation 
of the partition function with temperature. 

Thermodynamic Properties from Partition Fimctions. The contribu- 
tions of the thermodynamic properties which result from energy forms 
other than translation are readily expressed in terms of their individual 
partition fimctions by combination of Equation (23) with the thermo- 
dynamic relations of Chapter XI. Since rotational, vibrational, and 
electronic contributions are independent of pressure or volume, these 
variables need not be considered in the development. The subscript m 
is used to designate contributions resulting from both external and in- 
ternal rotations, vibrations, and electronic energy. The relationships 
are developed in terms of the combined group of contributions but are 
equally applicable to any one type of contribution considered individu- 
ally. The total thermodynamic properties are obtained by adding the 
m group of contributior^ to the translational values of the preceding 
section. 

Equation (23) is directly applicable to any type of contribution to in- 
ternal energy. Thus, since the m contributions to internal energy are 
independent of pressure, Um = h^, and 

(TJ° - hS)„ = (H° - hS). = (24) 


Because the m contributions are independent of pressure or volume, the 
heat-capacity contributions at constant pressure and volume are equal. 
Then, since Cv = du/dT = (l/T)(dTj/d In T) 


Cvm — Cpm — R 


d In Q d^ In Q 

dli^'^^d(ln r)2 


(25) 
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Since entropy is independent of pressure for the contributions under 
consideration, from Equation (o) of Table XXIV, page 472 

dSm = CvmdT/T = In T (26) 

Substituting (25) in (26) and integrating, 

(s*-sS)„ = ieiii<2 (27) 

From Equation (20) defining the partition function it is evident that at 
the absolute zero Qo = go, which is the statistical weight of the ground 
enei^ level or the number of different molecular states possessing 
substantially the ground energy level. Since Qo is finite it follows 
thatd InQ/dln T is equal to zero where •?’ = 0, and Equation (27) 
becomes: 

sS. = ElnQ + iJ^^+(8S™-i?lnffo) (28) 

However, the most general statement, of the third law of thermody- 
namics derived by statistical mechanics states that the entropy of a suh- 
starhce at the dbsoMe zero is equal to R times the logarithm of the statistical 
weight of the ground energy levels or s® *= In For substances in the 
crystalline state at 0®K the statistical weight of the ground level is gen- 
erally unity, leading to the more common statement of the third law. 
Equation (28) then becomes 

si, = R]nQ + R^^ (29) 

Combining Equations (24) and (29) gives expressions for the m contribu- 
tions to G® and A°, thus, 


T 




By adding the m contributions calculated from Equations (24), (25), 
(29), and (30) to the translational contributions from Equations (8) to 
(17) the thermodynamic functions c°, cj, s®, u® — hS, h® — Hq, g® — h®, 
and A® — hJ can aU be completely evaluated if the partition function is 
known as a function of temperature. If the contributing molecular 
energy levels and their statistical weights are known, may be evalu- 
ated by the summation of Equation (20) . Similarly, from Equation (22) , 

d In Q _ XiEigiB^ RT 
d In T RTQ 


( 31 ) 
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Also, since d? In Q/dQn T)^ = Td(d In Q/d In T)/dT 

^ 

dihiTY R^T^Q RTQ \ RQ^ )\dT) 

dhiQ /d]iiQ^ > 

R^T^Q dhiT XdhxTJ ^ 

From Equations (31) and (32) it is seen that all the derivatives of the 
partition function which are reqxiired for the evaluation of thermody- 
namic properties can be calculated from two summations of all significant 

energy levels, one XiEigie and the other T^iE^gie For simple mole- 
cules the individual energy levels can be evaluated by application of 
Equation (6) to spectroscopically determined frequencies of emission or 
absorption. 

nitxstration 7. The development and application of these methods for calculating 
thermodynamic properties is outlined by Kelley^®, who developed the following cal- 
culation of the thermod 3 aiamic properties of nickel vapor in the state of an ideal gas 
at 298®K and 1 atm. This is an entirely hypothetical state in which nickel vapor 
cannot exist but is legitimately used as a reference from which values for actual 
states may be derived by the temperature and pressure relations developed in Chap- 
ters XI and XII. 

Nickel vapor, Ni (g), is a monatomic gas possessing only translational and elec- 
tronic-energy contributions. In Table A the spectroscopic notations for the various 
levels of electronic energy are given in column 1 and the corresponding frequencies 
in terms of wave numbers and statistical weights, derived from the spectrum, in 
columns 2 and 3, respectively. The molal energy levels in column 4 are calculated 
from Equation (6) in calories per gram-mole. The three sununations required for 
calculation of thermodynamic properties are given in columns 5, 6, and 7. The 
electronic contributions to the thermodynamic functions are calculated directly from 
these s^mations. Thus, from Equations (20), (31), and (32), and Table A, 

Q = 11,690 



dlaQ 


1753 

= 0.2532 




dlnT 

(1.987) (298.1) (11.69) 





d^lnQ 


1,533,000 

-0.2532 -f0.2532:i» - 0.0665 



dQjiTy 

(1.987)*(298.1)K11.69) 







TABLE A 



1 

2 

S 

4 

5 

e 

7 

• 






Bi 

State 

Cl) 

ffi 

Ei 

gif BT 


gisHe RT 


0.0 

9 

6 

9.0000 

0 

0 

3^3 

204.82 

7 

585.27 

2.6058 

1525.1 

892,610 


879.82 

5 

2513.98 

0.0717 

180.3 

453,200 

%s 

1332.15 

7 

3806.62 

0.0113 

43.0 

164,060 

3di 

1713.11 

3 

4895.21 

0.0008 

3.9 

18,500 


2216.55 

5 

6333.79 

0.0001 

0.6 

4,551 





Q = 11.690 

1753 

1,533,000 
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The complete thermodynamic functions are obtained as follows: 

Eq. (8 and 21), 

(3) ( 1.9 87)( 298,16) ^ 

2 11.69 

Eq. (11 and 21), 

- ri ■ «)0.98n(M.i6) la, ■ ie30«J p« 8-.0I. 

Eq. (9 and 25), 

4 = (3) ^ 1.987(0.2532 + 0.0565) = 3.595 oal/(g-mole)(°K) 

2 

Eq. (10 and 25), 

4 = + 0.6152 = 5.581 caI/(g-mole)(°K) 

Eq. (13 and 29), 

s° = 6.861 log 58.68 + 25.98 + 1.987(ln 11.69 + 0.2532) 

= 43.49 cal/g-mole (°K) 

Eq. (17 and 30), 

A® — hS = —2045.7 log 58.68 — 6858.8 — 1456 = —11,933 cal per g-mole 
Eq. (16 and 30), 

G° — hJ = —2045.7 log 58.68 — 6266.5 — 1456 = —11,340 cal per g-mole 


THERMODYNAMIC DATA FROM MOLECULAR CONSTANTS 

The method described in the preceding section requires extensive 
spectroscopic data and becomes tedious and complicated for the more 
complex molecules although it is rigorous if the significant energy levels 
can be identified and evaluated. Considerable simplification with little 
loss of accuracy results from approximate methods for calculating ro- 
tational and vibrational contributions from constants of molecular struc- 
ture. Electronic contributions can be evaluated only by summations 
based on spectroscopic data as in Illustration 7. However, for most of 
the complex molecules it may be assumed that all molecules are in the 
ground state of electronic energy at all except very high temperatures. 
For organic compounds the statistical weight of the ground state is gen- 
erally 1, and accordingly electronic contributions to the partition func- 
tion may be safely neglected in calculations dealing with complex or- 
ganic molecules. 

It has been demonstrated that as an approximation which is satisfac- 
tory at temperatures above about 50°K the summation represented bjr 
the partition function may be divided into groups representing the con- 
tributions of the five different types of internal energy previously dis- 
cussed. Thus, 
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or Q=^(QrXQrO(Q^)(Qs)(Qe) (34)* 

where Qr, gri, eh represent, respectively, the partition function, the 
statistical weight, and the molecular energy contributions to the zth level 
which are due to external rotation, and the other symbols have similar 
significance for the contributions of internal rotation, stretching and 
bending vibrations, and electronic energy. Thus, the total partition 
function is the product of the individual partition functions of the con- 
tributing forms of energy. As previously mentioned, electronic energy 
levels are relatively high, and at ordinary temperatures the Boltzmann 
factors for this form of energy approach zero and the partition func- 
tion Qe approaches unity. 

From Equations (23) to (30) it is seen that the thermodynamic prop- 
erties are all expressed in terms of the logarithm of the partition function. 
It follows from Equation (34) that each of these thermodynamic prop- 
erties may be evaluated as the sum of the individual contributions of 
the various forms of energy. 

SI. = s; + S> + s: + Ss + SI (35) 

Each of the individual contributions with the exception of that resulting 
from electronic energy may be evaluated from molecular constant data 
which permit calculation of the corresponding partition functions of the 
individual forms of energy. 

External Rotation. The energy possessed by a molecule as a result of 
its rotation as a whole is a function of its moments of inertia and its 
speed of rotation. As a result of X-ray and electron diffraction measure- 
ments the distances between the atoms and the angles formed by inter- 
atomic bonds have been established with sufficient accuracy to permit 
quantitative prediction of the spatial arrangement of a* molecule. Mo- 
ments of inertia are calculated from such molecular dimensions and from 
the atomic masses by the methods of classical mechanics. Quantum me- 
chanics has shown that molecular rotation is quantized in series of defi- 
nite rotational states whose energy levels differ from each other by finite 
increments. For all complex molecules, however, it is found that at 
temperatures above 50°K the energy levels become so closely spaced that 
they can be treated as a continuous distribution. On *this basis it has 
been shown that the partition function for the external rotation of a 
linear molecule at temperatures above 50®K is represented approximately 
by the following expression: 
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or 


lner = lnJ!r-ln(r + 88.39 


din Qr 
din r 


and 


d^ InQr 
d(ln TY 


(37) 

(38) 


The corresponding rotational contributions to thermodynamic functions 
of linear molecules are obtained as follows: 


From Equation (25), 

(c;).= (c;).-2i: (39) 

From Equation (24), 

(tJ° — HS)r. = (h® — Ho)r = RT (40) 

From Equation (29), 

s; = -R(lnr + ln7-ln(r + 89.39) (41) 

From Equation (30), 

(f^) ^ (f^)r + 88-39) (42) 

where 

I == moment of inertia for rotation about the center of gravity in 
the plane of the line through the atoms (gr)(cm^) 
k = Boltzmann constant = (1.3805) (10"^®) erg/ (molecule) (°K) 
h = Planck's constant = (6.624) (lO"'^^) (erg) (sec) 

T = degrees Kelvin 

(T = the symmetry number 

The symmetry number is defined as the number of different positions 
into which the molecule can be iotated with identical appearance from 
every point of view. Thus, a diatomic molecule composed of like atoms 
can be rotated into two positions of identical appearance and therefore 
has a symmetry number <r = 2. However, if the atoms are dissimilar, 
a = 1, 

The symmetiy number <r of complex nonlinear molecules may vary 
widely with the configuration of the molecule. Many such molecules 
are unsymmetrical and in such cases a* = 1.0. However, for H 2 O, 
a = 2; for NH3, cr = 3; for C2H4, a = 4; for CH4, a = 12; for C 2 H 6 , 
<r = 6; and for CeHg, cr = 12. Symmetry numbers are most easily estab- 
lished by inspection of three-dimensional molecular models. 

By a similar analysis it has been shown that at temperatures above 
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60^K the partition function of a nonlinear molecule, having moments of 
inertia about three axes, is represented by the following: 


or 


O' \ n^ / O' 

liiQr = flnr + iln(7:rV.)-ln<r+133.18 (44) 


dlaQ, 3 d®lnQ, 
din r~2' dQnT)^ 


(45) 


From these relations the contributions of external rotation to the ther- 
modynamic properties of nonlinear molecules are obtained, thus: 

Equations (24) and (45): 

(17° - al)r = ffir = (H* - Ml)r (46) 

Equations (25) and (45): 

c;^ = m = ct, (47) 

Equations (29) and (44) : 

s? = fE In r-l- iE In (7*1/.) - 72 In a-|- 267.64 (48) 

Equations (30) and (44): 

(G°-H?). ^ lu r-i(ln7//.) +ln <r- 133.18] (49) 

It is evident that the rotational contributions to internal energy, 
enthalpy, and heat capacity are easily calculated for any compound, 
whereas determination of the entropy and free-energy contributions re- 
quires evaluation of the product of the principal moments of inertia. 

Calculation of the moments of inertia /*, 7y, and h from data on atomic 
masses, angles, and distances is relatively simple for symmetrical mole- 
cules whose center of gravity may be located by inspection. A diagram 
or model of the molecule is prepared with the center of gravity located 
at the intersection of the three perpendicular axes, y, and z. The 
moment of inertia about each axis is then the summation of ?ndf for 
all the atoms, where m is the weight of the atom and di its distance from 
the axis. 

For unsymmetrical molecules the calculation of the moments of in- 
ertia is more complicated. The following method was suggested by 
Hirschfelder.^^ A model or diagram is prepared and placed in a con- 
venient orientation, generally with one atom at the origin and as many 
other atoms as possible lying on the co-ordinate axes. The position of 
each atom is then expressed in terms of its Cartesian co-ordinates, 
0, Hirschfelder, J. Chem, Phys„ 8, 431 (1940). 
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Vi) where i designates a particular atom. Then the product of 
the t^ee principal moments of inertia is equal to a determinant: 


IgTyTs — 

where 


A-D-E 
-D B-F 
-E-P C 


= ABC - AF^ - CD^ - 2DEF - BE^ 


A = Si?rei(2/® + — — (S,-)re<a<)* 

B = Z0n(Xi + «i) — — (SjjWiZj)® 

m m 

C = + j/1) - - (SiJraiXi)" - - (^onu/iy 

m m 

D = T^nnixu/i — — 

m 


(50) 


E = SiTniXjZi (2imia;i)(S.-mi2i) 

m 

F = Xiiriiyifti — — (2im4/i)(2irrei2i) 
m 

M = = mass per molecule 


For convenience in calculating it is customary to express interatomic 
distances in Angstrom units equal to 10“’^ centimeter and to use grams 
per mole M as the unit of atomic mass instead of grams per molecule m. 
If the moment of inertia calculated in these units is designated as 


J, T/ 

Y 

* " 6.023(10='®)(10*)2 - (6.023)(10’») 

and 

(218.5) (10“0 
In J* = iJ In/; -181.96 
B In IJylz = Rhi rj'J', - 546.87 
Substituting Equation (53) into (41) and (42) yields: 
For linear molecules: 

at = 4.575 log FT - 4.575 log <r - 4.39 

(G _ -Ho)r ^ 575 Jpg 7,7, 4 575 log ^ ^ 6.37 


(51) 

(52) 

(53) 

(54) 


(56) 

( 66 ) 
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Substituting Equation (54) into (48) and (49) gives: 

For nonlinear molecules: 

at = 2.287 log I’j;,!’, + 6.861 log T - 4.575 log tr - 5.40 (57) 

^ = -6.681 log r -2.287 log + 4.575 log <r + 8.38 (58) 


The data necessary for estimating the interatonaic distances and bond 
angles required for calculating values of I' are summarized in Table 
XLIV for many of the atoms in the more common configuration. In 
column I are values of covalent radii recommended by Hirschfelder^^ 
from the electron diffraction measurements of Pauling^® and others. It 
is assumed that intemuclear distances are the sum of the two covalent 
bond radii. Thus the intemuclear separation for C-H bond is always 
0.30A + 0.77A= 1.07A. 

TABLE XLIV 


Atomic Covalent Badh and Bond Angles 


Covalent Radius Angstroms Bond 
I. Hydrogen 
II. Carbon 

1. Single-bond carbon 


2. Double-bond carbon 

3. Triplo-bond carbon 

4. Benzene carbon 

III. Oxygen 

1. Single-bond oxygen 

2. Double-bond oxygen 
rV. Nitrogen 

1. Amino nitrogen 

2. Nitrate nitrogen 


0,30 A 
0.77 A 

0.67 A (for double bonds) 
0.77 A (for isingle bonds) 


0. 60 A (for triple bond) 
0.77 A (for single bond) 
0.695 A (for each of the 
two O-C bonds) 
0.77 A (the bond extend- 
ing outward) 

0.66 A 
0.57 A 

0.70 A (flat pyramid with 
three bonds mak- 
ing tetrahedral an- 
gles with eachother) 
0.65 A (double bond) 

0.70 A (single bond) 


Angles between Bonds 


Regular tetrahedral an- 
gles, 108° between bonds 
Bonds all lie in one plane 
124° 

112°Nc= 

^^ 124 ° 

Linear 
sC — 

Planar 
^ 120 ° 

120 °^ 

120 ° 


111 °/ 


108° 1 108° 
/N\ 
108° 

Planar 

120 

12 o '^120 


^ J. O. Hirschfelder, private communication (1942). 

“L. Pauling, Proc, Nat Acad. Sd. U.S., 18, 293 (1932). 
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TABLE XLIV — CarUinued 


Atomic Covalent Radii and Bond Angles 


CoodLerU Radius 


Bond 

3. Isonitrile nitrogen 

0.55 A 

(double bond) 


0.70 A 

(single bond) 

4. Cyanide nitrogen 0.55 A 


Sulfur 

1. Single-bond sulfur 

1.04 A 


2. Double-bond sulfur 

0.95 A 


3. Sulfate sulfur 

0.95 A 

(double bond) 


1.04 A 

(single bond) 

Sodium 

1.81 A 


Chlorine 

0.99 A 


Bromine 

1.14 A 


Iodine 

1.33 A 



Angles between Bonds 


Linear 
— N= 


105 % 

— 

=s 


Tetrahedral angles 
lOS^IIlOS® 


108' 




108® 


The angles between the bonds are given in the last column of Table 
XLIV. These data permit construction of molecular diagrams or models 
from which values of F are calculated by application of Equation (50). 


Ultistration 8 . Calculate the rotation^ contribution to the entropy of NaCl (g) 
at 298. 1®K and 1.0 atm. 

Solution: From Table XLIV the interatomic distance, d = 1.81 + 0.99 = 2.80 A. 
The moment of inertia F of a diatomic molecule is calculated as follows: 

Let xi, X 2 = distances from center of gravity of atoms 1 and 2 of 
masses mi and m 2 , respectively 
d = distance between atomic centers 

d = jci + iC 2 = 2.80 (a) 

From the principle of moments, 

niiXi = m^2 (b) 

Also' /' = miXi + msxl (c) 

Combination of Equations (a), (b), and (c), and elimination of xi and x^ gives 
mim2d^ (23)(35.5)(2.80)V 
(mi + m 2 ) (23 + 35.5) 


Substitution in Equation (55), since 0 = 1, gives 

s; = 4.575 (log 109.5 + log 298.1) - 4.39 = 16.25 

Illustration 9. Calculate the rotational contribution to the entropy of ethylene, 
H 2 C = CH 2 at 25®C and 1.0 atm pressure. 

Solution: Reference to Table XLIV shows that the bonds of a double-bond carbon 
atom are in one plane; therefore the molecular model of ethylene may be represented 
by a two-dimensional diagram with interatomic spacings, as shown in Fi^. 164,; and 
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the center of gravity located midway between the carbon atoms. The co-ordinates 
of the atoms are, then, 


W: 

BP: 

BP: 

B*: 

Ch 

C*: 


Xi = 

-(l.Q7cos56° + 0.67) = -: 

1.27 A; 


2/1 = 

1.07 sin 56“ = +0.89 A; 

% 

= 0 

2/2 

-1.27 A 

; 2/2 = —0.89 A; 

; 

= 0 

Xz = 

4-1.27 A 

2/3 = 4-0.89 A; 

zz 

= 0 

X4,= 

4-1.27 A 

1/4 = -0.89 A; 

Zi 

==0 

Xs = 

-0.67 A 

yt = 0; 

26 = 

-0 

xe = 

4-0.67 A 

2/6 = 0; 

Zi ■■ 

= 0 


By using these co-ordinates the product of the moments of inertia could be obtained 
from Equation (50). Since the origin is located at the center of gravity, however, 
it is simpler merely to sum up the moments of inertia of each of the atoms about 
each axis. Thus: 


Z; - 4(1.008) (0.89) 2 = 3.19 

ly = 4(1.008) (1.27)2 + 2(12.00) (0.67)2 = 6.51 + 10.78 = 17.29 
li - 4(1.008) [(0.89)2 + (1.27)2] + 2(12.00) (0.67)2 = 9.70 + 10.78 = 20.48 
It may be noted as a general rule that when 
all atoms lie in the plane of the Xj y axes 

= J* -f- /y 

The symmetry number of the molecule 
is arrived at by study of Fig. 164. The 
molecule as drawn can be rotated about 
the X axis into two positions of identical 
appearance. Two more positions of iden- 
tical appearance can be obtained by the further rotation about the y axis. There- 
fore, the symmetry number <r is 4. Substituting in Equation (57) gives 

s; * 2.287 log [(3.19) (17.29) (29,48)] + 6.861 log 298.1 - 4.575 log 4 - 5.40 
= (2,287) (3.0529) + (6.861) (2.4744) - (4.575) (0.6021) - 5.40 
= 15.80 cal/(g-mole)(°K) 



Fig. 164. The Ethylene Molecule. 


From a study of the band spectrum of ethylene Badger^* has been able to determine 
the three moments of inertia directly. These results are as follows, compared with 
the calculated values of Illustration (9) which are converted to (g) (cm2) i^y Equa- 
tion (51). 

Calculated Experimental 


I. (g)(cm2) 
4 (g)(cm2) 
4 (g)(cm2) 
Wz) 


5.3 (10-") 
28.7 (10-^) 
34.0 (10-«) 
5 . 17 ( 10 - 117 ) 


5.7 (10-«) 
27.5 (10-^) 
33.2 (10-*®) 
5 . 20 ( 10 - 117 ) 


The agreement in the product of the moments of inertia is satisfactoiy and indicates 
that the methods used may be expected to yield reliable results for more complex 
molecules. 

Illustration 10. Calculate the external rotational contribution to the heat capac- 
ity, enthalpy, entropy, and free energy of methyl alcohol at 1.0 atm and 298.1, 500, 
and 1000‘*K, for the ideal gaseous state. 


1* R. M. Badger, Phys. Eev., 46, 648 (1934). 
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Solution: The first step in dealing with an uns 3 anmetrical molecule is the construc- 
tion of a diagram or model to serve as a guide in determining the co-ordinates of the 
atoms. A diagram for methyl alcohol is shown in Fig. 165 in three projected views 
using values from Table XLIV. For convenience the carbon atom is placed at the 
origin and the molecule and its parts so oriented that as many atoms as possible lie 
in the xy plane. The molecule could equally well be drawn with other relative posi- 
tions of orientation of the oxygen with re spect to the carbon atom, but the product 
of the three moments of inertia is negligibly affected by such changes. The inter- 
atoxnic distances from Table XLIV are C-H = 1.07; C-0 = 1.43, /and 0-H. = 0.96. 
From the geometry of the diagram, the co-ordinates of the atoms are calculated as 


follows: 



IP: a: - -1.07 sin 18® 

y = -1.07 sin 72® 

««0 

= -0.331;^ 

= -1.018; 


H*: a; = -0.331; 

y = 1.018 sin 30® 

2 = -1.018 sin 60® 


= 0.509; 

= -0.88 

IP; a: = -0.331; 

y = 0.509; 

2 = 0.88 

H^: a; = 1.43 -1-0.96 sin 21® 

y = 0.96 sin 69® 

2 = 0 

- 1.77; 

= 0.894; 


0: a: = 1.43; 

2/ = 0; 

il 

o 


These co-ordinates and the corresponding atomic weights M are substituted in Equa- 
tion (50): 


Suminations 

M (y* -f 2*) 

My 

Mz 

Mx 

W 

1.0446 

-1.0261 

0 

-0.3336 

H* 

1.0453 

-1-0.5131 

-0.8890 

-0.3336 

H? 

1.0453 

-1-0.6131 

■fO.8890 

-0.3336 


0.8092 

-1-0.9032 

0 

+1.7882 

0 

0.0 

0.0 

0 

+22.8800 

Sum 

3.9444 

0.9033 

0 

23.6674 



M{a^) 

+ 2/*) 

Mxz 

M(a;* + 2*) 

Myz 

EP 

+0.3397 

1.1551 

0 

0.1106 

0 

H* 

-0.1698 

0.3716 

+0.2943 

0.8946 

-0:4515 

IP 

-0.1698 

0.3716 

-0.2943 

0.8946 

+0.4515 


+1.6022 

3.9815 

0 

3.1723 

0 

0 

0 

32.7184 

0 

32.7184 

0 

Sum 

1.6023 

38.5982 

0 

37.7904 

0 


From Equation (50) : 

A = 3.9444 - . (0.9033)* = 3.9189 

32.042 


B = 37.7904 - (23.6674)* = 20.3088 

32.042 

C = 38.5982 - (23.6674)» - ■ (0.9033)* = 21.0911 

32.042 32.042 

D = 1.6023 - • ^ (23.6674) (0.9033) = 0.9351 

32.042 

.B = 0-0 = 0 
i? = 0 - 0 = 0 
imr, = ABC - CD^ = 1660 
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Substitution in Equation (57), since <r = 1.0, gives 

T = 298.X6®K: s; = 1.96 + 16.98 = 18.94 

T = 500°K s; = 1.96 + 18.52 = 20.48 

T = lOOO'^K s; = 1.96 + 20.59 - 22.55 

The other thermodynamic properties are similarly calculated from Equations (46), 
(47), and (58), and the results are summarized in Table LI, page 802. 

Complex molecules in general are most conveniently treated by pre- 
paring an accurate large-scale diagram s i mil f^r to Fig. 165, using pro- 



Fig. 165. The Methyl Alcohol Molecule. 


jected angles and dimensions. The co-ordinates of the individual atoms 
are then determined by direct measurement. The projected angles 
necessary for such graphical construction are shown for the methyl 
alcohol molecule in Fig. 165. It may be noted that the projected angles 
of the carbon atom may also be used for sulfate sulfur while the angles 
of the group of Fig. 165 are the same as those of the amino 

nitrogen atom. 

Many different diagrams are possible for a complex molecule, depend- 
ing on the positions into which the various atoms are rotated. As is 
discussed in the next section, these different possibilities are* represented 
in the actual molecules as a result of either continuous or periodic rota- 
tion of the atoms and groups of atoms about the bonds. However, the 
resulting changes in configuration have only small effects on the product 
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of the three principal moments of inertia of the molecule as a whole. 
Satisfactory results are obtained by assuming positions of rotation cor- 
responding as closely as possible to a linear structure where straight 
chains are involved and approaching a single plane for chain structures. 
Thus, if Fig. 165 were extended to represent ethyl alcohol, hydrogen 
atom would be replaced with a carbon rotated with one bond pointing 
upward in the xy plane. Normal propyl alcohol would be represented 
by attaching another carbon to this bond, so oriented tRat one of its 
bonds would lie along the x axis. Normal butyl would result from adding 
a carbon atom to this bond with one of its bonds extending upward in 
the xy plane to which another carbon atom would be added to form nor- 
mal amyl alcohol. This construction would result in all carbon atoms 
lying in the xy plane, both above and below the x axis. Such a configura- 
tion is inteimediate between the extreme deviations resulting from in- 
ternal rotation and may be taken as satisfactorily representing the aver- 
age product of the moments of inertia. 

Internal Rotation. In the preceding section the rotation of the mole- 
cule as a whole about its center of gravity was considered, treated as a 
rigid structure of an average configuration. As previously discussed, it 
is recognized that in addition to the energy of this, external rotation there 
are also energies of rotation of groups of atoms about the bonds joining 
them, each contributing to the partition function of the molecule. 

In the early treatments of this problem it was recognized that a double 
or triple bond exerts definite resistance to rotation which may reduce the 
motion to oscillation with only periodic rotation when the energy level 
of the restrictive barrier is exceeded. However, it was assumed that 
completely free rotation could exist about single bonds and energy and 
entropy contributions were calculated on this basis. The results ob- 
tained were too high to agree with experimental data and Pitzer and 
coworkers^®' extended these methods to allow for a potential barrier 
restricting every internal rotation. 

The partition function Q/, resulting from the free rotation of a group 
with respect to another group or with respect to the molecule as a whole, 
is given by the following equation: 


(87r»J,edkr)* 

hN^ 


(59) 


or, if /red is expressed in (gram)(cm)2 and T in degrees Kelvin, 

^ 2.7934[(J,edr)(10«)]* 

Qt — (60) 


“K. S. Ktzer, J. Chem. Phya., 6, 469, 473, 762 (1937). 

“ K. S. Pitzer and W. D. Gwinn, /. Chem, Phys., 10, 428 (1942). 
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where 

I red = the reduced moment of inertia of the internal rotation 

ATa “ the symmetry number of the internal rotation, the number of 
points of maximum attraction existing per revolution between 
the atoms of the rotating groups. 

For example, in the ethane molecule at three positions in each revolu- 
tion the hydrogen atoms of one group reach points of TYiiniTTiiim separa- 
tion from those of the other. Hence, for this rotation iV'^ = 3. 

The reduced moment of inertia of one group about another is given 
by the following expression if the axis of the internal rotation coincides 
with one of the principal axes of the molecule as a whole. 


1 

/red 


Ia Ib 


(61) 


where I a, Ib are the moments of inertia of the A and B groups, respec- 
tively, about the bond joining them. Equation (61) may be applied as 
an approximation where two or more internal rotations are involved if 
the axis of rotation approximately coincides with a principal axis of the 
molecule. A more exact relationship which is applicable to the rotation 
of several groups with respect to a rigid molecular framework is proposed 
by Pitzer and Gwinn.^® 

The contributions of free internal rotation to the thermodynamic prop- 
erties are evaluated by combining Equation (60) with Equations (24), 
(25), (29), and (30), thus: 

(62) 

(X7® ~ hS)/ == (JB° — hS)/ =« ^RT (63) 

S/ = §22 -|- 22 In Q/ (64) 

— - = ( 65 ) 


The contributions of hindered internal rotation to the thermodynamic 
properties have been evaluated by Pitzer and Gwinn^® and are presented 
in Tables XLV to XLVII as fimctions of the partition fimction of free 
rotation Q/ and the potential barrier Vh cal per g-mole, which hinders 
the rotation Vj, times per revolution. In Table XL VI the entropy con- 
tributions of hindered rotation si' are tabulated directly for values of 
1/Q/ greater than 0.30. For lower values of 1/Q/ the table gives the 
value of (s/ — s^). The corresponding values of s?' are calculated 
from Equation (64). Thus: 

s?' = S/ — (Sf — Sr') = §22 -}- 22 In Q/ — (sj — s?') 


( 66 ) 
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TABLE XLV 


Intbenal Rotational CoNTEiBHTioNs TO -^7— J , oal/(°K)(g-mole) 


Wf 

0.0 

0.10 

0.20 

0.30 

0.40 

0.50 

0.60 

0.70 

0.80 

Vk/RT 










0.0 

0.9934 

0.993 

0.993 

0.993 

0.993 

0.993 




0.2 

1.1822 

1.106 

1.050 

1.022 

1.008 

1.000 




0.4 

1.3513 

1.249 

1.151 

1.073 

1.036 

1.015 




0.6 

1.6011 

1.374 

1.251 

1.138 

1.072 

1.030 




0.8 

1.6324 

1.482 

1.340 

1.211 

1.114 

1.048 




1.0 

1.7460 

1,576 

1.418 

1.275 

1.155 

1.065 




1,5 

1.9607 

1.753 

1.561 

1.385 

1.230 

1.103 




2.0 

2.0934 

1.864 

1.636 

1.440 

1.265 

1.120 




2.5 

2.1657 

1.900 

1.662 

1.448 

1.260 

1.104 




3.0 

2.1971 

1.909 

1.651 

1.426 

1.224 

1.060 

0.92 



3.5 

2.2030 

1.893 

1.621 

1.382 

1.176 

1.006 

0.88 



4.0 

2.1944 

1.864 

1.577 

1.329 

1.121 

0.947 

0.82 



4.5 

2.1788 

1.829 

1.529 

1.273 

1.061 

0.884 

0.75 



5.0 

2.1607 

1.794 

1.481 

1.218 

1.002 

0.824 

0.67 

0.59 


6.0 

2.1261 

1.727 

• 1.392 

1.115 

0.893 

0.714 

0.56 

0.47 


7.0 

2.0984 

1.670 

1.315 

1.029 

0.802 

0.624 

0.482 

0.38 

0.31 

8.0 

2.0781 

1.623 

1.251 

0.955 

0.725 

0.549 

0.418 

0.31 

0.25 

9.0 

2.0634 

1.583 

1.196 

0.892 

0.661 

0.488 

0.363 

0.269 

0.20 

10.0 

2.0526 

1.548 

1.147 

0.838 

0.608 

0.437 

0.319 

0.231 

0.17 

12.0 

2.0382 

1.492 

1.067 

0.745 

0.519 

0.356 

0.244 

0.169 

0.116 

14.0 

2.0292 

1.441 

0.997 

0.672 

0.450 

0.295 

0.195 

0.128 

0.084 

16.0 

2.0229 

1.401 

0.937 . 

0.613 

0.394 

0.249 

0.157 

0.099 

0.063 

18.0 

2.0182 

1.363 

0.886 

0.561 

0.347 

0.211 

0.128 

0.077 

0.047 

20.0 

2.0147 

1.329 

0.841 

0.515 

0.307 

0.181 

0.105 

0.061 

0.036 


Values of (g® — Ho)r'/r are readily calculated from the entropy and 
enthalpy contributions taken from the tables. Thus: 


(g®-hS),- (h°-hS)/ „ 

-- 8 ? ( 67 ) 

The potential barriers Vj, which hinder internal rotation are evaluated 
by comparison of calculated with experimentally determined entropies 
or free energies from equihbirum or third-law measurements. For this 
reason all errors in any of the calculated contributions and in the experi- 
mental values result in corresponding errors in the apparent potential 
barrier, and the reported values for given combinations of groups vary 
widely. No satisfactory method of generalizing potential barriers has 
been developed, but approximations can be arrived at from the values 
of Table XLVIII taken from a summary prepared by Aston. The po- 
tential barrier is largely determined by the atoms directly attached to 
each of the atoms joined by the bond under consideration. 

” J. G. Aston, Ind. Eng. Chem., 84 , 514 (1942). 
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TABLE XLVI 

Inteenal Rotational Contributions to Entropy, cal/(®K;)(g-mole) 


— OrO T- byf r- 


i/Qf 

0.0 

0.10 

0.20 

0.30 

0.30 

0.40 

0.50 

0.60 

0.70 

0.80 

Vk/BT 










0.0 

0.0000 

0.000 

0.000 

0.000 

3.386 

2.814 

2.371 




0.2 

0.0049 

0.004 

0.004 

0.004 

3.382 

2.811 

2.369 




0.4 

0.0198 

0.018 

0.018 

0.016 

3.370 

2.801 

2.359 




0.6 

0.0440 

0.043 

0.040 

0.039 

3.347 

2.780 

2.340 




0.8 

0.0771 

0.077 

0.072 

0.068 

3.318 

2.750 

2.315 




1.0 

0,1185 

0.117 

0.112 

0.107 

3.279 

2.714 

2.279 




1.5 

0.2527 

0.250 

0.242 

0.230 

3.156 

2.600 

2.173 




2.0 

0.4182 

0.415 

0.402 

0.382 

3.004 

2.458 

2.048 




2.5 

0.6001 

0.594 

0.577 

0.550 

2.836 

2.303 

1.907 




3.0 

0.7856 

0.777 

0.757 

0.719 

2.667 

2.138 

1.756 

1.45 



3.5 

0.9660 

0.957 

0.929 

0.886 

2.500 

1.978 

1.610 

1.34 



4.0 

1.1356 

1.126 

1.094 

1.043 

2.343 

1.834 

1.475 

1.22 . 



4.5 

1.2918 

1.280 

1.244 

1.187 

2.199 

1.698 

1.348 

1.10 



5.0 

1.4339 

1.421 

1.380 

1.318 

2.068 

1.579 

1.233 

0.97 

0.81 ' 


6.0 

1‘.6781 

1.662 

1.616 

1.542 

1.844 

1.370 

1.040 

0.79 

0.63 


7.0 

1.8783 

1.860 

1.807 

1.721 

1.665 

1.204 

0.891 

0.665 

0.50 

0.39 

8.0 

2.0447 

2.024 

1.962 

1.867 

1.519 

1.071 

0.770 

0.564 

0.41 

0.31 

9.0 

2.1864 

2.163 

2.095 

1.989 

1.397 

0.962 

0.674 

0.482 

0.348 

0.25 

10.0 

2.3095 

2.284 

2.208 

2.091 

1.295 

0.872 

0.596 

0.418 

0.295 

0.21 

12.0 

2.5155 

2.485 

2.394 

2.261 

1.125 

0.728 

0.476 

0.315 

0.212 

0.143 

14.0 

2.6847 

2.650 

2.547 

2.392 

0.994 

0.620 

0.388 

0.247 

0.158 

0.102 

16.0 

2.8289 

2.788 

2.674 

2.496 

0.890 

0.533 

0.322 

0.196 

0.120 

0.075 

18.0 

2.9545 

2.910 

2.781 

2.585 

0.801 

0.464 

0.270 

0.158 

0.093 

0.056 

20.0 

3.0659 

3.017 

2.872 

2.659 

,0.727 

0.405 

0.228 

0.129 

0.073 

0.042 


In general the barriers are greater for large atoms. Approximation for 
specific groupings can be estimated from analogy to those of Table 
XLVIII. 

Where long chains are involved, as in the higher normal paraffins and 
their derivatives, the rotational contributions of the intermediate groups 
are difficult to evaluate, and the entire problem is complicated by the 
effect of internal rotation on the external-rotational contributions. Im- 
proved methods for handling this problem have been proposed by Craw- 
ford^® and Pitzer,^® but in the present state of development these schemes 
require a high degree of judgment or are too tedious for general applica- 
tion. For the present the most practical procedure for developing data 
for a new compound is to work out in detail the lowest, or better the next 
to the lowest, homolog with the best possible assumptions as to potential 


^ B. L. Crawford, J. Chem. Phys., 8, 273 (1940). 
19 K. S. Pitzer, Chem. Rev., 27, 39 (1940). 
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TABLE XLVII 

Internal Rotational Contributions to Heat Capacity, cal/ (®K) (g-mole) 


i/Qf 

0.00 

0.10 

0.20 

0.30 

0.40 

0.50 

0.60 

0.70 

0.80 

Vn/RT 










0.0 

0.9934 

0.993 

0.993 

0.993 

0.993 

0.99 




0.2 

1.0033 

1.003 

1.001 

0.999 

0.998 

1.00 




0.4 

1.0326 

1.032 

1.028 

1.024 

1.019 

1.02 




0.6 

1.0799 

1.079 

1.073 

1.065 

1.056 

1.05 




0.8 

1.1433 

1.141 

1.133 

1.121 

1.106 

1.09 




1.0 

1.2201 

1.217 

1.206 

1.190 

1.169 

1.14 




1.5 

1.4506 

1.444 

1.423 

1.391 

1.348 

1.30 




2.0 

1.6975 

1.687 

1.655 

1.606 

1.541 

1.469 




2.5 

1.9211 

1.908 

1.866 

1.801 

1.717 

1.623 




3.0 

2.0986 

2.082 

2.033 

1.952 

1.846 

1.738 

1.7 



3.5 

2.2223 

2.204 

2.146 

2.054 

1.934 

1.803 

1.7 



4.0 

2.2986 

2.276 

2.213 

2.110 

1.980 

1.834 

1.69 



4.5 

2.3354 

2.312 

2.238 

2.129 

1.990 

1.832 

1.67 



5.0 

2.3443 

2.318 

2.241 

2.120 

1.972 

1.808 

1.62 

1.4 


6.0 

2.3155 

2.283 

2.192 

2.059 

1.893 

1.711 

1.51 

1.33 


7.0 

2.2647 

2.228 

2.126 

1.973 

1.787 

1.588 

1.394 

1.21 

1.0 

8.0 

2.2157 

2.174 

2.058 

1.888 

1.684 

1.468 

1.260 

1.07' 

0.91 

9.0 

2.1759 

2.130 

1.999 

1.808 

1.587 

1.362 

1.149 

0.955 

0.79 

10.0 

2.1454 

2.094 

1.951 

1.745 

1.507 

1.262 

1.047 

0.853 

0.68 

12.0 

2.1050 

2.043 

1.877 

1.636 

1.365 

1.107 

0.877 

0.683 

0.519 

14.0 

2.0810 

2.009 

1.814 

1.546 

1.254 

0.978 

0.744 

0.555 

0.408 

16.0 

2.0654 

1.983 

1.764 

1.468 

1.156 

0.873 

0.639 

0.457 

0.321 

18.0 

2.0544 

1.961 

1.717 

1.397 

1.070 

0.780 

0.549 

0.378 

0.256 

20.0 

2.0462 

1.944 

1.678 

1.333 

0.991 

0.701 

0.477 

0.316 

0.207 


TABLE XLVin 

Potential Barriers Hindering Internal Rotation 


Group A 

Group B 

Vh cal per g-mole 

CHs 

—CHa 

3150 

CHs 

— CH 2 CH 3 

3300 

CHs 

— CH(CH3)2 

3870 

CHa 

-C(CHa)a 

4540 

CHa 

— CfeC CHa 

0 

CHa 

— CHaOH 

3000 

CHa 

— CO(CHa) 

1000 

CHa 

— NH(CH3) 

3460 

CHa 

— 0— CHa 

3100 

OH 

—CHa 

27002® 

OH 

— CHaCHa 

10,000 • 

OH 

— CH(CH3)2 

5000 


Revised in accordance with spectroscopic data of Borden and Barker, J. Chem. 
Phy$,, 6, 553 (1938), and the thkd law value of sjgs = 56.63 calculated by L.’ S. 
Kassel, J. Chem. Phys., 4, 493 (1936), from the low-temperature measurements of 
K. K. Kelley, J. Am\ Chem. Soc.^ 61, 181 (1929). 
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barriers and then extend these results to higher homologs by means of 
the group contributions of Tables XXIXIX to XLIII. 


Illustration 11. Calculate the contributions of internal rotation to the heat capac- 
ity, enthalpy, entropy, and free energy of methyl alcohol in the ideal-gaseous state at 
1 atm and 298.1, 500, and 1000®K. 

Solution: 

Wmy) Nk 

Equation (61), 7 ” 7 +7 

^ ■'methyl ^OB. 


Equation (51) and Table XLIV, 


■^methyl 


3(1.008) (1.07 sin 72°)2 
6.023(10«®) 


« (5.203) (10-«) 


= l(L008)(M^Bm 69°)^ ^ ^ 3 ^ 

6.023(10»>) ■ 
I = (1.068) (10-"); JVa = 3 

Qf = (0.09626)r*; i 

Qf y* 

From Table XLVHI, 




Vk = 

2700 cal per mole 





T 



1/0/ 


VhIRT 


298.16 


17.267 

0.602 


4.56 


500 


22.361 

0.465 


2.72 


1000 


31.623 

0.329 


1.36 

Interpolation in Tables XLV to XLVII and 

with Equation (67) gives 



T ~~ ^o) 

rf 


(g^ — 


^ T 


T 

sj. 

Ct, 

T 

(Hr - hS), 

298.16 

0.74 

1.08 

1.67 

0.34 

221 

500 


1.14 

1.97 

1.72 

0.83 

570 

1000 


1.31 

3.02 

1.32 

1.71 

1310 


Internal rotation about a multiple bond such as exists in ethylene or 
acetylene is so highly restrained that it is generally treated as an oscilla- 
tion or vibration by the method of the following section. 

Vibrational Contributions. As previously discussed, molecular vibra- 
tional energies result from movements of the atoms which stretch in- 
dividual bonds, change the angles between adjacent bonds, or result in 
the twisting of multiple bonds. Each such mode of motion corresponds 
to a single vibrational degree of freedom. The number of such vibra- 
tional degrees of freedom possessed by a molecule may be calculated from 
Equation (4) or (5). 

If complete spectroscopic data are available the vibrational contribu- 
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tions to the partition function naight be evaluated through summation 
of the Boltzmann factors of all energy levels in all vibrational degrees of 
freedom by the procedure demonstrated in Illustration 7. A more con- 
venient method results from treatment of each vibrational degree of 
freedom as a harmonic oscillator having a fundamental frequency v' cor- 
responding to a wave number <*>'. The partition function for such a 
single harmonic vibration has been derived from the principles of quan- 
tum mechanics. ’ ^ 

“ hV “ 1.4384 0)' "" i 


’i:T 


1 — 


1-6 1-6 ^ 

where 

v' and o)' = the fundamental frequency and wave number, respec- 
tively, of the oscillator 
T = degrees Kelvin 

a; = 1.4384 

Equation (68) may be differentiated to obtain d In Qu>/d In T and 
d^hiQuy/d (In Ty for evaluation of the thermodynamic properties from 
Equations (24), (25), (29), and (30). Thus, since 
dlnQ/dln!r= TdQ/QdT 
and a; = 1.4384coVr, 


1 

X 

(69) 

din r 

e*— 1 

d^ In 

a;V X 

.(70) 

d(ln T)^ 

(e*— 1)2 e*— 1 


The total vibrational contributions to the thermodynamic properties are 
obtained as summations of the contributions of all individual degrees 
of vibrational freedom, each of which corresponds to particular values 
of v\ and X. Thus 


(c;)„ = (c;)„ = EL 


6 ^— 1 
(e® — 1)^ 

X 


6 ® — 1 




i?2lii(l-e*) 


(71) 


(72) 


(73) 


(74) 


It is evident that each of the contributions may be evaluated from a 
knowledge of the fundamental frequencies of all vibrational degrees of 
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freedom. , These fundamental frequencies and the corresponding statis- 
tical weights are determined from spectroscopic data or may be esti- 
mated from generalized bond assignments, as discussed in the following 
section. To facilitate solution of Equations (71-’74) extensive tables 
have been prepared relating the various so-called Einstein functions to x. 
In Table XLIX are values of the vibrational contributions to heat ca- 
pacity, enthalpy, and free energy expressed as fimctions of os' /T, This 
table, developed and modified by Wilson^^ and further revised by Schu- 
mann and Schwartz, is more convenient to use than tables of the 
Einstein functions but has the disadvantage of being dependent on the 
values of the physical constants. Contributions to the entropy are ob- 
tained from these tables by means of the equation: 




(75) 


Illustration 12. From spectroscopic data- the fundamental vibrational frequencies 
of methyl alcohol have been evaluated by Borden and Barker^® as follows: 


(a 



Wave No.j <a' 

Statistical Wgt,, g 

298.16 

500 

1000 

1 

3683 

1 

12.362 

7.366 

3.683 

2 

2978 

2 

9.988 

5.956 

2.978 

3 

2845 

1 

9.542 

6.690 

2.845 

4 

1477 

2 

4.964 

2.954 

1.477 

5 

1455 

1 

4.880 

2.910 . 

1.455 

6 

1340 

2 

4.494 

2.680 

1.340 

7 

1034 

1 

3.469 

2.068 

1.034 

8 

1030 

1 

3.455 

2.060 

1.030 


Calculate the contributions of vibration to the heat capacity, enthalpy, entropy, and 
free energy in the ideal-gaseous state at 1 atm and 298.16, 500, and 1000°IC. 

The contribution corresponding to each vibrational degree of freedom is read from 
Table XLIX and multiplied by the corresponding statistical weights. Thus, at 
298.16°K, 


1 

0.00000 

(0° - K\ 

w \ T y (0 

(Oa» 

2 

0.00004 

— 

— 

3 

0.00003 

— 

— 

4 

0.02342 

0.00330 

0.166 

5 

0.01282 

0.00183 

0.090 

6 

0.04120 

0.00636 

0.264 

7 ' 

0.06920 

0.01386 

0.346 

8 

0.07030 

0.01413 

0.350 

S 

0.21701 

0.03948 

1.216 

B. Wilson, Jr., Chem, Rev., 

C. Schumann and M. L. 

, 27, 17 (1940). 

Schwartz; Taylor and Glasstone, ^'Treatise 


Ph3rsical Chemistry,^' Vol. I, D. Van Nostrand Co., New York (1942) with permission. 
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TABLE XLIX 

Vibrational Contributions to Thebmodtnamic Properties I 
eal/(®K)(g-mole) 
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TABLE XLIX (Continued) 

Vibrational Contributions to Thermodynamic Properties II 
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TABLE XLDC (Continued) 

ViBBATioNAZ. Contributions to Thebmodynamio Propekties III 


W/T) c 


(h'-hJ) (g°-h5 


(»7T) c 


(h°-hS (g°-h^ 

T T 
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TABLE XLIX (Continued) 

ViBBAiaONAl CONTBIBTmONS TO THERMODYNAMIC PbOPEBTIBS IV 


W/T) 

c 

(h“-h;) 

T 

(q°-hS) 

!r 


c 

(h“-hS) 

T 

T 

2.80 

0.5953 

0.1454 

0.03572 

5.00 

0.0775 

0.01074 

0.00150 

2.82 

0.5862 

0.1422 

0.03471 

5.10 

0.0697 

0.00948 

0.001290 

2.84 

0.5771 

0.1391 

0.03371 

5.20 

0.0628 

0.00836 

0.001116 

2.86 

0.5680 

0.1361 

0.03275 

5.30 

0.0563 

0.00740 

0.000965 

2.88 

0.5591 

0.1331 

0.03181 

5.40 

0.0506 

0.00652 

0.000837 

2.90 

0.5502 

0.1301 

0.03089 

5.50 

0.0454 

0.00575 

0.000727 

2.92 

0.5417 

0.1272 

0.03003 

5.60 

0.0409 

0.00507 

0.000629 

2.94 

0.5331 

0.1244 

0.02917 

6.70 

0.0367 

0.00447 

0.000545 

2.96 

0.5246 

0.1216 

0.02834 

5.80 

0.0330 

0.00393 

0.000472 

2.98 

0.5163 

0.1189 

0.02752 

5.90 

0.0295 

0.00347 

0.000409 

3.00 

0.5080 

0.1162 

0.02673 

6.00 

0.0265 

0.00305 

0.000353 

3,05 

0.4876 

0.1099 

0.02486 

6.10 

0.0236 

0.00269 

0.000306 

3.10 

0.4680 

0.1038 

0.02311 

6.20 

0.0212 

0.00236 

0.000266 

3.15 

0.4489 

0.0981 

0.02150 

6.30 

0.0189 

0.00208 

0.000231 

3.20 

0.4305 

0.0927 

0.02000 

6.40 

0.0169 

0.00183 

0.000200 

3.25 

0.4127 

0.0875 

0.01861 

6.50 

0.0151 

0.00161 

0.000173 

3.30 

0.3956 

0.0826 

0.01731 

6.60 

0.0134 

0.00142 

0.000151 

3.35 

0.3787 

0.0780 

0.01608 

6.70 

0.0120 

0.00125 

0.000131 

3.40 

0.3627 

0.0736 

0.01498 

6.80 

0.0107 

0.00110 

0.000114 

3.45 

0,3471 

0.0696 

0.01393 

6.90 

0.00960 

0.000962 

0.0000993 

3.50 

0.3323 

0.0656 

0.01297 

7.00 

0.00852 

0.000845 

0.0000865 

3.55 

0.3177 

0.0619 

0,01207 

7.10 

0.00758 

0.000742 

0.0000760 

3.60 

0.3038 

0.0584 

0.01124 

7.20 

0.00674 

0.000651 

0.0000651 

3.65 

0.2903 

0.0550 

0.01045 

7.30 

0.00600 

0.000571 

0.0000565 

3.70 

0.2775 

0.0519 

0.00972 

7.40 

0.00534 

0.000502 

0.0000491 

3.75 

0.2651 

0.0489 

0.00904 

7.50 

0.00474 

0.000441 

0.0000427 

3.80 

0.2532 

0.0461 

0.00842 

7.60 

0.00423 

0.0003868 

0.0000369 

3.85 

0.2417 

0.0435 

0.00783 

7.70 

0.00376 

0.0003497 

0.0000320 

3.90 

0.2307 

0.0410 

0.00729 

7.80 

0.00332 

0.0002979 

0.0000278 

3.95 

0.2201 

0.0387 

0.00678 

7.90 

0.00298 

0.0002618 

0.0000241 

4.00 

0.2099 

0.0364 

0.00631 

8.00 

0.00265 

0.0002292 

0.0000209 

4.10 

0.1^7 

0.0322 

0.00547 

8.10 

0.00234 

• 0,0002008 

0.0000181 

4.20 

0.1732 

0.0286 

0.00473 

8.20 

0.00208 

0.0001759 

0.0000156 

4.30 

0.1571 

0.0253 

0.00409 

8.30 

0.00185 

0.0001542 

0.0000135 

4.40 

0.1424 

0.0225 

0.00354 

8.40 

0.00164 

0.0001352 

0.0000117 

4.50 

0.1286 

0.0200 

0.00306 

8.50 

0.00145 

0.0001187 

0.0000101 

4.60 

0.1166 

0.0176 

0.00265 

8.60 

0,00129 

0.0001038 

0.0000088 

4.70 

0.1054 

0.0156 

0.00230 

8.70 

0.00113 

0.0000908 

0.0000077 

4.80 

0.0952 

0,0138 

0.00199 

8.80 

0.00101 

0.0000795 

0.0000067 

4.90 

0.0859 

0,0122 

0.00173 

8.90 

0.00089' 

0.0000696 

0.0000058 
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TABLE XLIX (Continued) 

Vibrational Contributions to Thermodynamic Properties IV 


W/T) c 


T T 


wm c 


T 


T 


9,00 0.000792 0.0000610 0.0000050 
9.10 0.000701 0.0000535 0.0000043 
9.20 0.000620 0.0000466 0.0000037 
9.30 0.000549 0.0000408 0.0000032 
9.40 0.000486 0.0000357 0.0000028 


9.50 0.000431 0.0000312 0.0000024 
9.60 0.000380 0.0000273 0.0000021 
9.70 0.000335 0.0000239 0.0000018 
9.80 0.000297 0.0000209 0.0000016 
9.90 0.000262 0.0000184 0.0000014 
10.00 0.000232 0.0000161 0.0000012 


From Equation (75), 

s?98.i6 = 0.2170 + 0.03948 == 0.2565 

Calculations at other temperatures are carried out by the same procedure. The 
results are summarized in Table LI, page 802. 


Generalized Bond Frequencies. Useful approximations to the vibrar 
tional contributions may be obtained by assuming that a particular type 
of bond possesses two characteristic fundamental frequencies, which are 
independent of the nature of the molecule in which the bond occurs. 
Generalized average values of the stretching and bending frequencies 
may be arrived at on this basis from compounds for which spectroscopic 
data are available. This general procedure was developed by Benne- 
witz and Rossner^^ and modified by Dobratz.^^ A complication arises 
from the fact that there are generally more degrees of freedom than are 
accounted for by assuming two vibrational degrees per bond. Dobratz 
proposed the following equation for handling this problem for calculating 
heat capacities of nonlinear molecules, 


^ , /3?^ — 6 — Wr/ — Su 

Ca> — + 1 

, \ ^Qi 

where 

— total vibrational contribution to the heat capacity 
= total number of bonds in the molecule 
= contribution to the heat capacity from the stretching vibra- 
tions of bond i 

Csi = contribution to the heat capacity from the bending of bond i 
n = number of atoms in the molecule 
nr» = number of single bonds about which internal rotation of 
groups can take place 

2®Bemiewitz and Rossner, Z, 'physik Chem,, 39B, 126 (1938). 

C. J. Dobratz, Ind, Eng. Chem., 33, 759 (1941). 
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Equation (76) assumes that all degrees of freedom not accounted for 
by internal rotation, stretching or bending, make the same average con- 
tribution to the heat capacity as do the recognized bending contributions. 
This same assumption can be made for calculating the contributions to 
the other thermodynamic properties and equations developed similar 
to (76). 

In Table L are the fimdamental frequencies of various bonds expressed 
in wave numbers, as recommended by Bennewitz and Rossner^* and 
modified by Stull and Mayfield^® for hydrocarbons. 

TABLE L 


Fundamental Bond Fbequenct Assignments 



Stretchn 

Deforma^ 


Stretch’- 

Deforma- 

Bond 


tionca^ 

Bond 

ingcal 

tion 

C — (aliphatic) 

2914 

1247 

C=S 

1050 

530 

C — C (aliphatic) 

989 

390 

S— S 

500 

260 

0=C (aliphatic sym.) 

1618 

599 

S— H 

2570 

1050 

C=C (aliphatic unsym.) 

1664 

421 

C— N 

990 

390 

C=C (aliphatic) 

2215 

333 

0=N 

1620 

845 

C — H (aromatic) . 

3045 

1318 

N— N 

990 

390 

C — C (aromatic) 

989 

390 

Isr— H 

2920 

1320 

0=C (aromatic) 

1618 

844 

N— 0 

1030 

205 

C— I 

500 

260 

N=0 

1700 

390 

O-Br 

560 

280 

C— 0 

1030 

205 

C-Cl 

650 

330 

0=0 

1700 

390 

C— F 

1050 

530 

0— H 

3420 

1150 

o-s 

650 

330 





For the calculation of heat capacities above 300°K Dobratz assumed 
that each degree of internal rotation contributed its full value of 22/2. 
The complete expression for heat capacity at constant pressure then 
becomes 

Cp = 42? -h nr/(22/2) + 'ZiqiCv. + ^ (77) 

Equation (77) may be evaluated by summation of the contributions from 
Table XLIX corresponding to the various frequencies at a selected tem- 
perature. The procedure is simplified by use of Fig. 166, in which the 
contributions corresponding to various wave numbers are plotted as a 
function of temperature. 

Illustration 13. From Fig. 166 and the frequencies of Table L calculate the 
heat capacity at constant pressure of methyl alcohol as an ideal vapor at 298.1®, 
500®K, and 1000°K. 

2® D. R. Stull and F. D. Mayfield, Ind. Eng. Chem., 36, 639 and 1303 (1943). 
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Solution: The frequencies of the bonds are obtained from Table L, and the cor- 
responding contributions to heat capacity at 298. are read from Fig. 166: 


Bond 



^8 

qiCvi(298.1) 

qiCsi{29S,l) 

C— H 

. 3 

2914 

1247 

0.000 

0.529 

0-0 

1 

1030 

205 

0.346 

1.833 

0— H 

1 

3420 

1150 

0.000 

0.240 

S 

5 



0.346 

2.602 


Substitution in Equation (77), since = 1, gives 

= 7.95 + 0.99 + 0.346 + -6-1-5 ^ ^2.602) = 12.41 

At other temperatures the same procedure is followed. Thus: 


T 

c; 

298.16 

12.4 

500 

16.1 

1000 

22.4 


A three-term equation is readily derived to express heat capacities calculated in this 
manner as,a function of temperature. This method may be used for estimating the 
heat capacities of a variety of compounds. The results become uncertain for complex 
molecules, and, as previously mentioned, it is believed that this method is best ap- 
plied only to small molecules. The results obtained may then be extended to larger 
homologs by means of the group contributions of Tables XXXIX-XLIII. 

Total Thermodynamic Properties. Total values of (h® — Hq), cl, s® 
and (g® — Ho)/T are obtained by summation of the contributions result- 
ing from translation, external and internal rotation, and vibration each 
of which is calculated by the methods demonstrated in the preceding 
sections. Electronic contributions may be neglected when one is dealing 
with organic compounds at moderate temperatures. 

Ulustration 14. Using the results of Illustrations 6, 10, 11, 12, calculate the values 
of (h°-~ hJ), Cp, s®, and (g® — h;)/T for methyl alcohol m the ideal-vapor state at 
a pressure of 1 atm and temperatures of 298.1, 500, and 1000°K. 

The results of the individual calculations from the preceding illustrations are sum- 
marized in Table LI. 

Where reliable values for potential barriers and vibration frequencies 
can be obtained, it is desirable to calculate tables of thermodynamic 
properties as functions of temperature, as is done in Illustration 14. 
However, where potential barriers are imcertain and generalized bond- 
frequency assignments are used, this rather tedious procedure is not jus- 
tified, and it is more convenient to derive an empirical equation for heat 
capacity from values at three temperatures and calculate the entropy 
at 298. 1®K. Free-energy changes at any temperature may be calculated 
from these data and standard heats of reaction by the methods demon- 
strated in Chapter XW. 
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TABLE LI 



(H"~HoO 

298.1‘’K 

600°K 

iooo°k: 

Translation 

1481 

2483 

4966 

External rotation 

888 

1490 

2980 

Internal rotation 

221 

570 

1310 

Vibration 

65 

685 

5220 

Total 

2655 

5228 

14476 

Translation 

4.97 

4.97 

4.97 

External rotation 

2.98 

2.98 

2.98 

Internal rotation 

1.67 

1.72 

1.32 

Vibration 

1.22 

5.04 

12.38 

Total 

10.84 

14.71 

21.65 

Translation 

36.316 

38.883 

42.326 

External rotation 

18.941 

20.482 

22.547 

Internal rotation 

1.080 

1.97 

3.02 

Vibration 

0.257 

1.76 

7.75 

Total 

56.594 

63.095 

75.643 

Translation 

(g^^-h;)/^ 

-31.349 

-33.916 

-37.359 

External rotation 

-15.961 

-17.502 

-19.567 

Internal rotation 

-0.339 

-0.820 

-1.700 

Vibration 

-0.040 

-0.390 

-2.630 

Total 

-47.689 

-52.628 

-61.156 


Illustration 16. Calculate the entropy of methyl alcohol as an ideal vapor at 
298. 1°K and 1 atm using the moment of inertia calculated in Illustration 10, the in- 
ternal rotational contributions of Illustration 11, and the generalized bond frequencies 
of Table L for the vibrational contributions. Compare this result with that of Il- 
lustration 14. 

Solution: All contributions are the same as those in Table LI except those of vi- 
bration. These are read from Table XLIX with Equation (75) to correspond to the 
values of Wy/T) and calculated in Illustration 13. 






COg 



h®-h; 

•Stretching 

g°-h; 


h®-h; 

-Bmdin 


Bond 



T 

T 

T 


s" 

T 

T 

s® 

C— H 

2914 

1247 

9.78 

4.18 

0.0000 

0.0000 

0.0000 

0.0295 

0.0048 

0.0343 

C— H 

2914 

1247 

9.78 

4.18 

0.0000 

0.0000 

0.0000 

0.0295 

0.0048 

0.0343 

C— H 

2914 

1247 

9.78 

4,18 

0.0000 

0.0000 

0.0000 

0.0295 

0.0048 

0.0343 

C—O 

1030 

205 

3.45 

0.688 

0.0696 

0.0139 

0.0835 

1.1634 

0.9234 

2.0868 

0~H 

3420 

1150 

11.48 

3.86 

0.0000 

0.0000 

0.0000 

0.0835 

0.0430 

0.0077 

0.0507 

2.24(M 


The vibrational contribution, by an equation similar to (76), is then 
s:,C298.i) - 0.0835 + (6/5) (2.2404) = 2.772 
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Comparing this value with that of 0.257 in Table LI indicates an error of 2.515 in 
the total entropy as a result of the use of the generalized bond-frequency assignments. 

The large error in the vibrational contribution to the entropy of methyl 
alcohol calculated from the generalized bond frequencies results from the 
low frequency of 205 for the deformation of the C-O bond. The actual 
spectrum of methyl alcohol summarized in Illustration 12 indicates that 
no frequency actually exists in this range. The effect of this erroneous 
frequency on the calculated heat capacity is shown by comparison of the 
values of Illustration 13 with* those of Table LI. The heat capacity at 
298°K is too high by 14 per cent. At higher temperature the agreement 
becomes better in this case. 

It is thus evident that the bond-frequency assignments are compromise 
values which may lead to serious errors particularly when one is working 
with the first member of a series. This method appears to be best suited 
for handling second or third homologs. As further data are accumulated 
it is hoped that improved generalizations of fundamental frequencies 
may be developed. 

Thennodjmamic Properties of Liquids and SoKds. The statistical 
methods of the preceding sections yield results which are directly ap- 
plicable only to the ideal-gaseous state. However, by the methods de- 
veloped in Chapters VII and XII these data are readily converted to 
apply to the liquid state at any conditions and also to the solid state if 
data on the heat of fusion and heat capacity of the solid are available. 
To obtain the properties of the saturated liquid state, at a specified tem- 
perature T, the properties of the ideal-gaseous state at 1 atm are first 
corrected to the ideal state at the vapor pressure of the liquid at tem- 
perature T. Corrections for deviations from ideahty are then applied, 
and the changes accompanying vaporization are subtracted. This pro- 
cedure is described in detail for enthalpy and entropy calculations in 
Chapter XII. It should be remembered that the free-energy change in 
vaporization at saturation is zero. The effect of pressure on the free 
energy of an ideal gas is obtained by integrating Equation (k) of 
Table XXIV. 

G* = (f + RTlav (78) 

where 

G* = free energy of ideal gas at pressure p atm 

G° = free energy of ideal gas in the standard state of 1 atm 

Corrections to free* energy for deviation from ideal behavior may be ob- 
tained by the combined use of Figs. 106 and 107. Thus, 

(g* ~ g) (h* — h) 


rv 


m 


(s* — s) 


(79) 
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PROBLEMS 

1. Estimate from the group contributions of Tables XXXIX-XLIII the heat of 
formation, entsopies, and heat-capacity equations for the following compounds in 
the ideal-gaseous state: 

(а) Isoprene (2-methyl-l, 3-butadiene) 

(б) Meta di-isopropyl benzene 

(c) Isobutyro nitrile 

(d) Diphenyl 

(js) o-Nitrobenzoic acid 

2. The boiling point of isobutyro nitrile is 108®C, and its liquid density at 20°C 
is 0.773 g per cc. From the result of problem Ic and the generalizations of Chap- 
ters III, VII, and XII calculate the entropy and heat of formation of liquid isobutyro 
nitrile at 25®C under its vapor pressure. 

3. From the covalent radii and bond angles of Table XLIV and the generalized 

bond frequencies of Table L, calculate values of s°, (h® — hJ), (q° — and 

c} at temperatures of 298.16, 500, and 1000®K for dimethyl sulfide. 

4. From the bond-frequency assignments of Table L derive three-term equations 
for the heat capacity at constant pressure in the range 298-1500®K for the following 
compounds in the ideal-gaseous state: 

(a) CCLF 

(h) N2O4 ^ . 

(c) Dimethyl amine 
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ATOMIC WEIGHTS OP THE MORE COMMON ELEMENTS 


Aluminum 

A1 

26.97 

Manganese 

Mn 

54.93 

Antimony 

Sb 

121.76 

Mercury 

Hg 

200.61 

Argon 

A 

39.944 

Molybdenum 

Mo 

95.95 

Arsenic 

As 

74.91 

Neon 

Ne 

20.183 

Barium 

Ba 

137.36 

Nickel 

Ni 

58.69 

Bismuth 

Bi 

209.00 

Nitrogen 

N 

14.008 

Boron 

B 

10.82 

Oxygen 

0 

16.000 

Bromine 

Br 

79.916 

Phosphorus 

P 

30.98 

Cadmium 

Cd 

112.41 

Platinum 

Pt 

195.23 

Calcium 

Ca 

40.08 

Potassium 

K 

39.096 

Carbon 

C 

12.010 

Selenium 

Se 

78.96 

Chlorine 

Cl 

35.457 

Silicon 

Si 

28.06 

Chromium 

Cr 

52.01 

Silver 

Ag 

107.880 

’Cobalt 

Co 

58.94 

Sodium 

Na 

22.997 

Copper 

Cu 

63.57 

Strontium 

Sr 

87.63 

Pluoiine 

F 

19.00 

Sulfur 

S 

32.06 

Gold 

Au 

197.2 

Tellurium 

Te ■ 

127.61 

Helium 

He 

4.003 

Tin 

Sn 

118.70 

Hydrogen 

H 

1.008 

Titanium 

Ti 

47.90 

Iodine 

I 

126.92 

Tungsten 

W 

183.92 

Iron 

Fe 

55.85 

Uranium 

U 

238.07 

Lead 

Pb 

207.21 

Vanadium 

V 

50.95 

Lithium 

li 

‘ 6.940 

Zinc 

Zn 

65.38 

Magnesium 

Mg 

24.32 

Zirconium 

Zr 

91.22 


Sovuroe: J. Am. Chem. Soc., 63, 860 (1941). 
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CONVERSION FACTORS AND CONSTANTS 


Analysis of Air 

By weight: oxygen, 23.2%; nitrogen, 76.8% 

By volume: oxygen, 21.0%; nitrogen, 79.0% 

Average molecular weight of air 29 

Average molecular weight of atmospheric nitrogen 28.2 


Physical Constants 

The Gas Law Constant R 

R s= 1.987 calories per gram-mole per degree Kelvin 
R =* 82.06 cubic centimeter-atmospheres per gram-mole per degree 
Kelvin 

R = 10.71 pounds per square inch cubic feet per pound-mole per 
degree RanMne 

R = 0.729 atmosphere cubic feet per pound-mole per degree Rankine 

1 faraday = 96,500 coulombs 

Avogadro constant = 6.023 X 10^ per gram-atom 


Density 

1 gram-mole of an ideal gas at 0®C, 760 mm of mercury == 22.414 liters 
1 pound-mole of an ideal gas at 0°C, 760 mm of mercury = 359.0 cubic feet 
Density of dry air at 0®C, 760 mm of 

mercury = 1.293 grams per liter or. . 0.0807 pound per cubic foot 

1 gram per cc 62.4 pounds per cubic foot 

1 gram per cc, 8.337 pounds per U. S. gallon 


Energy* 



Calories 

Btu 

Joules 

Foot- 

pounds 


Calorie 

Btu 

Joule 

Foot-pound 

Kilogram-meter 

Liter-atmos 

1 Chu 

1 

252 

0.2389 

0.3240 

2.343 

24.21 

453.6 

3.968 X 10-^ 

1 

9.482 X 10-4 
1.286X10-2 
9.298 X 10-2 
9.607 X 10-2 
1.8 

4.185 

1055 

1 

1.356 

9.806 

101.32 

1899 

3.087 

777.9 

0.73756 

1 

7.2327 

74.733 

1400 

0.4267 

107.5 
0.1019 
0.13826 
1 

10.333 

193.5 


Liter-atm 


Cu ft- 
atm 


Foot- Horsepower 

poimdals hours 


Calorie 

Btu 

Joule 

Foot-pound* 
Kilogram-meter 
Liter-atmos 
1 Chu 


4.130 X 10-2 
10.41 

9,869 XlO-3 
1.3381 X 10-2 
9.678 XlO-2 
1 

13.74 


1.459 XlO-3 
0.3676 

3.485 XlO-4 
4.7253 X 10“* 
3.4177 X 10-2 
3.5319 X 10-2 
0.6617 


99.31 

25030 

23.73 

32.174 

232.7 

2403.8 

45054 


1.5591 X 10-« 
3.929 X 10-^ 
3.725 XlO-7 
5.0505 X 10-y 
3.6529 X 10-« 
3.7734 X 10-* 
7.072 X 10-4 


* P^om Perkins, Introduction to General Thermodynamics, John Wiley 
pernussion. 


& Sons, Inc., Publishers, with 
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XIX 


Length 

1 inch 2.540 centimeters 

1 micron 10”* meter 

1 AngstrSm unit : 10”“ meter 

Mass 

1 pound* 16 ounces* 

1 pound* 7000 grains 

1 pound* 45S.6 grams 

1 ton (short) 2000 pounds* 

1 gram 15.43 grains 

1 kilogram 2.205 pounds* 

* Avoirdupois. 

Mathematical Constants 

a 2.7183 

X 3.1416 

InA^ 2.303 log AT 

Power 

1 kilowatt 56.92 British thermal units per minute 

1 kilowatt 1.341 horsepower 

1 horsepower 550 foot-pounds per second 

1 watt 44.24 foot-pounds per minute 

1 watt 14.34 calories per minute 

Pressure 

1 pound per square inch 2.04 inches of mercury 

1 pound per square inch 2.31 feet of water 

1 atmosphere 14.7 pounds per square inch 

1 atmosphere 760 mm of mercury 

1 atmosphere 29.92 inches of mercury 

, Temperature Scales 

Degrees F 1.8 (degrees C) -t- 32 

Degrees K degrees C -H 273.15 

Degrees R degrees F + 459.7 

Volume 

1 cubic inch 16.39 cubic centimeters 

1 liter 61.02 cubic inches 

1 cubic foot 28.32 liters 

1 cubic meter 1.308 cubic yards 

1 cubic meter 1000 liters 

1 U. S. gallon 4 quarts 

lU.S. gallon 3.785 liters 

1 U. S. gallon 231 cubic inches 

1 British gallon ' 1.20094 U. S. gallons 

1 cubic foot 7.481 gallons 

1 liter ^ 1.057 quarts 

1 tJ. S, fluid oimce 29.57 cubic centimeters 
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Fig. a. Temperature conversions. 
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Fxa. B. Gravity conversions. 
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Viscosity conversions. 
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synthesis, equilibrium conversion, 718 
fugacity coeflicient ratio, 718 
temperature-entropy chart, 625 
Ammonia-water, enthalpy-composition 
diagram, 584 
Amorphous carbon, 324 
Analyses of coal, 324-325 
API gravity scale, 20, 331-332, 

441 

Aromatics, nitration of, 105Jf-1056 
Arrhenius equation, 815, 955, 1055 
Ash content, corrected, 346 
in coal, 325 

Atomic covalent radii, 781-782 
Atomic fraction, 15 
Atomic heat capacities, 217 
Atomic per cent, 15 
Atomic volumes, 988 
Atomic weights, 3, 437 
Attractive force between molecules, 52- 
53 

Availability of energy, 438-444, 660 
Available hydrogen in coal, 329 
Available sites, 911 
Avogadro number, 28, 30, 910 
Avogadro principle, 28, 30 
Azeotropes, 647, 661 
effect, of pressure on, 663 
of temperature on, 662 
Azeotropic ethyl acetate-ethyl alcohol, 
663 

Azeotropic solutions, 647, 666-666 

Base group properties, 769 
Bases, specific heats of, 224 
Basis of calculation, 11 
Baum4 gravity scale, 19 
Beattie-Bridgman constants for gases, 
483 

Beattie-Bridgman equation of state, 479, 
482-483 

for mixtures, 698 


Benedict-Webb-Rubin equation of state, 
483 

Benzene, adsorption, by silica gel, 1091 
on activated cocoanut charcoal, 
154-156 

diffusion coefficient of, 989 
Mollier chart, 628 
nitration of, 1054-1060 
pyrolysis of, 848, 875 
solubility in naphthalene, 112-113 
temperature-enthalpy chart, 627 
temperature-entropy chart, 627 
toluene system, activity coefficients, 
646-647 

saturation temperature of, 648 
Bimolecular-monomolecular reactions, 
920 

Bimolecular reactions, 921 

Binary systems, activity coefficients in, 

651-659 

Blast furnace, 406 
chemical reactions in, 407 
distribution, of charcoal in, 412 
of flux in, 411 
of ore in, 409 

energy balance of, 406-409, 414-420 
material balance of, 406-414 
Boiler furnace, combustion of coal in, 
347-362 

Boiling points, 57, 77, 84, 647 
estimation of, from liquid density, 606 
normal, 58 

of ethanol-benzene, 666 
of paraffins, 607 
of petroleum, 332 
Boltzmann factors, 772, 792 
Bond angles, 781-782 
Bond bending, 767-768 
Bond frequencies, 798 
Bond frequency assignments, 799 
Bond stretching, 767-768 
British thermal unit, 203 
Brix gravity scale, 20 
Bromine, hydrogenation of, 820, 841-855 
Bubble-point equilibria, 672 
Bubble-point line, 600 
Bulk density, 996 

Bureau of Mines method of coal analysis, 
423 

Butadiene, 966 
decomposition of, 966 
dimerization of, 966 
Butane, alkylation of, 969 
cracldng of, 966 
dehydrogenation of, 967 
n-Butane dehydrogenation, 966 
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Butene production, 968 
Butenes, dealkylation of, 966 
By-passing fluid streams, 193 

Calcium balance, 1076 
Calcium carbonate, solubility of, 747 
Calcimn chloride, as a desiccant, 158 
solutions of, 137 
enthalpy of, 281 
relative humidity of, 137 
vapor pressure of, 137 
Calorie, 203. 

Calorimetry, low temperature, 699 
Capillary condensation, 150 
Carbon, amorphous, 324 
heat of combustion of, 262, 323 
Carbonaceous deposit, 1032 
residue, 1100 

Carbonates, solubility of, 742-748 

Carbon balance, 349 

Carbon dioxide, pVT relations of, 47^ 

480 

solubility of, 683 
Carnot cycle, 657-560 
reverse, 676 

Carnot principle, 669-660 
Catalyst, 902 
activity factor of, 936-937 
deactivation of, 930 
diffusion in, 995-1002 
fouling of, 930 j 1006 
life test of,'^^^? 
porosity of, 907 
probable life of, 940 
reactivation of, 932 
regeneration of, 904, 931, 1008 
selectivity of, 903, 1006 
sintering of, 906 
structure of, 907 
Catalyst bed, cooling, 931 
fluidized, 1005* 

Catalyst deposit, 930 
removal of, 931 
Catalyst requirement, 1031 
Catalysts, in cylindrical tubes, 1035 
in thin slabs, 1034 
shape of, 996 
solid, 905 
supported, 905 
unsupported, 905 
Catalytic alkylation, 1028 
Catal 3 dic beds, heat transfer in, 973 
mass transfer in, 973 
Catalyiic conversion equation, 929 
Catalytic cracking, 433-436 
Catalytic decomposition of alcohol, 903 


Catalytic dehydrogenation, 185 
of n-butane, 969 

Catal 3 rtic oxidation of sulfur dioxide, 
1021-1026 

Catalytic reactions, 902 
mechanism of, 906 
problems of, 970-972 
Catalytic reactor design, 1009 
Catalytic unit, height of, 1014 
Cation exchange, 1074-1080 
Cementite, heat of formation of, 417 
^ Centigrade heat unit, 203 
' Centigrade temperature scale, 32 
Centipoise, 870 
Centistoke, 870 
Chain reactions, 819, 843 
Chamber sulfuric acid, 383, 399 
energy balance of, 400-402 
material balance of, 399 
Channeling, 1017 t 
Characterization factor, 329 
from viscosity, 332 
of petroleum, 330-333 
versus weight percentage of hydrogen, 
333 

Charcoal, activated, 153-155, 905 
adsorption on, 155 
distribution in blast furnace, 412 
Checkerbrick performance, 110 
Chemical compoimd, 2 
Chemical equilibrium, 691-766 
Chemical potentials, 614r-617, 663 
equality in phases, 617 
relation to energy functions, 616 
Chemical reactions, 4 
equilibrium constants of, 712 
feasibility of, 714 
Chemisorption, 908, 1063, 1067 
and dissociation, 912-913 
equilibria of, 910 
rates of, 910 

Chlorides, specific heats of, 225 
Chlorine, solubility of, 682 
Clapeyron equation, 59, 467 
■ Claude process, 690 
Clausius-Clapeyron equation, 60-61 
Clearance volume, 671 
Closed system, 437 
Coal, analyses of, 324 
Bureau of Mines method, 423 
proximate, 324 
ultimate, 324 , 
ash content of, 325, 346 
available hydrogen in, 329 
classification of, 326 
combustion of, 326 
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Coal, composition of, 324 
heating value of, 326 
by Dulong’s formula, 327 
from total carbon, 328 
net, 327 

moisture in, 324r-325 
net hydrogen content of, 328 
oxygen in, 354 
rank of, 326 
Coal-fired furnace, 347 
energy and material balance of, 348- 

356 

carbon and hydrogen content un- 
known, 364 

not neglecting sulfur, 327 
Codimer, hydrogenation of, 94S-968 
Coefficient of performance, 676-677 
Coke, 323 

kinetics of combustion of, 1068-1073 
specific heat of, 218 
Combined feed ‘ratio, 186 
Combustion, adiabatic, 721 
gases of, weight of, 354, 366 
heat of, 260 

see also Heat of combustion 
of coal, 326 

in boiler furnace, 347-362 
of coke, kinetics of, 1068-1073 
on grate, composition of gas leaving, 
1073 

of fuels, 338, 345 
calculations, chart for, 372 . 
incomplete, 341 

where ultimate analysis is unknown, 

357 

problems of, graphical calculation, 371 
processes of, 342-371 
Complex, activated, 808 
Complex equilibria, criteria of, 614-619 
Complex molecules, structure of, 786 
Complex order, 819^ 840 
Complex reaction, 701, 731-748, 963, 966 
Complex systems, diffusion in, 977 
Component, in phase rule, 619 
Composition, by volume, 13 
ch^ges in, 42 
of coal, 324 
of gases, 13 
of mixtures, 12 
of solutions, 12 
units of, 13 

Compounding mixtures, 168-169 
Compressibility, of gaseous mixtures, 
696-606 

of ^ses, 479-492 
of liquids, 602-606 


Compressibility, of liquid solutions, 606- 
609 

Compressibility factor, 484-492 
ch^t, 489 
use of, 490-492 

expressed as virial coefficients, 488 
for mixtures, 696-698 
for nitrogen, 484-487 
and hydrogen mixtures, 696-697 
generalized, 488-492 
interpretation of experimental data, 
487-488 
mean, 696-698 

Compression, multistage, 672-676 
of fluids, 638-694 
of gases, 668-676 
of ideal gas, 439 
refrigeration, 676-681 
single-stage, 670-671 
Compression efficiency, 673 
isentropic, 670 
isothermal, 670 
over-all, 671 
volumetric, 671 
Compressors, 668 

turbocompressors and fans, 669-670 
Concentration units in rate equations, 
830 

Condensation, 56, 96 
capillary, 150, 157 
retrograde, 600-601 
Configuration of void space, 1018 
Congruent points, 116 
Conjugate line, 144 
Conjugate solutions, 142 
Consecutive reactions, 818, 839 
Conservation, of energy, 28 
of mass, law of, 1 

Constant vapor concentration, tempera- 
ture of, 69 

Constant volume, heat of reaction at, 302 
Contactor efficiency, 1061-1063 
Continuous counterflow operation, 1039 
Continuous processes, 179 
inventory changes in, 179 
ControUed-cooling reactor, 1037 
Conventions, thermochemical, 250-251 
Conversion, adiabatic, 721 
of energy units, 438 
of symbols, 22, 23 
of units, 22 

Conversion equations, 937 
Conversion gradients in reactors, 1043 - 
1047 

Conversion plots, empirical, 961-963 
Cooling of catalyst bed, 931 
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Copper, heat of vaporization calcula- 
tion, 726 

vapor-pressure calculation, 726 
Corresponding states, theory of, 488 
Cotton, equilibrium moisture content of, 
162 

Countercurrent heat exchange, 666 
Countercurrent processing, 177 
Counterdiffusion, 982 
Covalent radii, atomic, 781-782 
Cox chart, 65-^6, 160 
Cracking, catalytic, 433-436 
of butane, 968 
of petroleum, 421 
process of, 9S1 
Cracking reactions, 96'lf 
Criteria, of complex equilibria, 614-619 
of equilibrium, 449-463 
Critical composition of solution, 143 
Critical-condensation temperature, 600 
Critical constants, of gases, 481 
table, 234, 237 
of paraffins, 74 
Critical density, 54 
estimation of, 604 

Critical phenomena, of gaseous mix- 
tures, 699-606 

Critical point, for mixtures, 600 
pseudo-, 604-606 
Critical pressure, 54, 72-73 
and vapor pressure, 234, 237 
of paraffins, 607 

Critical properties, estimation of, 68, 604 
Critical state, 54 
Critical temperature, 54, 71 
estimation, from boiling point, 69 
of paraffins, 607 
of petroleum, 70, 73, 333 
of refrigerants, 237 
of solution, 143 
Critical velocity, 97 
Critical volume, 70 
estimation of, 604 
Crystallization, 111-112, 123 
'fractional, 128 
kinetic theory of, 111-112 
with no solvates, 123 
with solvates, 126 
Cycle, Carnot, 667-660 
reverse, 676 
power-plant, 660-668 
Rankine, 661-666 
improvements on, 664-666 
refrigeration, 676-679 
reversible, 667 
Cyclic processes, 666-692 


Cylindrical reactors, 1065 
lateral heat transfer in, 1036 

Dalton^s law, 38, 92, 696, 626, 666 
Data, thermodynamic, experimental de- 
termination of, 618-621 
presentation of, 621-636 
Deactivation of catalyst, 9S0j 932 - 
Dealkylation of butenes, 966 
Decomposition pressure, 723 
of butadiene, 966 
Definite proportions, law of, 3 
Degeneracy, 772 
Degradation of energy, 438-444 
Degree, of completion, 10 
of superheat, 57 
Degrees of freedom, 618 
internal, 768 
molecular, 767 
Dehydrogenation, 184-189 
of butane, 966-967 
Densities, of gaseous mixtures, 41 
of hquids, 18-20, 602-606 
of mixed acids, 1067 
of sodium chloride solutions, charts, 18 
of sulfuric acid, chart, 384 
of ternary solutions, plot, 21 
Density, 17 
bulk, 996 

critical, estimation of, 604 
estimation of liquid, 606-606 
generalized, for liquids, 602-606 
of gases, 35 

of liquid solutions, 606-608 
of particle, 996 
of solid, 996 

Density constants for paraffins, 607 
Depletion of inventory, 179-182, 200 
Derived properties, 463 
Desiccants, 158 
activated alumina, 158 
adsorption capacity of, 160 
calcium chloride, 158 
equilibrium moisture content of, *158 
glycerine, 158 
lithium chloride, 158, 162 
relative humidity of, 158 
silica gel, 158 ' 

sulfuric acid, 158 
triethylene glycol, 158 
vapor pressure of, 159 
Desorption controlling, 948-'9Ji9 
Determinants, 466, 952 
Dew point, 57, 93-94, 600 
Dew point equilibria, 673 
Dielectric constant, 904 
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Difference of heat capacities, 461 
Differential energy balance, 638 
functions, 464-465, 472 
Differential equations, exact, 466-467 
and inexact, 442 

Differential heats, of adsorption, chart, 
298, 684-686 
of solution, 291, 293 
of wetting, 294-297 
Differential rate data, 94^ 
equations, 816 
Differential reactor, 960 
Diffusion, 906, 975-982 
coefl&cients, 976, 982-991 
equimolal, 979 
in complex systems, 977 
in hquids, 981-982 
in porous catalysts, 995-1002 
in process rates, 990-993 
longitudinal, 1002-1005 
proportionality factor in, 978 
unidirectional, 976 
Diffusion velocities, relative, 976 
Dimerization, of butadiene, 966 
of ethylene, 811 
Diphenyl, formation of, 846 
production of, 875 

Dissociation and chemisorption, 912-913 
effect of, on rate equations, 923-924 
of electrolyiies, 638 
of gases, 37 

Dissolution, 111, 121, 123 
see also Heat of solution 
entropy of, 687 
heat of, 243-247, 273-282 
kinetic theory of, 111-112 
processes of, 111-112, 121-123 
Distillation, inventory changes in, 200 
Distribution, calculations of, 140-141 
of a solute between immiscible liquids, 
139-140 
product, 860 

Distribution coefficients, 139 
Double stepwise integration, 1036, 1095- 
1097 

Driving force, 28 
Dry-bulb temperature, 98 
'Dual adsorption sites, 913 
Dual-site mechanism, 929-930 
Duhring lines, 65, 83 
chart, 83 

Dulong's formula, 327 

Economic design, 1009 
Eddy currents, 974 
Effective diameter, 985-987 


Effectiveness factor, 996-998, 1000 
ratio, 999 

variables affecting, 997 
Effectiveness of catalyst, 996 
Efficiency, of compression, 673 
isentropic, 670 
isothermal, 670 
over-all, 671 
volumetric, 671 
of engine, 666 
thermodynamic, 669 
for Carnot cycle, 669 
for Rankine cycle, 663 
Electrolytes, activities in, 638 
dissociation in, 638 
Electron diffraction, 777 
patterns of, 902 
Electronic energy, 767 
Electron microscope, 904 
Elements, specific heats of, 218 
Empirical conversion plots, 961-962 
Endothermic compounds, 252 
Endothermic reactions, 251 
Energy, 27 

availability of, 438- 444 
thermal, 660 
conservation of, 28 
degradation of, 438-444 
external potential, 27 
free, 446-448 
internal, 201, 448 
of activation, 816, 908 
of rotation, 766 
of translation, 766 
of vibration, 767 
potential, 27 
Energy balance, 95-204 
differential, 638 
enthalpy terms in, 307-308 
input items, 307-308 
of acid chambers, 400 
of a process for the production of 
hydrogen, diagram, 208 
of blast furnace, 414420 
of chemical processes, 204-206 
of coal-fired boiler furnace, 348-356 
of combustion processes, 342-344, 355- 
356, 369-371 
of gas producer, 369-371 
of Gay-Lussac tower, 403 
of Glover tower, 393 
of intermittent processes, 369-371 
of metallurgical processes, 406-408, 
414420 

of p3o*ites burner, 389 
of sulfuric acid plant, 405-406 
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Energy functions, 448-449, 453 

change in isothermal nonflow processes, 
448-449, 640 
differential, 464-465, 472 
partial derivatives of, 468-469, 472 
relation to pressure, volume, and 
temperature, 462-463, 473 
shaft work from, 448-449, 640 
Energy levels, 768 
Energy units, 202-203 
conversion of, 438 
Engine, Carnot, 667-660 
efficiency of, 666 
performance of, 667 
Enthalpy, 207, 448, 711 
as a criterion of equilibrium, 462 
charts, 244, 291 

composition diagrams, 279-281, 300 
of air-water vapor, 243-245 
of ammonia-water, 684 
of calcium chloride solutions, 281 
of hydrochloric acid, 279 
of silica gel, 300 
of sulfuric acid, 280 
evaluation of, 238-239 
internal contributions to, 788 
of activation, 810, 956 
prediction of, 889 
of adsorbed systems, 299-^00 
of an ideal gas, 476 
of benzene, chart, 627 
of calcium chloride, chart, 281 
of gaseous mixtures, 609 
of gases, effect of pressure, 492-496 
of humid air, 240, 243-245 
of iron, 419 

of liquids, effect of pressure, 506-609 
of silica gel, chart, 300 
of solutions, 609-613 
of sulfuric acid, chart, 280 
of water vapor, 344 
relation to pressure, volume, and 
temperature, 463, 473 
relative, 207, 709 

Enthalpy pressure correction, for gases, 
492-496 
chart, 494-496 

differential at constant pressure, 616 
differential at constant temperature, 

616 

for liquids, 606-609 
chart, 608 

differential, 612-613 
for saturated fluids, 611 
Entropy,. 440-446 
as a criterion of equilibrium, 460 


Entropy, change in heat exchangers, 666 
changes, with phase change, 446 
with temperature change, 446 
empirical correlation of, 767 
internal rotational contributions, 

781 

of activation, 810, 955 
prediction of, 889 
of an ideal gas, 475 
of benzene, chart, 627 
of dissolution, 687 
of ethylene, 783 
of gaseous mixtures, 614 
of gases, effect of pressure, 496-499 
of liquid solutions, 614 
of rotation, 787 
of separation, 686 
of solutions, 614 
physical concept of, 440 
quantitative definition of, 442 
relationship to probability, 443 
Entropy correction for nonideality of 
gases, 496-499 
chart, 498 

Entropy-pressure correction, for Hquids, 
609-610 
chart, 610 

for saturated fluids, 611 
standard molal, 701-709 
temperature charts, 626 
Equations of state, 479-492 
Beattie-Bridgman, 479, 482-483 
for mixtures, 698 
Benedict-Webb-Rubin, 483 
van der Waals, 463, 479-482 
virial coefficients, 488 
Equilibria, bubble-point, 672 
criteria of complex, 614-619 
dew-point, 673 
in liquid solutions, 741 
in phases, 617 

Equilibrium, adsorption, 151, 1096 
calculation from line segments, 127 
criteria of, 449-463 * 

in closed system, 449-463 
in complex reactions, 701 
in simultaneous reactions, 729-741 
physical, 644 
stable and unstable, 460 
vapor-liquid, 644 
for ammonia-water, 684 
for ethane-heptane system, 601-604 
for mixtures, 600 

Equilibrium composition, 714-726 
Equilibrium concentrations of pentanes, 

731 
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Equilibrium constant, 691-713 
effect, of pressure on, 693 
of small errors on, 766 
of temperature on, 696 
in ionic dissociation, 638 
of chemical reaction, 712 
over-aU, 

vaporization, 663 

Equilibrium conversion,' charts, 720- 
721 

effect, of dilution, 719 
of excess products, 719 
of excess reactants, 719 
of pressure, 719 
of reaction conditions, 718 
of temperature, 718 
in endothermic reaction, 726 
in exothermic reaction, 726 
• of ammonia, 718 
Equilibrium distribution, 145, 105B 
Equilibrium moisture content, 158 
chart, 152, 158 
of activated alumina, 158 
of cotton, 152 
of glycerin, 158 
of kaolin, 152 
of leather, 152 
of paper, 152 
of pulp, 152 

of silica gel, 152, 158, lOBB 
of silk, 152 

of triethylene glycol, 158 
of viscose, 152 
of wool, 152 

Equilibrium-reaction temperature, high 
pressure, 728 

Equilibrium vapor pressure, 81 
Equivalent compression efficiency, 573 
reactor volume, BBJ^ 

Erg, 202 

Errors of generalized charts, 618-619 
Escaping tendency, 619 
Estimation of physicochemical proper- 
ties, 606-606 

Ethane, decomposition of, B4S 
Ethane-heptane phase diagrams, 601- 
604 

Ethanol-benzene, boiling points, 666 
Ethyl acetate-eriiyl alcohol azeotrope, 

663 

Ethylene, dimerization of, 811 
entropy of, 783 
moment inertia of, 783 
Eutectic composition, 113 
Eutectic point, 113 
Eutectic temperature, 113 


Evaluation of constants in rate equation, 
952-95S 
Evaporation, 55 

inventory changes in, 180 
multiple effect, 690 
vapor recompression, 690-692 
Exact differential, 442 
equations, 456-^7 
in Jacobian notation, 467 
Excess reactants, 10 
Exothermic compounds, 252 
reactions, 251 

equilibrium conversion in, 726 
Expansion, adiabatic, 601, 661-663 
flow, 661-663 
nonflow, 663-666 
free, 439, 442, 661-666 
Joule-Thomson, 661-663 
Maxwell, 663-666 
of fluids, 638-694 
of liquids, 602-606 
of solutions, 606-609 • 

work of, 640-666 
isentropic flow, 640, 648-660 
isentropic nonflow, 640, 646-647 
isothermal flow, 640, 642-644 
isothermal nonflow, 640, 641-642 
Experimental data, thermodynamic 
properties from, 618-621 
Extensive property, 2, 444-446 
External potential energy, 2 
External rotation, 283, 777 
Eyring equation, 809 
Eyring theory, 955 

Fahrenheit temperature scale, 32 
Fanning equation, 984, 1016 
Fans, 669-670 
Feasibility of reactions, 714 
Ferric chloride water system, 118 
Film concept, 974 
Film thickness, 974 
effective, 977 
for heat transfer, 982 
Fine powders, heat of wetting, 293 
Fixed carbon in coal, 324 
Flame temperature, actual, 313 
effect of preheating upon, 309, 311-313 
in air, 312 

roaximum calculated, 314 
of gases, table, 336 
theoretical, 312 
Flow processes, 204, 832 
shaft work in, 639 
isentropic, 640, 648-660 
isothermal, 640, 642-644 
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Fluid catalyiiio cracking process, 931 
Fluidized catalyst bed, 1005 
Fluidized reactor, lOSk 
Fluidized state, 931 

Fluids, expansion and compression of, 

638-592 

thermodjmamic properties of, 479-636 
Flux, in bl^t furnace, 411 
Fouling, 932 

factors of, 932-931/., 969, 961 
of catalyst, 930, 1006 
Fractional crystallization, 128 
Fraction of moisture removed in bed of 
silica gel, 192 
Free energy, 446-447 
as a criterion of equilibrium, 462-463 
change, effect of temperature at con- 
stant pressure, 463, 473 
data, presentation of, 699 
measurement of, 698 
of activation, 902 
of formation of hydrocarbons, 698 
of mixing, 647-661 
relative, 709 

Free expansion, 439, 442, 661-566 
adiabatic, 601, 661-663 
flow, 601, 661-563 
nonflow, 663-666 
Free radicals, 843 
Free rotation, 766 
Freezing-point curve, 114 
Freon, 234, 237 
Frequencies of vibration, 769 
Frequency factor, 816 
Freundlich isotherm, 154 
Friction factor, 1016 
Fuel gas, 338 
heating value of, 338 
table, 340 

hypothetical composition of, 339 
Fuels, 323 
combustion of, 338 
chart, 372 

energy balance of, 342 
heating value of, 327-328, 340 
heat of incomplete combustion of, 341 
material balance of, 342 
Fugacities, 716 
at equilibrium, 619 
in ideal solutions, 626 
in solution, 621 
of gases, 619, 667 
of pure liquids and solids, 621 
related to partial molal free energies, 
625 

Fugacity, 619-627 


Fugacity, as related to pressure, 620 
coefficients, 621, 716 
chart, 622 
ratio, 715-718 

effect of pressure and temperature on, 

623 

Furnaces, coal-fired, 354-356 

energy and material balances of, 
354-356 

Fusion, heat of, 227 
table, 228 

Gas, adsorption of, 1080-1105 
by solids, 149 

evaluation of constants in, 1093 
initial distribution, 1096 
rate of composition change in, 1092- 
1093 

constants of, 32-33 
applications of, 33 
, units of, 33, 438 
densities of, 35 
ideal, compression of, 439 
perfect, properties of, 476-476 
producers of, 364 

energy and material balances of, 
366-371 

temperature scale, 444, 473-474 
Gaseous dissociation, heat of, 273 
Gaseous fuels, 338, 341 
energy and material balances of, 342- 
344 

Gaseous mixtures, 37 
Beattie-Bridgman equation for, 598 
changes of composition and volume, 

• 42 

composition by volume, 13 
compressibility of, 696-606 
cHtical phenomena of, 699-606 
critical point, 600 
density, 41 
enthalpy of, 609 
entropy of, 614 
in chemical reactions, 46 
molecular weight, average, 40 
partial pressure of, 45 
standard states, 628 
Gases, actual, behavior of, 479-602 
average molecular weight, 40 
Beattie-Bridgman constants for, 483 
Benedict-Webb-Rubin constants for, 
483 

compressibility of, 479-492 
compression of, 668-676 
critical constants of, 234, 237, 481 
dissociating, 37 
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Gases, enthalpy correction due to pres- 
sure, 492-496 

differential at constant pressure-, 616 
differential at constant temperature, 

616 

enthalpy of, 476 

entropy correction due to nonideality, 
496-499 

entropy of, 476, 496-499 
fugacities of, 619, 667 
heat capacity of, 213, 217, 474-613 
ideal behavior of, 33 
deviation from, 37 

in liquid solution, standard state, 630 
in reaction processes, 46 
internal energy of, 476 
liquefaction of, 689-690 
pressure correction to heat capacity of, 
499, 601 

pVT relations of, 479-492 
solubility of, 146-147, 681 
thermodynamic properties of, 474-476 
van der Waals constants for, 481 
Gas law, satisfactory use of, 479 
Gas-liquid reactions, 1052 
Gas-solid adsorption equilibria, 684-686 
Gas-«olid reactions, 1052 ^ 1063-1067 
Gauge pressure, 35 
Gaussian law of error, 939 
Gay-Lussac tower, 383 
energy and material balances of, 403- 
405 

Generalized bond frequencies, 798 
charts, errors of, 618-619 
thermodynamic diagrams from, 622- 
636 

Generalized compressibility factors for 
gases, 488-492 
chart, 489 
use of, 490-492 

Generalized enthalpy corrections, for 
gases, 492-496 
differential, 612-613 
at constant pressure, 616 
at constant temperature, 616 
for liquids, 606-609 

Generalized entropy corrections, for 
gases, 496-499 
for liquids, 509-610 

Generalized heat capacity corrections, 
for gases, 496-601 
for liquids, 610-611 
Generalized liquid densities, 602-606 
Gibbs-Duhem equation, 646 
Gibbs phase rule, 617 
Glover tower, 383 


Glover tower, energy and material bal- 
ances of, 390—398 
Glycerin, as a desiccant, 158 
heat of mixing, 288-289 
Glycerin-water, partial enthalpies, 289 
Gram-atom, 6 
Gram-mole, 6 

Granular beds, adsorption in, 1085 
concentration gradients in, 1097 
pressure drops in, 1015-1019 
unsteady heat transmission in, 1099 
Graphical calculation of combustion 
problems, 371 
Graphical integration, 1012 
Graphical reactor design, 864 
Ground level, 768 
Ground state, 771 
Group contributions, 768-766 
to thermodynamic properties, 768 

Harmonic oscillation, 792 
Heat, 28 

of adsorption, 297-299, 914 
chart, 298 

differential, 298, 684-686 
integral, 297-300, 684-686 
effect of temperature on, 299 
of combustion, 337 
effect of allotropic forms, 324 
effect of surface, 324 
in calculating heat of formation, 
265, 267 

of petroleum, 337-342 
of hydrocarbons, 337-342 
of various forms of carbon, 262, 323 
standard, 260-261 
tables, 262-264 
of condensation, pseudo-, 610 
of dilution, 274 
of formation, 252-253 
from heats of combustion, 265, 267 
of allotropic elements, 258 
of carbon compounds, 260 
of cementite, 417 
of compound in solution, 274 
of ions, 270-272 
table, 272 
of slags, 417 
tables, 253-257 
of fusion, 227-228 
tables, 228 

of gaseous dissociation, 273 
table, 273 
of hydration, 277 
of mixing, 278, 282-283 
of neutralization, 268-270 
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Heat, of reaction, 249-252 
at constant volume, 302 
calculation of, 266-268 
effect of pressure on, 302-303 
effect of temperature on, 303 
standard, 250 

under changing pressures and vol- 
umes, 302 

of solution, 253-257, 273-282 
charts, 275-276 
differential, 291-293 
integral, 274 
of hydrates, 277 
of sulfuric acid, chart, 275 
tables, 253-257 
of transition, 229, 419 
table, 229, 419 

of vaporization, 229-238, 337 
at critical temperature, 233 
at normal boiling point, 230 
effect of pressure on, 232-238 
effect of temperature on, 233 
from Clape3u-on equation, 230 
from empirical vapor-pressure equa- 
tions, 231 

from Kistyakowsky equation, 230 
from reduced reference plots, 235 
from reference substance plots, 232 
from Trouton’s rule, 230 
of hydrocarbons and petroleum 
fractions, 336-337 
of refrigerants, 237 
of wetting, 293 
differential, 294r-297 
integral, 294r-297 
table, 294 
units, 203 

with water, figure, 295 
Heat capacity, 210-212 
at constant pressure, 211-217, 469, 472 
at constant volume, 210, 469, 472 
atonpc, 217 

differences of, 461, 473-474 
effect, of pressure on, 214, 462, 472 
of temperature on, 213 
of volume on, 462, 472 
English units of, 213-217 
equations, English units, 213 
metric units, 214 

internal rotational contributions to, 

790 

mean values, English units, 214-217 
metric units of, 216 
metric units of, 214 
of gases, pressure correction to, 499- 
601 


Heat capacity, of gases, chart, 600 
mean molal, 217 
true molal, 213 
of hydrocarbons, 334-336 
of ideal gas, 613 
of liquids, 224-227, 610-618 
chart, 611 

pressure correction for, 610-611 
table, 226-227 

of monatomic gases, 211 ^ 

of nitric acid, 224 
of organic vapors, 335 
of refractories, 219, 223 
of saturated liquid, 611-613 
from Cp of its ideal gas, 613-618 
of saturated vapor, 611-613 
of solids, 217-223 
tables, 221 
of solutions, 224 
charts, 2^-225 
partial, 396 
of sulfides, chart, 225 
of sulfuric acid, chart, 396 
ratio of, 462, 473 

thermodynamic relations of, 469-462, 
472 

t3q3es of, 469, 472 
Heat carrier, 10S£ 

Heat exchangers, 666-666 
finned, iOSS 
flat-plate, 10S6 
Heating value, 323 
of coal, 326 

of paraffin hydrocarbons, 338 
of unsaturated hydrocarbons, 262 
relation to flame temperature, 314, 
340 

Heat reservoir, 437-438 
Heat transfer, 

coefficient of, 1099 
in catalyst beds, 97S 
in granular beds, 1099 
lateral, 1033-1036 
Height, of catalytic unit, 1014 
of reactor unit, 1014 
of transfer unit, 984^ 987, 992 
in gas adsorption, 1086 
Henry's constant, 147, 682 
chart, 147 

deviations from, 148 
law, 146-148 

Heterogeneous reactions, 805 
thermodynamics of, 722 
with gaseous product, 1063, 1068 
High-pressure vapor-liquid equilibrium, 

663-677 
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Hindered rotation, 766, 787 
Homogeneous reactions, 805 
in separate phases, 105$ 

Houdry process, 931 
Humid air, enthalpy of, 240-245 
heat capacity of, 241 
Humidification, adiabatic, 242 
Humidity, 89, 93 
chart, construction of, 98, 99 
pressure correction to, 103 
effect of carbon dioxide vapor on, 243 
high-temperature range, 100 
low-temperature range, 101-103 
molal, 99 
percentage of, 93 
relative, 93, 136 
Hydrates, 115 
heat of solution of, 277 
Hydration, heat of, 277 
Hydraulic radius, 1016 
Hydrocarbons, free energies of formation 
of, 697-698 

heat capacities of, 334r-336 
vaporization of, 336-337 
heating value of, 338 
specific heats of, 335 
vaporization equilibrium constants of, 
670-671 

vapor pressure of, 66, 73, 76 
Hydrochloric acid, enthalpy of, 279 
Hydrogen, atomic activated adsorption 
of, 9Jt8-949 

Hydrogenation, effectiveness factor in, 
1000-1001 

of bromine, 830, 841-855 
of codimer, 943-958 
of iso-octene, 943 
of olefins, 1043 
Hydrogen balance, 349 
Hydrogen bromide, formation of, 830 , 
841, 855 

Hydrogen content, net of coal, 328 
of petroleum, 333-334 
Hydrogen iodide, formation of, 893 
Hydrolysis of methyl acetate, 837 
Hygrometry, 98 
Hysteresis, adsorption, 156-157 

Ice, vapor pressure of, 62 
Ideal behavior of liquids, 605 
Ideal gas, 27, 33 
compression of, 439 
heat capacity of, 613 
\law, rajage of applicability, 48, 89 
satisfactory use of, 479 
molecular energy of, 766 


Ideal gas, properties of, 474-476 
temperature scale of, 444, 473-474 
thermodynamic properties of, 474-476 
Ideal solubility, 682 
Ideal solutions, fugacities in, 626 
Ideal system, 606 
Immiscible liquids, 76, 139 
Incomplete reactions, thermochemistry 
of, 301 

Independent reactions, 733 . 

Induction period, 844 
Industrial reactions, thermochemistry of, 
323, 389, 414 
Inexact differential, 442 
Infinite dilution, standard state, 629 
Inhibitors, 844 

Integral and differential heat of wetting 
of silica gel, figure, 296 
Integral-conversion data, 958-959 
Integral-conversion equations, 833 
Integral heat, of adsorption, 297-300, 
684-686 
of solution, 274 
charts, 275-276 
of wetting, 294-297 
Intensive property, 2 
Interatomic spacing, 904 
Intercooler, 1038 
Intercooling, 673 
Interface, 973 

Internal contributions to enthalpy, 788 
Internal energy, 201, 488 
as a criterion of equilibrium, 461 
kinetic theory of, 201 
of an ideal gas, 476 
relation to pressure, volume, and 
temperature, 462, 473 
Internal rotation, 766, 786-791 
contribution, to entropy, 789 
to heat capacity, 790 
hindered, 787 

potential barriers hindering, 790 
Intermediate product, effect on equilib- 
rium conversion, 732 
Interpretation of rate data, 949 
Intrinsic property, 440 
Invariant point, solubility of carbonates, 
746 

Inventory changes, 179-182 
Ionic activity coeJBficients, 637-640 
Ionic dissociation equilibrium, 638 
Ionic molality, 638 
Ions, heat of formation of, 270-272 
Iron, enthalpy of, chart, 419 
Iron oxide reduction, 722 
Isentropic compression efficiency, 670 
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Isentropic compression efficiency, work 
of expansion, flow, 640, 648-660 
nonflow, 640, 645-647 
Isochors, 699 
Isolated system, 1, 437 
Isomerization of pentanes, 730 
Isomerization reaction, 912, 1013 
Isometrics, 699 

Iso-octane, hydrogenation of, 9^3 
Isopropyl alcohol in water, equilibrium 
distribution of, chart, 145 
Isopropyl ether-isopropyl alcohol, activ- 
ity coefficients, 646-647 
saturation temperature of, 642 
Isothermal adsorption, 1083 
with complex equilibrium, 1094 
Isothermal compression efficiency, 670 
Isothermal solubility curve, 143 
Isothermal work of expansion, flow, 640, 
642-644 

nonflow, 640-642 
Isotherms, adsorption of, 151-155 
chart, 153 

of carbon dioxide, 480 

j factor, 983, 987 
Jacobians, 466-471 
properties of, 466 
table of values of, 468 
use of, in deriving relations, 469-471 
Joule-Thomson effect, 601 
Joule-Thomson expansion, 661-653 

Kaolin, 152 

Kelvin temperature scale, 32 
Kieselguhr, 905 
Kilocalorie, 203 
Kinematic viscosity, 870 
Elinetic energy, external, 28 
internal, 28 
molecular, 28 
Kinetics, 437 
of combustion, 1068-1073 
Kinetic theory, 28 
extension of, 31 
of adsorption, 149-150 
of capillary condensation, 150 
of condensation, 56 
of dissolution, 111-112 
of distribution, 139 
of gases, 28-32 
of liquids, 53-54 
of solubility, 111-112 
of gases, 146-149 
of translation, 30 
of vaporization, 55-57 


Kirchhoff^s equation, 230 
Kistyakowsky equation, 230 
Kopp’s rule, 219 

Laboratory results, interpretation of, 844 
Laminar flow, 973 
Latent heat, 227-229 
see also Heat of transition; of vapori- 
zation 

of expansion at constant temperature, 

469, 472 

of pressure change at constant temper- 
ature, 469, 472 
Lattice structure, 932 
Least squares, method of evaluation, 938, 
941 

principle of, 939 
Leather, 152 
Leduc’s law, 38 

Limestone, decomposition pressure and 
temperature of, 723-724 
Limiting reactant, 10 
Linde process, 690 
Linear molecules, 768, 778 
Line segments, calculations from, 127 
Liquefaction, 53 
of gases, 689-690 

Liquid-liquid reactions, 1052-1063 
Liquids, compressibility of, 602-606 
densities of, 18-20, 602-606 
diffusion in, 981-982 
enthalpy of, correction due to pressure, 
606-609 

differential, 612-613 
entropy of, correction due to pressure, 

609-610 

expansion of, 602-606 
generalized densitie;^ of, 602-606 
heat capacity of, correction due to 
pressure, 610-611 
ideal behavior of, 606 
properties of, 803 

saturated, heat capacities of, 611-513 
from Cp of their ideal gases, 613-618 
solubility of, 677 
specific gravity of, 17-22 
standard states of, 628 
thermodynamics of, 602-618 
Liquid-solid reactions, 1052, 1074 
Liquid solutions, 142-146 
compressibility of, 606-609 
densities of, 606-608 
enthalpy of, 610-613 
entropy of, 614 
equilibria in, 741 
Liquid state, 64, 602, 618 
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Liquid state, diffusion in, 981-982 
Liliiimn chloride, solubility of, 158, 162 
Longitudinal diffusion, 1002 
Longitudinal mixing, 1005 

Magnetic susceptibility, 904 
Mass, and heat tranter, coefficients, 
982-987 
effects of, 1068 
in catalytic beds, 97$ 
problems, 1006-1008 
conservation of, 1 
relations of, 4 
transfer of, 906 
volume relations of, 7 
Material balance, 1, 167 
in gas adsorption, 1081 
of acid chambers, 399 
of blast furnace, 406-414 
of chemical processes, 286-310 
of coal-fired furnace, 348-356 
of fuels, 342 

of gas producer, 366-369 
of Gay-Lussac tower, 402 
of Glover tower, 390 
of metallurgical processes, 407-420 
of pyrites burner, 388 
of sulfuric acid plant, 484r488 
Maximum conversion, 1029 * 
Maxwell-Boltzmann distribution law, 
772 

Maxwell expansion, 553-656 
Maxwell relations, 467-468, 472 
Mean compressibility factors, 696-698 
Mean ionic molality, 638 
Mechanical work, 638 
Mechanism of reactions, catalyzed, 906 
.determination of„ 947 
Metallurgical reactions, 736-741 
energy balance of, 407-420 
thermodynamics of, 736 
Metastability, 120 

Methane decomposition, effect of steam 
upon, 734-736 
equilibrium in, 734 
Methanol conversion, 730 
Method, of least squares, 949 
of tangent intercepts, figure, 291 
Methyl acetate, hydrolysis of, 827 
Methyl alcohol, configuration, 786 
heat capacity of, 799 
internal rotational contributions to, 
791 

properties of, 783, 802 
total properties, 801 
Methyl substitution, 769 


Miscible liquids, partially, 142 
Mixed acids, 168-169 
activity coefficients of, 1056 
densities of, 1057 
Mixing, entropy change in, 666 
free energy of, 647-660 
heat of, 278, 282-283 
Modulus ratio, 999 
Thiele, 997-998, 1000 
Moisture, in coal, 324-325 
in combustion gases, 351, 361 
removed from air by bed of silica gel, 
plot, 192 

Molal heat capacity, 211-217 
, see also Heat capacity 
bonding frequencies, 799-800 
Molal humidity, 99 
charts, 100-101 
Molal units, 68 
Molal volume, 34 
at standard conditions, 484 
Molecular activity, apparent, 638 
Molecular configuration, 786 
Molecular constants, 776 
Molecular contributions, 776 
Molecular degree of freedom, 767 
Molecular energy, 766 
Molecularity of reaction, 806 
Molecular speed, 29-32 
Molecular volume, 988 
Molecular weight, 40 
average, 40 
of paraffins, 607 
of petroleum, 331-332 
Mole fraction, 13 
Mole percentage, 13 
'MoHier chart, 622 
for ammonia, 626 
for benzene, 628 

Moments of inertia, 779-780, *783, 787 
Monomolecular reactions, 918-919 
Moving bed, 9S1 

Multiple-bond contributions, 761 
Multiple-effect evaporation, 690 
Multistage compression, 672-676 
in counterflow, 1061 
operation of, 1028 
reaction, 1029-1031 

Naphthalene solubility, 679 
in benzene, 112 
chart, 113 

Net heating value, of fuels, 327 
of hydrogen in coal, 238 
Neutralization, heat of, 268-270 
Nickel catalyst, 905 
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Nitration, of aromatics, 1054-1056 
of benzene, 106 4-1060 
Nitric acid, heat capacity of, chart, 224 
Nitric oxide, decomposition of, 81S 
Nitrogen, and hydrogen, compressibility 
of, 596-697 
atmospheric, 42 

compressibility factors of, 484-487 
Nitrogen balance, 351 
Nitrogen peroxide, adsorption of, 685 
Nitrous oxide, decomposition of, 826 
Nonadiabatic reactions, 311 
Nonelectrolytes, solubility of, 677 
Nonelectrolytic solution, standard state, 
724 

Nonflow processes, 204, 1081 
reactions of, 822 
shaft work in, 639 
isentropic, 640, 646-647 
isothermal, 640-642 
Nonideal system, 606, 608-609 
Nonisothermal reactions, unsteady state, 
1100-1106 

Nonlinear molecules, 768 
Nonpolar compounds, 68 
critical temperature of, 68, 71-76 
Nonvolatile solute, 82 
Normal molal volume, 34 
at standard conditions, 484 
Number, of reactor units, 1014 
of transfer units,- 991 

Olefins, hydrogenation of, 1042 
Open system, 437 

Optimum intermediate pressure for 
multistage compression, 673-674 
Optimum reactor design, 888 
Order, complex, 840 
of reaction, 806 
complex, 819 
Ore, in blast furnace, 409 
Oscillators, 792 
Osmotic pressure, 111 
Outgassed carbon, 154-155 
Over-all reaction rate, 1064 
Oxides, specific heats of, 219 
Oxygen balance, limitations of, 354 
in coal, 354 

Paper, 152 
Parachor, 70-71 
Paraflins, boiling points, 607 
critical constants of, 74-75 
heating values of, 338 
physical properties of, 607 
vapor-pressure constants of, 144 


Paraffins, vapor-pressure constants of, 
figure, 74 
table, 75 

Parallel heat exchange, 666 
Partial derivatives of energy functions, 
468-469, 472 
Partial differentials, 286 
Partial enthalpies, 285 
calculations of, 287-293 
of glycerin in water, 289 
of water in glycerin, 289 
Partial heat capacities, 285 
Partial heat of adsorption, 298 
Partially miscible liquids, 142-146, 661, 
688 

Partial molal free energy, 616 
Partial pressure, 45 
Partial vaporization, 673, 676 
Partial volume, 285 
Particle density, 996 
Particle size, D'j>, 999 
effect of on solubility, 119 
Partition functions, 771-776, 786, 792 
thermodynamic properties from, 

773 

Path properties, 463 
Pebble-bed regenerators, 1100 
Pentane isomerization, 730 
Pentanes, equilibrium concentrations, 

731 

Percentage excess reactant, 10 
Percentage humidity, 93 
Percentage saturation, of gases, 91 
of solutions, 114 

Perfect gas, properties of, 476-476 
Performance chart, in water softening, 
1078-1079 
use of, 1079 
tests, 904 

Petroleum, 329-337 
boiling points of, 332 
characterization factor of, 329 
cracking of, catalytic, 433-436 
thermal, 421 

critical temperatures of, 333 
heat capacity of, 334-336 
combustion of, 337-342 
^ vaporization of, 336-337 
heating value of, 338 
hydrogen content of, 334 
molecular weights of, 331, 333 
specific gravity of, 330-331 
specific heat, of liquid, 334 
of vapor, 335 
viscosity of, 332 
Vs factor, 977, 987, 992 
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Phase change, entropy variation with, 
4A5 

Phase equilibria, 617 
Phase rule, component in, 619 
Gibbs, 617 

Phenol, solubility of, 142 
Phosphine, decomposition of, 865 
Photon, 768 

Physical equilibrium, 644-690 
Pig iron, enthalpy of, 418 
chart, 419 

metallurgy of, 406-420 
Planck’s constant, 769 
Point properties, 463 
Poise, 870 

Poisoning factor, 1016 
of catalyst, 107 A 
Poisons, QOAi 926 
Polar compounds, 68 
Polar liquids, vaporization of, 233 
Pore radius, effective, 998 
Porosity of catalyst, 907 
Porous catalyst, diffusion in, 995-1002 
Potential barrier, 766, 786-788, 801 
hindering internal rotation, 790 
Potential energy, 27 
Potentials, chemical, 614-616 
thermodynamic, 437, 448 
Pormd-atom, 6 
Pound-mole, 6 
Power-plant cycles^ 660-668 
Prandtl number, 984, 986, 989-990 x 
Preferential adsorption, 157 
Pressure, absolute, 35 

correction of, for enthalpy of gases, 
492-496 

at saturation, 611 

differential, at constant pressure, 516 
differential, at constant temperature, 

616 

for enthalpy of liquids, 606-609 
at saturation, 611 

for entropy of gases at saturation, 

611 

for entropy of liquids, 609-610 
at saturation, 611 
for heat capacity of gases, 499-601 
for heat capacity of liquids, 610-611 
distribution of, 1019 
drop of, 869 

in granular beds, 1015-1019 
effect of, on density of liquid, 602-606 
on equilibrium conversion, 728 
on heat of reaction, 302 
factor of, in diffusion, 979, 987 
gauge for, 35 


Pressure, of decomposition, 723 
' of solutions, 136 

by Cox method, 65-66, 83, 160 
by Diihring method, 65, 83 
of vaporization, 723 
optimum, 1020 
reduced, 488 

Primary methyl group contributions, 769 
Probability, 443 

Problems, behavior of ideal gases, 49-52 
catalytic reactions, 971-972 
catalytic reactor design, 1047-1050 
chemical equilibrium, 748-765 
metallurgical and petroleum, 431-436 
expansion and compression, 692-694 
fuels and combustion, 373-382 
homogeneous reactions, 894-901 
humidity and saturation, 105-110 
mass and heat transfer in catalytic 
beds, 1006-1008 
material balances, 195-200 
physical equilibrium, 688-690 
solubility and sorption, 160-166 
stoichiometric principles, 23-26 
thermochemistry, 314-322 
thermodynamic principles, 476-478 
thermodynamic properties, from mo- 
lecular structure, 804 
of fluids, 636-637 
of solutions, 641-643 
thermophysics, 245-248 
uncatalyzed heterogeneous reactions, 
1106-1107 

vapor pressures, 85-88 
Process, 437 
cyclic, 666-692 
flow, 204 

shaft work in, 639 
isentropic, 640, 648-660 
isothermal, 640, 642-644 - 
irreversible, 439 
nonflow, 204 
shaft work in, 639 
isothermal, 640-642 
isentropic, 640, 646-647 
reversible, 438-439, 447 
spontaneous, 439 
steam, 666 

Process rates, diffusion in, 990-993 
Producer gas, 364-371 
Product distribution, 860 
Propane dehydrogenation, 189-190 
Properties, derived, 463 
extensive, 444-446 
intrinsic, 440 

of fluids, thermodynamic, 479-636 
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Properties, of parafiBns, 507 
path, 463 
point, 463 
reduced, 488 
reference, 446, 463 

Proportionality factor in diffusion, 978 
Proximate analysis of coal, 324 
Pseudocritical point, 604-606 
Pseudo-first-order behavior, 1002 
Pseudo-first-order reactions, 962-964, 
967 

Pseudo heat of condensation, 610 
Pseudounimolecular behavior, 1015 
Psychrometric chart, 244 
Psychrometry, 98 
Pulp, 152 
Pumice, 905 

Pure-component method, 44 
Pure-component volume, 38 
Purging of process, 197 
'pYT relations, of carbon dioxide, 479- 
480 

of energy functions, 462-463, 473 
of gases, 479-492 
of nitrogen, 484-487 
P 3 rrolysis, 966 
of benzene, 84S, 875 

Quantum mechanics, 777 
Quantum numbers, 768 
Quantum theory, 768 
Quantum weight, 772 

Random dense arrangement, 1016, 1018' 
Random loose arrangement, 1016, 1018 
Rankine cycle, 661-566 
improvements on, 564-566 
Rankine temperature scale, 32 
Rank of coal, 326 
RaoulVs law, 80, 626 
Rate-controlling step, 907 
Rate data, differential, 94^ 

Rate equations, constants for, 957, 
962 

evaluation of, 937 
differential, 816 
in concentration units, 820 
Rate of catalytic oxidation, effect of mass 
and heat transfer, 1027 
Rates, independent of conversion, 1102 
Ratio of heat capacities, 462 
Reaction, heat of, 249-252, 266-268, 
302-303 

Reaction rates, absolute, 808 
effect, of conversion on, 1038 
of temperature on, 1038 


Reaction temperatures, adiabatic, 726- 
729 

optimum, 1020 

Reaction velocity constant, 806 
Reactivation of catalyst, 932 
Reactor, adiabatic, 864, 1011, 1027 
catalytic, 1009 
isothermal, 867 
nonadiabatic, 874 
Reactor design, graphical, 864 
Reactor size, 1012, 1021 
Reactor unit, concept of, 1013 
height of, 1014 
number of, 1014 

Reciprocating compressors, 671-672 
Recirculation of air in drying diagram, 
183 

Recycle ration, 186-190 
Recycle stock, purging of impurities in, 
191 

Recycling fluid streams, 82-90 
Reduced conditions, 54 
Reduced pressure, 54, 488 
from reference substance plot, 232, 
235-238 

Reduced temperature, 54, 488 
Reduced volume, 54, 488 
Reference properties, 446, 463 
Reference substance, 16 
plot of, 64 
equal pressure, 64 
equal temperature, 65 
Reference temperature, 200, 342, 355 
Reflux accumulation, 200 
Refractories, heat capacity of, 219, 223 
Refrigerants, 237 
critical temperatures of, 237 
heats of vaporization of, 237 
vaporization factors of, 235 
vapor pressure of, 235-238 
Refrigeration, 676-690 
absorption, 676, 681-688 
adsorption, 688 
capacity, 677 
compression, 675-681 
cycle of, 676-679 
work in, 678 

Refuse in combustion, 348, 359 
Regeneration of catalyst, 1006 
Regenerative adiabatic operation, 931 
Regenerative heating in cyclic processes, 

666 

Regenerators, pebble-bed, 1100 
Reheating, in cyclic processes, 664 
Relative humidity, 93, 136 
of solutions, 137 
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Relative saturation, 91 
Relative volatility, 667 
Retrograde condensation, 600-601 
Reverse Carnot cycle, 676 
Reverse reactions, 818 
Reversibility, 438-440 
of adsorption, 156 
of gaseous adsorption, 146 
Reversible cycle, 667 
Reversible process, 438-439, 447 
Reynolds number, 986 , 987 , 1016-1017 
Rotational energy, 766 

Sackur-Tetrode equation, 770 
Salting out, .123 

Saturated liquid, heat capacity of, 611- 
613 

from Cp of its ideal gas, 613-618 
Saturated solutions, 112 
Saturated vapor, 57, 89 
heat capacity of, 611-613 
Saturation, partial, 91 
percentage of, 91, 114 
temperature of, 121 
of binary systems, 648 
Schmidt number, 986-987 
Secondary methyl substitutions, 761 
Second law of thermodynamics, 439 
Seeding, 211 

Selectivity, 860 , 989 , 1020 
of catalyst, 903, 1006 
. Separation, entropy of, 686 
work of, 686 
Severity factors, 886 
Shaft work, 638 
from energy fimctions, 640 
in flow processes, 639 
isentropic, 640, 648-660 
isothermal, 640, 642-644 
in nonflow processes, 639 
isentropic, 640, 646-647 
isothermal, 640-642 
Shawls method of derivation, 466-471 
Silica-alumina catalyst, 933 
Silica gel, 158, 906 
adsorption by, 1089 - 1091 , 1094 
enthalpy of, 300 

equilibrium moisture content of, 152, 
158, 1088 

heat of wetting, 296 
partial, 299 
vapor pressure of, 159 
Silk, 152 

Simultaneous equations, solution of, 737 
Simultaneous reactions, 818 , 828 
equilibrium of, 729 


Single-site mechanism, 929 
Single-stage compression, 670-671 
Sintering of catalyst, 906 
Slab, catalysts in, 1034 
Slag, enthalpy of, 416, 418 
chart, 419 

heat of formation of, 417 
Sodium carbonate-sodium sulfate-water 
system, 129-133 
chart, 130, 132 

Sodium chloride, density of, 18 
entropy of separation, 687 
solutions of, activity coefficients in, 

640 

work of separation, 687 
Sodium hydroxide, Duhting lines for, 83 
Sodium sulfate, solubility of, 118 
Softening of water, 1074-1080 
Solid catalysts, 903 
Solid-liquid systems, 283 
Solids, densities of, 996 
heat capacities of, 217, 223 
properties of, 803 
solubilities of, 677 
standard states of, 627-629 
vapor pressures of, 58 
Solid-iSolid reactions, 1052 
Solubility, 111-112, 677-684 
charts, 113, 115, 118, 130, 132 
diagram of, isometric, 132 
effect, of pressure on, 683 
of temperature on, 683 
in complex systems, 129-136 
liquid-liquid, 142-146 
of calcium carbonate, 747 
of carbonates, 742-746 
of chlorine, 682 
of gases, 146-147, 681 
chart, 147 

of lithium chloride, 158, 162 
of naphthalene in benzene, chart, 113 
of nonelectrolytes, 677 
of phenol, 142 

of solids, factors affecting, 679 
with congruent points, 114 
without congruent points, 118 
Solubility isotherms, 148 
Solute, 111 

Solution pressure, 112 
Solutions, 80, 111-145 
densities of, 606-608 
enthalpy concentrations, 278-282 
entropy of, 614 
expansion of, 606-609 
fugacities of, 621 
solid, 130 / 
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Solutions, thermochemistry of, 273-274 
thermodynamics of, 696-641 
vapor pressures of, 84, 136 
Solvates, 115 
Solvent, 111 

Soot and tar in combustion, 364-371 
Sorption, 111 

Space velocity, 839, 928, 964j 1002, 1006 
Spatial arrangement, 927 
■Specific gravity, 17 
see also Densities 
of gases, 35 
of liquids, 17-22 
of petroleum, 330-331 
Specific heat, see also Heat capacity 
of acids in aqueous solutions, 224 ’ 
of bases, 224 

of calcium compounds, 220 
of chlorides, 225 
of coke, chart, 218 
of elements, charts, 218 
of hydrocarbon gases, figure, 335 
of nitrates, 225 
of oxides, chart, 219 
of petroleum, liquid, chart, 334 
vapor, 335 
of sulfates, 225 
Specificity of catalyst, 902 
Spectroscopic data, 791, 793 
Spectroscopic notations, 776 
Spontaneous process, 439 
Stable equilibrium, 460 
Stagnant film, 976 
Standard conditions, 34 
Standard free energy, 693-713 
change of, 692, 694 
effect of temperature upon, 695 
Standard heat, of combustion, 260-266 
of formation, 252-258 
of reaction, 249 
Standard states, 627 

for gases in liquid solution, 630 ' 

for pure liquids and solids, 628 
in gaseous mixtures, 628 
in infinite dilution, 629 
in nonelectrolytic solution, 628 
Statistical methods^ 766-798 
Statistical weight, 772, 793 
Steady-flow process, 1081 
Steam, minimum ratio, to methane, 736 
process, 666 

superheated, vaporization with, 78 
Steam power-plant cycles, 660-668 
Steam rate, 667 

Stepwise countercurrent extraction, 177 
procedure for, 1010-1011 


Stepwise countercurrent extraction, proc- 
essing of, 177 

Stoichiometric molality, 639 
Stoichiometry, 1-2 
Stoke, 870 
Streamline flow, 973 
Stripping of adsorbate gases, 156 
Structure of catalyst, 907 
Sublimation, 58 
mechanism of, 1064 
of solid, 1063 

Successive reactions, effect of, in com- 
bustion calculations, 362-364 
thermochemistry of, 301 
Sucrose solutions, activity coefficients in, 
636-637 

Suffix equation, 649-660 
Sulfates, specific heats of, 225 
Sulfur dioxide, catalyiic oxidation of, 
1021-1026 

conversion, adiabatic equilibrium of, 
727-728 

oxidation of, conversion charts, 721 
equilibrium of, 716 
Sulfuric acid, chamber plant, 383-406 
energy and material balance of, 385- 
388, 405-406 

density of aqueous solutions, chart, 384 
desiccant, 158 
enthalpy of, 280 
heat capacity of, chart, 396 
solution, 275 
vapor pressure of, 84 
Sulfur trioxide, heat of solution, 291 
Sulfuryl chloride, decomposition of, 825, 
837 

Summary of thermodynamic relations, 
472-473 

Superheat, 57-58 
degrees of, 57 
in cyclic processes, 664 
Superheated vapor, 57 
Supersaturation, 120-121 
Surface area measurements, 903-904 
Surface rate equations, 917 
limitations of, 927 
Surface reaction, 906, 915 
controlling, 920, 922, 948-94B 
mechanism of, 920 
monomolecuW, 915 
velocity constant of, 956 
Surface tension, 71 
Surface-volume relationship, 1018 
Suspended catalyst, 904 
Symbols, conversion of, 23 
thermochemical, 250-252 
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Symmetrical systems, activity coeffi- 
cients in, 669 

Symmetry number, 778, 783, 787 
Systems, 1, 437 
closed, equilibrium in, 449-463 
ideal, 606 
isolated, 1 

nonideal, 606, 608-609 

Tangent intercepts, method of, figure, 
291 

TCC catalytic cracking process, 931 
TCC catalytic reactor, 1032 
Temperature, 28 

ch^ge of, entropy variation with, 446 
flame, 313 

see also Flame temperature 
ideal-gas scale, 444, 473-474 
of constant vapor concentration, 69 
of reaction, 308 
adiabatic, 308-309 
nonadiabatic, 311 
reduced, 488 

thermodynamic scale of, 444, 473-474 
Temperature gradients, graphical calcu- 
lation of, 1037 
in reactors, 1043-1047 
Ternary equilibrium, 144 
Ternary liquid mixtures, 143 
Ternary solubility, 145 
Ternary systems, 659-660 
Tetrachlorethylene-isopropyl alcohol- 
water system, chart, 144 
Theoretical reaction temperature, 308 
Theory, of absolute reaction rates, 902 
of corresponding states, 488 
Thermal capacity, see Heat capacity 
Thermal conductivity, 983, 989 
effective, 1034 
Thermal efficiency, 344, 371 
based on net heating value, 345 
based on total heating value, 344 
of gas producer, 345 
cold, 345 
hot, 345 

Thermal energy, availability of, 660 
Thermal properties, see Heat 
Thermochemical equations, 259-261 
Thermochemistry, at standard condi- 
tions, 249-277 
laws of, 258-260 
of solutions, 273-274 
symbols and conventions of, 25 
Thermodynamic charts, 621-636 
for ammonia, 623-626 
for benzene, 627-528 


INDEX 

Thermodynamic charts, for generaliza- 
tions, 622-636 

minimum data required for, 624 
procedure, 624-636 

Thermodynamic data, experimental de- 
termination of, 618-621 
presentation of, 621-636 
Thermodynamic efficiency, 669 
for Carnot cycle, 669 
for Rankine cycle, 663 
Thermodynamic energy functions, 448- 
449, 463 

Thermodynamic functions, 710 
Thermodynamic potentials, 437, 448 
Thermodynamic properties, 463 
from molecular constants, 776 
from molecular structure, 766-803 
from partition functions, 773 
group contributions to, 768 
of fluids, 479-636 
of an ideal gas, 474-476 
of a perfect gas, 476-476 
translational contributions to, 769 
Thermodynamic relations summarized, 

472- 473 

Thermodynamics, first law of, 28 
of liquid state, 602-618 
of solutions, 696-641 
principles of, 437-476 
second law of, 439 
third law of, 446, 774, 788 
Thermodynamic tables, 621-622 
Thermodynamic temperature scale, 444, 

473- 474 

Thermofor catalytic reactor, 1032 
cracking, 1008 

Thermoneutrality of salt solutions, 270 
Thermophysios, 201-248 
Thiele modulus, 997-1001 
Throttling, 661 
Tie line, 143, 145 
Tie substance, 168, 174 
Toluene production, 933, 936-936 
Total heating value, of fuels, 327 
of liquid petroleum hydrocarbons, 338 
Total thermodynamic properties, 801 
Total work function, 447-448 
as a criterion of equilibrium, 462-463 
Transfer coefficient, 982-988 
Transfer factor, 982-988 
Transfer of heat, 982 
Transfer unit, 984-988, 1086 
number of, 991 

Transformation of variables, 1095 
Transition, heat of, 229, 419 
chart, 229 
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Transition points, 118 
Translational contributions, 766 
Translational energy, 766 
Translation of energy, 29 
Triangular charts, 21, 114, 132 
for densities, 21 
for solubilities, 114, 132 
Triethylene glycol, 158 
Trouton's ratio, 230 
Turbocompressors, 669-670 
Turbulent flow, 973-974 
Twaddell gravity scale, 20 
Tyler standard mesh sizes, table, 1026 

Ultimate analysis of coal, 324 
Uncatalyzed heterogeneous reactions, 
1050 

Uncatalyzed reactions, 966 
Unit principles, 1052 
Unit processes, 1052 
Units, conversion of, 22 
Unsteady state, nonisothermal reaction, 
1100 

van der Waals adsorption, 150, 908-910 
van der Waals constants for gases, 481 
van der Waals equation of state, 463, 
479-482 

Vapor, sattirated, heat capacity of, 611- 
613 

superheated, 58 
Vaporization, 55 

equilibrium constant of, 663, 666 
' heat of, 229, 238, 337 
of hydrocarbons, 670-671 
Vaporization pressure, 723 
Vaporization processes, 94 
Vapoi>-liquid equilibria, for ammonia- 
water system, 684 

for ethane-heptane system, 601-604 
for mixtures, 600 
high-pressure, 663 
Vapor-liquid equilibrium, 644, 647 
Vapor phase cracking, 420-431 
Vapor pressure, 53, 56, 73, 136 

calculations of, by Clapeyron equa- 
tion, 59-61 
by Cox chart, 65-66 
by Diihring lines, 65 
effect of temperature upon, 59 
estimation of, from liquid density, 606 
kinetic theory of, 53-54 
of hydrocarbons, 66, 73-76 
of ice, 62 

of organic compounds, 73 
of refrigerants, 235-238 


Vapor pressure, of solids^ 58 
of solutions, 84, 136 
of sulfuric acid, 84^ 
of water, 62-63, 236 
table, 236-237 
of water on silica gel, 159 
by Cox chart, 66 
by Diihring method, 64, 83 
tables, 62-63 

Vapor-pressure constants, 73 
for parafi&ns, 607 

Vapor-recompression evaporation, 690- 
692 

Variables, transformation of, 1095 
Velocity, constant for, in adsorption, 910 
reaction of, 806 
in diffusion, 976 
of light, 769 

Vibrational contributions, 791-798 
Vibrational energy, 767 
Vibration frequencies, 769, 801 
Virial coefficients, 488 
Viscose, 152 

Viscosities of mixtures, 874 
Viscosity, 869 
of petroleum, 332 
Viscous flow, 973 
Void fraction, external, 996 
internal, 996 

Volatile matter in coal, 324^325 
Volume changes, by partial pressure 
method, 44 
reduced, 488 

with change in composition, 42 
Volumetric efficiency, 671 ■ 
per cent, 13 

Water, diffusion of, 980 
enthalpy of, 240 

heat of vaporization of, table, 236 
pressure of, table, 62-63, 236 
reduced temperature of, 236 
softening of, 1074-1080 
performance chart, 1078-1079 
residual hardness in, 1077 
Wave number, 769, 793 
Weber and York correction, 494 
Weight, 12 
per cent, 12 

Wet-bulb temperatures, 98 
Wetting, heat of, 293-294 
Wool, 152 
Work, 27 

in multistage compression, 673-674 
in refrigeration, 678 
in single-stage compression, 670 
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Work, in tnrbocompressors. and fans, 

569 

mechanical, 638^ 
of reversible expansion, 540-666 
of separation, 686 
shaft, 538 

from energy functions, 640 
in flow processes, 639 
isentropic, 640, 648-660 
isothermal, 640, 642-544 
in nonflow processes, 639 
isentropic, 640, 646-647 
isothermal, 640^642 
total, function of, 447-448 


Water-butanol, activity coefficients off 
646-647 

saturation temperature of, 648 
Water rate, 667 

X-ray measurements, 777 
X-ray pattern, 90S 

York and Weber correction, 494 

Zinc, production of liquid, 739 
Zinc-ammonium chromate catalyst, 90S 
Zinc chromate catalyst, 90S 
Zinc oxide reduction, 737-741 










